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Abstract
Full Text
MATHEMATICS
V. A. YAKUBOVICH

CONDITIONS FOR GLOBAL STABILITY FOR
CERTAIN NONLINEAR DIFFERENTIAL
EQUATIONS OF AUTOMATIC CONTROL
(Presented by Academician V. I. Smirnov on 6 VI 1960)

Consider the system of “indirect automatic control”

𝑑𝑥
𝑑𝑡 = 𝐴𝑥 + 𝑎𝜑(𝜎), 𝑑𝜎

𝑑𝑡 = (𝑏, 𝑥) − 𝜌𝜑(𝜎). (1)

Here and below we denote matrices by capital Latin letters, vectors by small
Latin letters, and scalar quantities by Greek letters. Exceptions to this rule will
be: 𝑡 —time, 𝑉 —a Lyapunov function, 𝑛 —the order of vectors and matrices;
𝑎 denotes a column vector, 𝑎∗ a row vector, so that 𝑎∗𝑏 = (𝑏, 𝑎) is the scalar
product, 𝑏𝑎∗ is a matrix. Matrices, vectors, and numbers are assumed real, and
the function 𝜑(𝜎) continuous and real-valued. The notation 𝐻 > 0 means that
𝐻 is a symmetric positive-definite matrix.

Systems of“direct automatic control”(1,2), more general than (1), and systems
“of Aizerman type”(3) can be reduced, except for certain special cases, to the
form (1). The exceptional cases correspond in the space of coefficients to a set
of measure zero.

We shall assume, as usual, that 𝜌 > 0 and that the function 𝜑(𝜎) satisfies the
condition

0 < 𝜇1 ≤ 𝜑(𝜎)/𝜎 ≤ 𝜇2 < +∞ (𝜎 ≠ 0).

In addition, we shall assume that the eigenvalues of the matrix

𝐾 = 1
𝜌 (𝐴∗ + 1

𝜌𝑏𝑎∗) (2)

lie in the left half-plane. It can be shown (4) that this condition means stability
of the linearized system (1), 𝜑(𝜎) = 𝜇𝜎, for sufficiently large 𝜇 > 0, and that,
conversely, from the latter condition it follows that the spectrum of the matrix
𝐾 lies in the left half-plane or on the imaginary axis. Therefore, speaking

sovietrxiv.org/items/ru-196001.03163 Machine Translation

https://sovietrxiv.org/items/ru-196001.03163


somewhat imprecisely, the condition on the matrix 𝐾 means that system (1) is
stable “with a sufficiently fast-acting servomotor.”

Theorem 1. Take an arbitrary matrix 𝐺0 > 0 and define matrices 𝐻0 > 0,
𝑀(𝜎) and vectors 𝑎0, 𝑚(𝜎) by the relations*

𝐾𝐻0 + 𝐻0𝐾∗ = −𝐺0, 𝑎0 = 𝐻0𝑎,

𝑀(𝜎) = ∫
𝜎

0
exp [𝐾 ∫

𝜎

𝜏

𝑑𝜎1
𝜑(𝜎1)] 𝑑𝜏, 𝑚(𝜎) = 1

𝜌2𝜑(𝜎)𝐾𝑀(𝜎)𝑎0.

* In these relations the integral in the expression for 𝑀(𝜎) converges and
‖𝑚(𝜎)‖ ≤ const for −∞ < 𝜎 < +∞. The matrix 𝐻0, as is known, is determined
uniquely from 𝐺0. We also note that in the important case for applications of a
piecewise-linear function 𝜑(𝜎), the integrals appearing in Theorem 1 are taken
in elementary functions.

Suppose that, for some 𝜀0 > 0 and all 𝜎, the following holds:

1 − (𝐺−1
0 𝑚(𝜎), 𝑏) − √(𝐺−1

0 𝑚(𝜎), 𝑚(𝜎)) ⋅ (𝐺−1
0 𝑏, 𝑏) ≥ 𝜀0 > 0. (3)

For the global stability of system (1), it is necessary and sufficient that, for all
𝜎, −∞ < 𝜎 < +∞, the inequality

2 ∫
𝜎

0
(𝑎, 𝑀(𝜎)𝑎0) 𝑑𝜎 ≥ (𝐻−1

0 𝑀(𝜎)𝑎0, 𝑀(𝜎)𝑎0) (4)

be satisfied.

