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Abstract
Full Text

MATHEMATICS
N. I. AKHIEZER

ON POLYNOMIALS ORTHOGONAL ON AN
ARC OF A CIRCLE
(Presented by Academician S. N. Bernstein on 30 IX 1959)

1. We shall consider the asymptotic properties of the polynomials

𝜑𝑛(𝑧) = 𝑎𝑛𝑛𝑧𝑛 + … + 𝑎𝑛0 (𝑎𝑛𝑛 > 0; 𝑛 = 0, 1, 2, …),

orthogonal on a given arc 𝑙 (𝛼 ⩽ 𝜃 ⩽ 2𝜋 − 𝛼; 𝛼 > 0) of the unit circle 𝑧 = 𝑒𝑖𝜃.
We denote by 𝑤(𝜃) the weight function (⩾ 0) in the orthogonality relations:

1
2𝜋 ∫

2𝜋−𝛼

𝛼
𝜑𝑚(𝑒𝑖𝜃)𝜑𝑛(𝑒𝑖𝜃)𝑤(𝜃) 𝑑𝜃 = 𝛿𝑚𝑛;

together with it we introduce the function

𝑡(𝜃) = 1
sin 1

2 𝜃 𝑤(𝜃)√cos2 1
2 𝛼 − cos2 1

2 𝜃.

One may say that we are considering orthogonal polynomials on the whole circle,
but assume that the distribution function 𝜎(𝜃) is absolutely continuous, while
𝜎′(𝜃) is equal to zero on an entire arc. From such an approach, however, one
cannot expect substantial results for our purposes, since in deriving the limiting
properties of orthogonal polynomials on the circle it is assumed that

∫
2𝜋

0
ln 𝜎′(𝜃) 𝑑𝜃 > −∞.

Of the known results, here perhaps only one theorem of Szegő concerning Her-
mitian forms associated with a given curve is applicable. With the aid of this
theorem one can prove that

lim
𝑛→∞

1
𝛾𝑛𝑎𝑛𝑛

= √1 + sin 1
2 𝛼 exp

⎧{
⎨{⎩

1
4𝜋 ∫

2𝜋−𝛼

𝛼
ln 𝑡(𝜃) sin 1

2 𝜃 𝑑𝜃
√cos2 1

2 𝛼 − cos2 1
2 𝜃

⎫}
⎬}⎭

,
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where 𝛾 = cos 1
2 𝛼 is the transfinite diameter of the arc 𝑙, while, apart from

what has been stated, only membership in 𝐿 is assumed with respect to 𝑤(𝜃).
To proceed further, it is necessary to find a special class of weight functions
for each of which all orthogonal polynomials, beginning with some one, have
a sufficiently surveyable form, and then to pass to the limit from these weight
functions to “arbitrary”ones. It is by this route that the results of the present
note were obtained.

2. Cut the 𝑧-plane along the curve 𝑙, and map the resulting domain 𝐷 confor-
mally onto the unit disk of the 𝑣-plane by means of the formula

𝑧 = (𝑣 − 𝛽)(𝛽𝑣 − 1)
(𝑣 + 𝛽)(𝛽𝑣 + 1) (𝛽 = 𝑖 tg 𝜋 − 𝛼

4 ) .

The right bank 𝑙+ of the cut 𝑙, if one goes from the point 𝜃 = 𝛼 to the point
𝜃 = 2𝜋 − 𝛼, passes into the lower half of the circle |𝑣| = 1, and the left bank 𝑙−
into the upper one. The argument 𝜃 of a point 𝑧 lying on 𝑙, and the argument
𝜔 of the corresponding point 𝑣 on the unit circle, are related by

cos 𝜔 = tg 1
2 𝛼

tg 1
2 𝜃 , 𝑑𝜔 = sin 1

2 𝛼 𝑑𝜃
2 sin 1

2 𝜃√cos2 1
2 𝛼 − cos2 1

2 𝜃
. (1)

Denote by 𝑔(𝑧) = 𝑔(𝑧; 𝑡) an analytic function, regular and different from zero in
the domain 𝐷, and such that 𝑔(∞) > 0 and |𝑔(𝑒𝑖𝜃)|2 = 1/𝑡(𝜃) (𝛼 ⩽ 𝜃 ⩽ 2𝜋 − 𝛼),
where 𝑡(𝜃) is a prescribed continuous positive function. The function 𝑔(𝑧; 𝑡) is
determined uniquely and, taking account of relations (1), is represented in the
form

