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This note is devoted to the question of the numerical continuation of the solution
of the problem

dx

o f(t,ﬂ?), »T(to) = To; (k)

dt
where f(t,z) is a continuous vector function in some domain D of the
(t,zV), ..., 2P))-space, the point (t,,7,) € D, on the maximal possible interval
to <t < T* of the t-line.

1. Suppose that on the interval ¢, <t < T a set of points is chosen
T—t
t;=to+ jhy,, h, =—2 j=0,1,...,n,

" n

which in what follows will be called the nodes of this interval. The interval
(to,T), on which the nodes are chosen, will be denoted by (ty,7), . Let at
each node of the interval (ty,7"),, there be defined a p-dimensional vector ¢; =

(cg.l), s c;.p >). Then, obviously, the piecewise-linear function
k-1
a(t)=zg+h, > ¢+ (t—t)ey, B <t<ty,, k=01,..,n—1 (1)
7=0

is defined on the interval ¢, <t < T.
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Remark. If [,m are integers, X is the summation symbol, then by definition
we set

m

cij for I > m.

J=l

Definition 1. The piecewise-linear function (1) will be called an h,-
approximate solution of problem (k) on the interval ¢, < ¢t < T if the following
conditions are satisfied: 1) for any n = 1,2, ...,

(t,x () eD, t,<t<T;

2) for any monotonically decreasing sequence {e, }5°, of positive numbers
converging to zero,

28]
-1
e /
i

2. It is known (!) that computational schemes of the Euler, Runge, and
Adams type have the form

JE (1) —afld<e, k=01..,n-1.

%kﬂ:%k +hnc(tk,g:k), k=v,..,n—1, v>0. (2)

The vectors c(tk,%k), computed recursively by the numerical method (2), will
be called the node coefficients corresponding to this method.

Definition 2. Let c(tk,;k) be the angular coefficients corresponding to the
numerical method (2). The function

(t) =2, + hy Y elty, @) + (¢ t)elty, o), 3)

tkStStk+1, k:V7...7n_1,

is called the piecewise-linear function corresponding to the numerical
method (2).

3. Definition 3. The piecewise-linear function

n k—1 n, n,

o (t) =, +h, Yy clty,x;) + (= ty)e(ty, ™), (4)

t, <t<t, k=v,..,n—1,
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corresponding to the numerical method

n, n, n,

.T*k+1 :I*k+hnc(tk,x*k)—6k, k:V,...,n—l, (5)
is called a real h,-approximate solution of problem (k) on the interval
t, <t <T, if the following conditions are satisfied:

n*
1) (t,z*(t)) € D, t, <t <T;
n, n, n,
2) |#"y + hpelty, @) — 2% <6

The vector

n n n.

*

O = " + hyety, a™) — "

* *

is called the round-off error, and the numerical method (5) is called a real
numerical method corresponding to the numerical method (2).

4. Let the parallelepiped II

t—tol <a, le—al<b (ab>0)

belong to the domain D. Put M = maxy ||f(¢, z)|, and denote by 8 the sum
of the moduli of the coefficients with which the values of the function f(¢,x)

enter into the expression for the angular coeflicient c¢(¢,,x;,), corresponding to
numerical methods of Adams type (}).

Lemma 1. If the function f(t,z) is sufficiently smooth in the domain D,
then the piecewise-linear functions %(t), corresponding to any of the numerical
methods of Euler, Runge, and Adams type, are h,-approximate solutions of
problem (k) on the interval t, <t < t,+ «, where o« = min(a,b/M) in the case
of methods of Euler and Runge type, o = min(a,b/BM) in the case of methods
of Adams type, and moreover (t,%(t)) € I for t, <t <ty + .

