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Abstract
Full Text

V. P. Elizarov

RELATIONS BETWEEN GENERALIZED RINGS OF
QUOTIENTS

(Presented by Academician A. 1. Mal cev on 6 VI 1960)

Let R be an associative ring, and let S; and S5 be multiplicatively closed systems
of its nonzero elements, with respect to which there exist left generalized rings
of quotients R(g ) and R g ) (). Tt is natural to raise the question of how these
rings are related to one another. If S; and S, are not connected by any relations,
then it is hard to expect that any relations will arise between Rg ) and Rg,).
Therefore we shall consider the case when S; D S5.

Denote by I; and I, the kernels of the homomorphic mappings of the ring R
into R(Sl) and R<52). The ring R<Si), i = 1,2, consists of equivalence classes of
pairs of the form (r,s), where r € R, s € S;, and two pairs (r’,s") and (r”,s”)
are equivalent if the relations s — rs” € I, and ss’ — rs” € I, hold, where
7€ R, s €5,. An element of the ring Rg ) represented by the pair (r,s) will
be denoted by [E]z In the ring R g ) consider the set of elements represented
by pairs of the form (s’,s”), where s" € S}, s” € S,, and denote it by S g, ).
Si(s,) is a multiplicatively closed system of nonzero elements of the ring R g ).

Theorem 1. If I (g, is an arbitrary Syg,)-prime ideal of the ring Rg, ), then
the set I of numerators of its elements forms an Sy-prime ideal of the ring R.

Proof. Let [%]2 € Iig,), i.e. © € I. For an arbitrary element s, € Sy, by the
definition of multiplication in the ring R g, ), the relation

2] - 2] oo

Soly Lsly 885 ], A

Consequently, an arbitrary element of S, can serve as the denominator of an
element from (g ), in the sense that changing the denominator does not affect

the membership of the element in the ideal I(g . If iy,i, € I, then, by the
definition of addition in the ring R(g, ), for any element s, € S, the relation

iy iy Soly — Salg iy — g
ol Ml ol B = € L5,
S214 5214 5252 2 Sa

holds, i.e. iy — iy € I. By the definition of multiplication in the ring R g, for
any elements r € R, ¢ € I, and s € S, the relation

sovietrxiv.org/items/ru-196001.04004 Machine Translation


https://sovietrxiv.org/items/ru-196001.04004

L=, e
sly Lsly  [5s 1, (82)?

holds, where s € S5, 7 € R, and si — s € I,. But I, C I, since elements with
numerators from I, are zero elements in the ring Rg ). Then sir —rsr € I,

rsr € I, and sir € 1. But
[ir] Fir}
91, 885,

and ir € I. From the fact that [{] € Ig,), it follows that 5] € Ig,) and

3 St
S SSs

[%]2 € I(s,)- Then from the relation

{sr] {sz} _ Vsz}
slo Lsly Lssly
where 5 € S,, 7 € R, and ssr — s € I,, it follows that rsi € I and ssri —7si €

I, C I. Hence ssri € I and ri € I. Consequently, I is a two-sided ideal of the
ring R.

From the definition of an .5, g, \-prime ideal it follows that I;g )NS5, g,) is empty,
and hence I NS is empty. Let r € R, s; € Sy, and rs; € I. For an arbitrary
element s, € S, we have the equality

[327'] |:8281:| {7‘"5231]

2200 = | = ,

S 1y Sy 1, 8sy |,

where 7 € R, 5 € Sy, and 55,7 — 75, € I, C I. Then 55,75, — 75,5, € I. But
rsy € I, i.e. sso181 € I and 7545, € I. Therefore,

|:7‘8182:| S I(SQ) and |:S2r:| S I(Sz)’
2 2

554 59

since [(g ) is an Sy(g -prime ideal. Hence we obtain that r € I. In a similar
way, from the equality
[szsl} |:82T:| B [rszr}
s9 1y L 52l 595 |y

where s € S,, 7 € R, and §s48; — sy € I, C I, and from the assumption that
syr € I, it follows that r € I. To complete the proof it remains to show that, for
any elements r € R and s; € S}, there exist elements 7" € R and s’ € S, such
that s’r —r’s; € I. For an arbitrary element s, € S5, consider the elements
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|:82T:| € R(SQ) and |:S281:| € 51(52).
82 2 82 2

By the definition of an S g, )-prime ideal, there exist elements

r 51
|:S/:| S R(52> and |:5”:| S Sl(sz)
219 249

such that the relation holds

/ / - = /= /5
[51] .|:827":| [7"1} .[5251] B [rsy} {rs2sl] B [5 TSoT — 'T'S98;

” / - = 7 = - = I )
syly Lsaly Lsaly L S2 1y 585 1, ssy |, B'5s5 9

where §,5,3 € S,, 7,7, 0/ € R,

/

= pos s’ = 4 3
557 —T59 € I, STy — T8y € I, B'ssq —a'ssy € Iy.