We outline the proof of the theorem. We seek a Lyapunov function in the form

𝑉 = (𝐻𝑥, 𝑥) + 2(ℎ(𝜎), 𝑥) + 𝜓(𝜎),

where 𝐻 = 𝐻∗ = const, ℎ(0) = 0, 𝜓(0) = 0. The necessary and sufficient
conditions for positive definiteness are

𝐻 > 0, 𝜓(𝜎) > (𝐻−1ℎ(𝜎), ℎ(𝜎)) (𝜎 ≠ 0). (5)

Computing ̇𝑉 , we find that ̇𝑉 has the form

̇𝑉 = −(𝑥∗𝐺(𝜎)𝑥 + 2𝑔(𝜎)∗𝑥 + 𝛾(𝜎)).

We do not write out the explicit expressions for 𝐺(𝜎), 𝑔(𝜎), 𝛾(𝜎). The relations

𝛾(𝜎) > 0, 𝛾(𝜎)𝐺(𝜎) − 𝑔(𝜎)𝑔(𝜎)∗ > 0 (𝜎 ≠ 0) (6)
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guarantee the positive definiteness of the function (− ̇𝑉 ). Setting

𝛾(𝜎) = 𝜑(𝜎)2, 𝑔(𝜎) = −𝜑(𝜎)
2𝜌 𝑏, 𝐻 = 𝜆𝐻0, (7)

we find 𝜓(𝜎), and also

ℎ(𝜎) = 𝜆
𝜌 𝑀(𝜎)𝑎0, 𝐺(𝜎) = 𝜆[𝐺0 − 𝑚(𝜎)𝑏∗ − 𝑏𝑚(𝜎)∗].

The eigenvalues of the matrix 𝐺−1/2
0 𝐺(𝜎)𝐺−1/2

0 are the number 𝜆 (of multiplicity
𝑛 − 2) and

𝜆 [1 − (𝐺−1
0 𝑚, 𝑏) ± √(𝐺−1

0 𝑚, 𝑚) ⋅ (𝐺−1
0 𝑏, 𝑏)] .

Therefore, when inequality (3) is fulfilled, (6) will be satisfied for all sufficiently
large 𝜆 > 0. Inequality (4) is equivalent (for sufficiently large 𝜆 > 0) to inequal-
ities (5). As |𝑥| + |𝜎| → +∞, we have 𝑉 → +∞; by reference to the theorem of
E. A. Barbashin and N. N. Krasovskii (5), the proof of Theorem 1 is completed.

A certain cumbersomeness of the expression on the left-hand side of inequality
(3) is due to the fact that, for ℎ(𝜎), we obtained a differential equation. By
changing the exposition, one can obtain an algebraic equation for ℎ(𝜎).
Below we shall assume the existence of 𝜑′(𝜎). Instead of (7), we put:

𝛾(𝜎) = 𝜑(𝜎)2, 𝑔(𝜎) = 𝜌𝜑(𝜎)ℎ′(𝜎) − 𝜑(𝜎)
𝜌 𝑏.

Then
ℎ(𝜎) = 𝜑(𝜎)

𝜌 𝐾−1 (−𝐻𝑎 + 𝑏
2𝜌) ,

and the relations (6) will be satisfied,

if the following inequality has a real solution 𝐻 = 𝐻∗:

−𝜌(𝐾𝐻+𝐻𝐾∗)−𝜇2
0𝐾−1 (𝐻𝑎 − 𝑏

2𝜌) (𝐻𝑎 − 𝑏
2𝜌)

∗
𝐾∗−1+1

𝜌(𝑏𝑎∗𝐻+𝐻𝑎𝑏∗)− 1
𝜌2 𝑏𝑏∗ > 0.

Here

𝜇2
0 = max𝜑′(𝜎)2, (−∞ < 𝜎 < +∞). (8)

Putting 𝐾−1(𝐻𝑎 − 𝑏/2𝜌) = −𝑢, we arrive, as in (6), at the resolving equations

−𝜌(𝐾𝑈 + 𝑈𝐾∗) = 𝜇2
0𝑢𝑢∗ + 1

𝜌(𝐾𝑢𝑏∗ + 𝑏𝑢𝐾∗),
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𝑈𝑎 + 𝐾𝑢 + 𝑏′

2𝜌 = 0. (9)

The conditions (5) will be equivalent to the inequalities

𝑈 > 0, [𝜌 + 2(𝑢, 𝑎)] ∫
𝜎

0
𝜑(𝜏) 𝑑𝜏 ≥ (𝑈−1𝑢, 𝑢)𝜑(𝜎)2. (10)

We obtain the following result:

Theorem 2. Suppose that the resolving equations (9), where 𝜇2
0 is determined

by relation (8), have real solutions 𝑢, 𝑈 = 𝑈 ∗ for all vectors 𝑏′ sufficiently close
to 𝑏.
For stability in the large of system (1), it is necessary and sufficient that the
inequalities (10) be satisfied.