𝑔(𝑧) = 𝑔(𝑧; 𝑡) = exp { 1
2𝜋 ∫

𝜋

0

1 − 𝑣2

1 − 2𝑣 cos 𝜔 + 𝑣2 ln 1
𝑡(𝜃) 𝑑𝜔} ×

× exp
⎧{
⎨{⎩

𝑖
4𝜋 ∫

2𝜋−𝛼

𝛼

cos 1
2 𝜗

√cos2 1
2 𝛼 − cos2 1

2 𝜗
ln 1

𝑡(𝜃) 𝑑𝜗
⎫}
⎬}⎭

.

3. In order to introduce the above-mentioned special weights and the corre-
sponding orthogonal polynomials, put

𝜓𝑛(𝑧) = 𝐶𝑛 {𝑣Ω(𝑣)
𝑣 − 𝛽 (𝑖 𝑣 − 𝛽

1 + 𝛽𝑣)
𝑛

+ Ω(1/𝑣)
1 − 𝛽𝑣 (𝑖 1 − 𝛽𝑣

𝑣 + 𝛽 )
𝑛
} , (2)

where 𝐶𝑛 is a constant; Ω(𝑣) is a rational function of 𝑣, real on the real axis. If
the function Ω(𝑣) is such that the only pole in the disk |𝑣| ⩽ 1 of the right-hand
side of (2) is the point 𝑣 = −𝛽, then 𝜓𝑛(𝑧) is a polynomial in 𝑧. We shall
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assume, in addition, that all zeros of the function Ω(𝑣) lie in the domain |𝑣| < 1,
and all poles in the disk |𝑣| ⩽ 1. In this case 𝜓𝑛(𝑧) will be exactly of degree 𝑛,
provided only that 𝑛 ⩾ 𝑛Ω, where 𝑛Ω depends only on the function Ω(𝑣). In
particular, for 𝑛 > 𝑛Ω the leading coefficient of the polynomial 𝜓𝑛(𝑧) is equal
to

𝑏𝑛𝑛 = lim
𝑣→−𝛽

𝜓𝑛(𝑧)
𝑧𝑛 = 1 + sin 1

2 𝛼
2 sin 1

2 𝛼
1

𝛾𝑛 𝐶𝑛Ω (− 1
𝛽 ) .

By means of contour integration it is not difficult to prove that the polynomials
𝜓𝑛(𝑧) satisfy, for 𝑛 ⩾ 𝑛Ω, the orthogonality relations

1
2𝜋 ∫

2𝜋−𝛼

𝛼
𝜓𝑛(𝑒𝑖𝜃)𝑒−𝑖𝑚𝜃𝑤0(𝜃) 𝑑𝜃 = 0 (𝑚 = 0, 1, 2, … , 𝑛 − 1),

where the weight function 𝑤0(𝜃) is determined by the formula

𝑤0(𝜃) 𝑑𝜃 = 𝑑𝑣
𝑖𝑣Ω(𝑣)Ω(1/𝑣) (𝑣 = 𝑒𝑖𝜔).

For 𝑛 > 𝑛Ω the normalization condition gives

𝐶𝑛 = √ 2 sin 1
2 𝛼

1 + sin 1
2 𝛼

√ Ω(1/𝛽)
Ω(−1/𝛽) , 𝛾𝑛𝑏𝑛𝑛 = √1 + sin 1

2 𝛼
2 sin 1

2 𝛼 ∣Ω ( 1
𝛽 )∣ .

Introduce, from the function 𝑤0(𝜃), the function 𝑡0(𝜃), and then the analytic
function 𝑔(𝑧; 𝑡0). We then find that at any point 𝑧 of the domain 𝐷

𝐶𝑛
Ω(1/𝑣)
1 − 𝛽𝑣 = 1

2
√1 + sin 1

2𝛼 (1 + 𝛽𝑣) 𝑔(𝑧; 𝑡0).

