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A geometric object is a point of any representation space of some group. In the
present article we consider a group of analytic transformations of n variables z.
This group can be defined by a system of n invariant forms w?, satisfying the
structural equations

Duw' = [whwi] (i,j,k=1,...,n).

The normal prolongations of the initial representation (z%) of this group intro-

duce new invariant forms wy,, ... 7“21 % » subordinated to the structural equa-
ok

tions

p

) 1 . .

_ ! !

Doy, g, = E 1: al(p—a)! [w(krlmkaw;caJrl.“k)p)l] + [w %14..1%1]-
o

T
Any representation (x*,T' ) is now defined as the space of first integrals of a
completely integrable system of forms

W' AP =dPT 4 DR 4+ TR, 4 T

where all I‘fkl”'k“ are functions of the adjoined invariants I'!.

I
The invariants I'! are interpreted as relative, and the transforming I'  as ab-
solute components of the corresponding local geometric object at the point x*.
We shall agree to denote the aggregate of forms wj,, ... W, k, briefly by w}(p.

T
The invariance condition of the geometric object (z*,I' ) is then written as
follows:

wi=0, drl 4T i =0

P
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Let us take as the space of supporting elements some representation space
(2, p®) with invariant forms

W, Ap® = dp® + pr"w% .

q
, I
The space (z*,p“,T ) is also a representation space of the group. The field
pp— .
of the geometric object (z*,T' ) in the space of supporting elements (z*, ) is
I , , I
called the manifold I' = f%(z*,p“) in the space (z*,p“,T ).

The finite equations of the field immediately lead to the differential equations
AT! =TL Ap® +Tiwk, or

ar! = —I‘fK”w}(p +TI (dpo‘ —I—p?K“wZ}(q) + Tiwk. (1)

By the method of prolongations and envelopes, fields of other geometric objects
are invariantly associated with the given field. We have shown that the differen-
tial equations (1) and the operations of prolongation and envelope are sufficient
for automatically composing Lie derivatives (2) of arbitrary orders of a geomet-
ric object of the given field and of any field invariantly associated with it. In
this process the Lie derivative is computed in an arbitrary reference system.

Let a vector field Vi = Vl(x) be given, with respect to which Lie differentiation is
carried out. The differential equations of this field, AV? = dV? + V’“w}; = Vkiwk ,
and their prolongations

AVQ o =Vi b (s=1,2,.)

define a fundamental geometric object (Vi,V,f,...,V,flmk ) of order s, whose
components we shall denote briefly by (V*, Vi ).

Theorem 1. The relative components of the Lie derivative of the field of the
geometric object T are expressed by the right-hand side of equations (1) after
replacing in them w' by V', w};lmk by Vkilmk‘, and dp® by zeros:

L . .
D' =TT Vi +TL,°K,9Vj +TLVE.

Corollary 1. The Lie derivative of the supporting object, as well as of the
object (V*, Vi, "'7V1§1.,,k ), is equal to zero.

Corollary 2. If the functions 119 = ®Q(T'!) define an envelope of the field of
the geometric object TIQ by the field T, then

L bR
Q =
P =

L
Dri

sovietrxiv.org/items/ru-196001.02419 Machine Translation


https://sovietrxiv.org/items/ru-196001.02419

Corollaries 1 and 2 give

Corollary 3. The second-order Lie derivative is expressed in terms of the Lie
derivative of the prolonged object by the formulas

Lorr Lo 1Kyt Lol a i LIk
DT = —-D(I; )VKp—s—D(Fa) KquKq—i—D(Fk)V .

Thus, the prolongation of the operation of Lie differentiation reduces to normal
prolongations of equations (1). Knowledge of the finite transformation law of
all objects obtained under prolongations and envelopes becomes unnecessary.

* L
The union of the object I' and its Lie derivative I'Y = DI'! is also a geometric
object.