To solve the resolving equations (9), one should, from the first equation (9),
express the elements of the matrix 𝑈 in terms of the elements of 𝑢, and substitute
into the second equation (9), which, in scalar notation, will be a system of 𝑛
quadratic equations with respect to the elements of the vector 𝑢. By successively
eliminating the unknowns, this system can be reduced to one algebraic equation
of degree 2𝑛.

In the case when the coefficients of system (1) contain parameters, solving the
last equation is difficult. In these cases the following theorem may be useful:

Theorem 3. Take an arbitrary matrix 𝐺0 > 0 and a vector 𝑐, and define the
matrix 𝐻 > 0 and vector-functions 𝑝(𝜎), 𝑞(𝜎), 𝑟(𝜎) by the relations

𝐾𝐻 + 𝐻𝐾∗ = −𝐺0,

𝑝(𝜎) = 𝐻𝑎 + 𝑏
2𝜌 − 𝜑′(𝜎)𝑐 + 𝐾𝑐,

𝑞(𝜎) = 1√
2

[𝐻𝑎 − 𝑏
𝜌 − 𝜑′(𝜎)𝑐] ,

𝑟(𝜎) = 1√
2

[𝐻𝑎 + 𝑏
𝜌 − 𝜑′(𝜎)𝑐] .

Suppose that for any 𝜎 the matrix

⎛⎜
⎝

⟨𝑝, 𝑝⟩ − 𝜌 ⟨𝑝, 𝑞⟩ ⟨𝑝, 𝑟⟩
⟨𝑞, 𝑝⟩ ⟨𝑞, 𝑞⟩ − 𝜌 ⟨𝑞, 𝑟⟩
⟨𝑟, 𝑝⟩ ⟨𝑟, 𝑞⟩ ⟨𝑟, 𝑟⟩ + 𝜌

⎞⎟
⎠

, (11)
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where ⟨𝑥, 𝑦⟩ = (𝐺−1
0 𝑥, 𝑦), while not positive definite, has a positive determinant.

For stability in the large of system (1), it is necessary and sufficient that, for all
𝜎 ≠ 0, the inequality

[𝜌 + 2(𝑎, 𝑐)] ∫
𝜎

0
𝜑(𝜏) 𝑑𝜏 > (𝐻−1𝑐, 𝑐)𝜑(𝜎)2. (12)

We outline the proof. Setting 𝛾(𝜎) = 𝜑(𝜎)2, ℎ(𝜎) = 𝜑(𝜎)
𝜌 𝑐, we obtain, as above,

that relations (6) are equivalent to the inequality

𝜌𝐺0 − 𝑝𝑝∗ − 𝑞𝑞∗ + 𝑟𝑟∗ > 0,

which is equivalent to the condition formulated above for the matrix (11). In-
equality (5) is equivalent to inequality (12).

Setting 𝑐 = − 1
2𝜌𝐾−1𝑏, we arrive at a cruder, but more convenient condition for

verification:

Theorem 4. Let 𝐺0 > 0, 𝐻 > 0 be defined as in Theorem 3. Suppose that for
−∞ < 𝜎 < +∞ the following holds

𝜌3 + ⟨𝑏, 𝑏⟩ > ⟨𝑧, 𝑧⟩ 𝜌4/4 > ⟨𝑏, 𝑏⟩⟨𝑧, 𝑧⟩ − 4⟨𝑏, 𝑧⟩2.

where

𝑧 = 𝜌𝐻𝑎 + (𝜑′(𝜎)
2 𝐾−1 − 𝐼) 𝑏, ⟨𝑥, 𝑦⟩ = (𝐺−1

0 𝑥, 𝑦).

For stability in the large of system (1), it is necessary and sufficient that for all
𝜎 ≠ 0 the inequality

4𝜌2 [𝜌2 − (𝑎, 𝐾−1𝑏)] ∫
𝜎

0
𝜑(𝜏) 𝑑𝜏 > (𝐻−1𝐾−1𝑏, 𝐾−1𝑏)𝜑(𝜎)2. (13)

Remark. It follows from the proof that, when the conditions of Theorems 1–4
are satisfied, a Lyapunov function is constructed effectively. In particular, when,
for some 𝜎0, the corresponding inequality (3), (10), (12), or (13) is violated, one
effectively determines a vector 𝑥0 such that the solution of system (1) with
initial conditions 𝜎(0) = 𝜎0, 𝑥(0) = 𝑥0 does not tend to the origin as 𝑡 → +∞.

The conditions of each of Theorems 1–4 are satisfied if the feedback coefficient
𝜌 is sufficiently large.
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