Therefore, for a fixed function Ω(𝜈) and 𝑛 → ∞, we shall have the asymptotic
formula

𝜓𝑛(𝑧) ∼ √(𝑧 + 1)2 − 4𝛾2𝑧 + 𝑧 − 1 − 2 sin 1
2 𝛼

2√1 + sin 1
2 𝛼 (𝑧 − 1)

{𝑧 + 1 + √(𝑧 + 1)2 − 4𝛾2𝑧
2𝛾 }

𝑛

𝑔(𝑧; 𝑡0),

(3)

valid in any closed domain lying inside 𝐷. In this formula the branch of the
radical is taken which is positive for 𝑧 = 1. To study the polynomials at the
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points of the arc 𝑙, we introduce the limiting values 𝑔+(𝑒𝑖𝜃; 𝑡0), 𝑔−(𝑒𝑖𝜃; 𝑡0) of the
function 𝑔(𝑧; 𝑡0) at the point 𝑧 = 𝑒𝑖𝜃 on 𝑙+, respectively 𝑙−. In addition, put

cos 𝜆 = cos 1
2 𝜃

cos 1
2 𝛼 (0 ≤ 𝜆 ≤ 𝜋).

In this notation one can represent 𝜓𝑛(𝑒𝑖𝜃) (𝑛 > 𝑛Ω) in the form

𝜓𝑛(𝑒𝑖𝜃) =
√1 − sin 1

2 𝛼 𝑒𝑖𝜆 − √1 + sin 1
2 𝛼 𝑒−𝑖⋅ 1

2 𝜃

2𝑖 sin 1
2 𝜃 𝑒𝑖𝑛( 1

2 𝜃+𝜆)𝑔+(𝑒𝑖𝜃; 𝑡0)+

+
√1 − sin 1

2 𝛼 𝑒−𝑖𝜆 − √1 + sin 1
2 𝛼 𝑒−𝑖⋅ 1

2 𝜃

2𝑖 sin 1
2 𝜃 𝑒𝑖𝑛( 1

2 𝜃−𝜆)𝑔−(𝑒𝑖𝜃; 𝑡0). (4)

4. Formulas (3) and (4) make it possible to write asymptotic expressions for
𝜑𝑛(𝑧) for an “arbitrary”weight function 𝜔(𝜃). We shall restrict ourselves to
conditions of the type of S. N. Bernstein(2). Then our statements read:

Theorem 1. If the function 𝑡(𝜃) (𝛼 ≤ 𝜃 ≤ 2𝜋 − 𝛼) is continuous and positive,
then, as 𝑛 → ∞,

𝜑𝑛(𝑧) ∼ √(𝑧 + 1)2 − 4𝛾2𝑧 + 𝑧 − 1 − 2 sin 1
2 𝛼

2√1 + sin 1
2 𝛼 (𝑧 − 1)

{𝑧 + 1 + √(𝑧 + 1)2 − 4𝛾2𝑧
2𝛾 }

𝑛

𝑔(𝑧; 𝑡)

(5)

uniformly in every closed domain lying entirely inside 𝐷.

Theorem 2. If the function 𝑡(𝜃) (𝛼 ≤ 𝜃 ≤ 2𝜋 − 𝛼) is positive and for some
𝛿 > 0 and 𝑘 > 0

|𝑡(𝜃 + ℎ) − 𝑡(𝜃)| ⋅ | ln ℎ|1+𝛿 < 𝑘 (𝛼 ≤ 𝜃 < 𝜃 + ℎ ≤ 2𝜋 − 𝛼),

then, as 𝑛 → ∞,

𝜑𝑛(𝑒𝑖𝜃) ∼
√1 − sin 1

2 𝛼 𝑒𝑖𝜆 − √1 + sin 1
2 𝛼 𝑒−𝑖⋅ 1

2 𝜃

2𝑖 sin 1
2 𝜃 𝑒𝑖𝑛( 1

2 𝜃+𝜆)𝑔+(𝑒𝑖𝜃; 𝑡)+

+
√1 − sin 1

2 𝛼 𝑒−𝑖𝜆 − √1 + sin 1
2 𝛼 𝑒−𝑖⋅ 1

2 𝜃

2𝑖 sin 1
2 𝜃 𝑒𝑖𝑛( 1

2 𝜃−𝜆)𝑔−(𝑒𝑖𝜃; 𝑡) (6)

uniformly on the entire arc 𝑙.
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It is worth noting that formulas (3), (4), as well as (5), (6), admit passage to
the limit 𝛼 → 0, as a result of which they pass into the known formulas: (3)
and (4) pass into the single equality

𝜓𝑛(𝑧) = 𝑧𝑛𝑔(𝑧; 𝑡0) (𝑛 > 𝑛Ω),

and (5) and (6) into the single asymptotic relation

𝜑𝑛(𝑧) ∼ 𝑧𝑛𝑔(𝑧; 𝑡) (𝑛 → ∞; |𝑧| ≥ 1).