By the condition,

’ =
B'rsor —a'rsysy € 1.

But rs, = 58] — iy, where i, € I,. Then

- /s /5
B'ssir — fligr — a'rsysy €1,

or

B'5sir —a'rsys, € 1.
But 8'ss] € Sy, and o/Tsy € R, and these elements may be taken as s’ and 7.
The theorem is proved.

Assume now that, along with the condition S; D S5, the relation I; D I, also
holds.

Lemma 1. The correspondence «, established by the formula

+([E,)- [,

is an S g, -reducing mapping of the ring R g, ) into the ring R g ). The kernel
of this mapping is Iy (g, ).
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Proof. Let the pairs (r,s) and (r',s"), where r,’ € R and s,s" € S,, be
representatives of one and the same element in the ring R (g ). Since S; D S,
and I; D I,, these pairs are representatives of one and the same element in the
ring R ). Consequently, the mapping « is single-valued and does not depend
on the choice of the representative of the element

H

Slo '

By direct verification it is established that the mapping « is a homomorphism
of the ring R g ) into the ring R g ) with kernel I g ). Let

Saly
be an arbitrary element of Sy (g,). By the definition of the ring R g ), in it there
exists an element

which is a two-sided inverse for

([2],) - (2],
(([21)) -[2] eme

be an arbitrary element of Rg,). For any s, € S, the equality holds
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Then

The lemma is proved.

Lemma 2. If the ring Rg,) is mapped into some ring R’ by means of some
Sy (s, reducing mapping 3, then the mapping ¢, defined by the formula

()= ((12)) #([z]).

where 7 € R, s € Sy, s5 € Sy, is such a homomorphic mapping of the ring R g )
into the ring R’ that

B(Rs,)) = P(a(Rs,)))-

Proof. Let s; € S,. By the definition of multiplication in the ring Rs,),

([ (21) - #((21) 2 (1) - () -

r . .
B [,] , where sJ € S5, 35, € R, and s9s, — 5,8, € I,. Since 3 is an S18,)
51,

reducing homomorphism, it follows that j ([;L) - (ﬁ ([%L))
() man (L) = (L) 2(])
(15)= (1) #(2) C(E) ()
(5 (L‘ZL)) B (L;L) Consequently, the formula does not depend

on the choice of the element s, € .S,.

-1

Suppose that the pair (r,s;) is equivalent to the pair (r,s), i.e., there exist
elements " € R and s’ € S| such that s's —r's; € I} and s'r —r'r; € I,.
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Then o any cemen 5, € 5, vt ([ 225 ) = ([ 222] )
was(22]) (2] - ([2]) (2] s
(1) #(EL) - o(2)) 2 (L) o v
o n([2],) = ([2]) 2 (2])- (([21))
e o((2]) - o(21) ((20)) o (L) v
CEL) (L) = (L) o ([2L) e

quently, the formula does not depend on the choice of representative of the

V)

va)

element F} . The remainder of the proof of the lemma is carried out by direct
si1

verification, since from Lemma 1 it follows that Iy, is an Sy g -prime ideal

of the ring Rg ), and from Theorem 1 it follows that I;g,) belongs to every

Sy (s, -prime ideal that serves as the kernel of an 5, g )-reducing homomorphism

(?). The lemma is proved.
As an immediate consequence of the above, we obtain

Theorem 2. If S,,S, are multiplicatively closed systems of elements of an
associative ring R, with respect to which the left generalized rings of quotients
R,(Sﬁ’ Rs,) 'e:m'st, and S, 2 Sy, I1 D .12, then the ring R  is the left generalized
ring of quotients of the ring R g ) with respect to the system Syg,)-

An analogous theorem also holds for right generalized rings of quotients.

If R is a commutative ring, then the condition I; D I, already follows from the
condition Sy D 5,, and the rings R4 ) and R g ) always exist. Consequently,
(1) holds:

Theorem 3. If R is a commutative ring; Rg ), Rg,) are its generalized rings
of quotients with respect to multiplicatively closed systems Sy, Sy of its elements,
and Sy D Sy, then the ring R g ) is the generalized ring of quotients of the ring
R g, with respect to the system Syg,)-

We note that if I; = I,, then the ring Rg ) contains a subring isomorphic to
the ring R(*SZ)'
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