Theorem 2. Invariant forms of representation (x*,T'1,TT) are the forms

IKIJ*

o 7 s e
oTK T Wi, -

W, AT = dr? 4 I‘If(”wiKp, AT = dT! +

It follows directly from this that the Lie derivative of the object I'! forms an
independent (and, moreover, linear homogeneous) object only in the case when
the object I'! is linear.

Example. We shall apply the theory of the Lie derivative given here to finding
the invariant form of the Euler equations and of variations of the integral

I= /F(m’,aza,x’aﬁ> [dt! ... dtP] (,,5,k=1,....n; a,B8,7v=1,....,p),

extended over a p-dimensional surface 2! = ¢*(t*) and containing the first
and second partial derivatives zf, = dz'/9t* and z, = 022 /0t*0t?. The
parameter space t® (as well as the space (z°)) is subjected to the group of
analytic transformations with the corresponding invariant forms 6% and their
normal prolongations 92‘3‘1”' 8. The successive prolongations of the differential

equations w’ = AL 0% of the surface give

AN, = dXL + Nswp, — AG05 = N 4607,

AN, 5 = AN, 5+ NS gk — A 00— N 00+ NEALw, — N0 = Mg 60,
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The system of forms (0%, w’, AN, AN, B) is completely integrable and determines
the representation space (t‘l,xi7$g,x25) of the direct product of the groups
acting in the spaces (t%) and (z"). We write our integral in invariant form:

Iz/f[al...ep].

The quantities (t*, 2, 2%, :rfl e F) together likewise determine the representation
space with invariant forms 6%, w*, AN, AN, 5, d f — f05. The integrand function
generates in it a hypersurface with differential equation

df — f03 = f,0% + fiw’ + FEAN, + fPPAN . (2)

The first prolongation of equation (2) gives

dfy — [505 — [0 — 05, + FONSOY, + 2N 0%, + [N, =

Y Ba T afy T
= Fug?® + Fast® + FLAN, + FITANG
df; — [k — 105 — FeNwl — RPN gl — fONEN W] =
= Fail + i + FEANE + fPANE (3)
dfe + [003 — fpwk — 205 — 27wk + £703 =

_ fa @ af af3
— fﬂiaﬁ + frwk 4+ FR AN + FRTTANE

df 1705+ 05— FPWE— 7003 = FoP O F W R AN+ FEITTANE,
At the same time, the conditions for the independence of the integral from the
parametric representation must be satisfied:

fo=0,  feXs+2fNE —foa =0, friAE=o0. (4)

Now we can form the first and second variations of the integral, taking into
account, in accordance with Theorem 1, only equations (2) and (3), the expres-
sions for the forms A, AN 5, and setting 9‘51'_'&. = 0 in the process of forming
them: '
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61 = /DLf[al...op] :/( T+ PNV RO OE S VE 4+ AEXLV) ) (01 67,
Let

MNevi= AL, A’;ﬁVki + AﬁAlﬁVljl = Afw.
Noting that, by virtue of Corollary 1,

DAL, =0 and DFAl,;=0,

we obtain the second variation

521 = /Dgf[el ..0P] = / (DX £,V 4+ DE AL + DEFPAL ) [0 ... 67],

where the Lie derivative of f;, f&, fi" # is obtained from equations (3):

L .

Df, = fVF+ FEALVE + [RON GVE + £V + Fu VR + FAR + £5PAR
L k aByl 17k k aB Ak aByak
Dfi = RV + 2" A5V + FaVE + fud Mg+ Fie ' Ag,ys

L
Dt = [PVE+ FPVE 4+ RIS+ fR0TAL

7 2

In conclusion, we indicate the invariant form of the Euler equations

hie = fi = fa + fes = 0

where fito = fidh + 7N 5 + fafTAL, 4 is the result of applying to fi the

operator of total differentiation with respect to the parameters ¢°, and f,?;f;g
is the result of applying this operator twice to fy % The quantities h;, form a

relative covector whose components, by virtue of (4), are linearly dependent:
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