The first step toward proving our theorems consists in introducing a trigono-
metric sum 𝑠0(𝜃) of order < 𝑚, which on the interval 𝛼 ≤ 𝜃 ≤ 2𝜋 − 𝛼 gives the
best approximation, in the sense of P. L. Chebyshev, to the function

sin 1
2 𝛼

2 sin2 1
2 𝜃 𝑡(𝜃)

.

If we put

𝑡0(𝜃) = sin 1
2 𝛼

2 sin2 1
2 𝜃 𝑠0(𝜃)

,

then, on the basis of known approximation theorems,

𝑡(𝜃) − 𝑡0(𝜃) = 𝑂(1) 𝜔(1/𝑚),

where 𝜔(ℎ) is the modulus of continuity of the function 𝑡(𝜃). The number 𝑚
is assumed so large that 𝑠0(𝜃) > 0 everywhere in the interval 𝛼 ≤ 𝜃 ≤ 2𝜋 − 𝛼.
In view of the latter circumstance, the function 𝑠0(𝜃) can be represented in the
form

𝑠0(𝜃) = Ω(𝑒𝑖𝜔)Ω(𝑒−𝑖𝜔),

where

Ω(𝑣) = 𝐴
2𝑞
∏
𝑘=1

(𝑣 − 𝑐𝑘)/[(𝑣 − 𝛽)(𝑣 + 𝛽)]2𝑞,

and all the roots 𝑐𝑘 lie in the domain |𝑣| < 1, and the complex ones among them
are pairwise conjugate; 𝐴 is a positive constant; 𝑞 < 𝑚. With the aid of this
function Ω(𝑣), the polynomial 𝜓𝑚(𝑧) is constructed by formula (2) for 𝑛 = 𝑚
(> 𝑛Ω). The second step, and the completion of the proof of both theorems,
consist in considering and estimating the difference
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1
𝑎𝑚𝑚

𝜑𝑚(𝑧) − 1
𝑏𝑚𝑚

𝜓𝑚(𝑧).

Let us note, incidentally, that under the conditions of Theorem 2, by means of
the appropriate estimates one proves that

𝜑𝑚(𝑒𝑖𝜃) − 𝑎𝑚𝑚
𝑏𝑚𝑚

𝜓𝑚(𝑒𝑖𝜃) = 𝑂(1) ∣ln 1
𝑚∣

𝛿
.

5. The simplest particular systems of polynomials 𝜓𝑛(𝑧), which are obtained
for

Ω(𝑣) = 1, (𝑣 + 𝛽)(𝑣 − 𝛽)
𝑣2 − 1 , (𝑣 + 𝛽)(𝑣 − 𝛽)

𝑣(𝑣 − 1) ,

are analogues of the Chebyshev polynomials 𝑇𝑛, 𝑈𝑛, 𝑉𝑛. In particular, the last of
these three systems of polynomials, orthogonal on the arc 𝑙, was first introduced
in an article of the author (3) in connection with a problem in aerodynamics.
There some properties of the polynomials were obtained and the correspond-
ing trigonometric moments were given, by means of which the polynomials are
represented in the form of determinants. A parametric representation of these
polynomials, however, different from the one which we use here, was first given
by Ya. L. Geronimus (4). The starting point of his investigations is a cer-
tain finite-difference equation of the second order. Using our definition (2) of
the polynomials 𝜓𝑛(𝑧), it is easy to show that, in the most general case, the
polynomials 𝜓𝑛(𝑧), for 𝑛 > 𝑛Ω, satisfy the equation

𝛾𝑦𝑛+2 = (𝑧 + 1)𝑦𝑛+1 − 𝛾𝑧𝑦𝑛.

Kharkov State University
named after A. M. Gorky
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