Lemma 2. If condition 2) of Definition 3 is fulfilled, then the piecewise-linear
n

functions x*(t), corresponding to any of the real numerical methods of Euler,

Runge, and Adams type, are real h,, -approzimate solutions of problem (k) on the

interval t, <t < t,+ o, where * = min(a, (b — 0)/M) in the case of methods

of Euler and Runge type, o = min(a, (b — 9)/BM) in the case of methods of
n

Adams type, and moreover (t, o () €I fort, <t <t,+a"

Lemma 3. If the function f(t,z) is continuous in the domain D and in a neigh-
borhood of zero of the difference x — vy, (t,z),(t,y) € I, satisfies the Lipschitz
condition
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If(t2) = ft 9l < Nz =yl to <t <to+a, (6)

with a function N (t) summable on the interval ty <t < t,+a, then on this inter-
val there exists a unique solution x(t) of problem (k), and moreover (t,z(t)) € 11
forty <t<ty+aand

7115210 z(t) = x(t).
5. Let z(t) be the solution of problem (k) on the interval ¢, <t < ¢, + «; let
™ (t) be the real h,-approximate solution of this problem on the interval

t, <t <ty+ o

v

The difference u(t) = x(t) — 2™ (t) is called the error of the real h, -
approximate solution of problem (k) on the interval ¢, < ¢ < ¢, + a*.
Denote by S the set of nodal points of the interval (¢,,t, + o).

Theorem 1. If the assumptions of Lemma 3 are satisfied, the function

(f(tx(t) — f(t, 2™ (1)), x(t) —a™ (1))
(@(t) — 2™ (1), 2(t) — (1))

y(t) = ; (7)

defined on the interval t,, <t <ty + o, is summable on this interval for any n,
and for the error u(t) the estimate

()] < luy | exp [ / vde] + / ez (5) exp [ / ww} ds,  (8)

t, <t <ty +a’

174

dx™(t)
dt

u, =u(t,),  e(t) = ft,a™(t) - , te,tp+a’) =55 (9)

Corollary. Suppose a function 9(t) has been found, defined on the interval
tg <t <ty + af, summable on this interval, and such that the condition

(f(t,’JJ) — f(ta y)a T — y)
Gy o0 (10)

is satisfied for ty <t <tyg+a*, |z — ol <b, |y — x| <b. Then for the error
u(t) the estimate
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[u(t)] < Ju | exp [ / d(r)dr

—I—/ lez ()] exp {/ ﬂ(T)dT} ds, (11)

t, <t <ty+a

6. The algorithm for continuing a real h,-approximate solution of problem
(k) is as follows. At the i-th continuation step we compute an estimate of

i1
U (to +a* —1—204:)
s=1

by means of the majorant (11). Suppose that as a result of this computation
we obtain

<1y

i—1
U (to +a* +Zaz>
s=1

The parallelepiped II, C D is defined by the relations

< ay;

79

i1
t—to—a*—Za’; < by

s=1

i1
x— "™ (to + o —|—Za’;>
s=1

the numbers M, by the relation

M; = max| f(t, z)],

i

and the numbers o by the relation

* : ( b;—r;—0
of =min | a;, ——— |,
) ﬁMz

where 0 is the bound of the errors of rounding, 5 = 1 in the case when the
continuation is carried out by methods of Euler and Runge type.

Remark. If the domain D is bounded in at least one of the p + 1 coordinate
directions, then at each step of the continuation algorithm the parallelepiped
II; should be constructed so that, in the direction in which the domain D is
bounded, its boundary and the boundary of the parallelepiped 11, are sufficiently
close. If the domain D is the whole (%, A ,a:(p>)—space, then the sequence of
parallelepipeds II; is constructed with some fixed a and increasing b,.

Theorem 2. In carrying out the algorithm for continuing a real h,,-approximate
solution of problem (k), only the following cases are possible:
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1) The domain D is bounded at least in the direction of one of the p + 1
coordinate axes. At each step of continuation condition (6) is satisfied.

a) For some finite ¢ it has turned out that r, <b,, but 7,4 > b,,;. In this
case ¢ steps of continuation have led into a sufficiently small neighborhood
of the boundary of the domain D. Further continuation is impossible. The
solution of problem (k) exists and is unique on the interval

q
to<t<to+a +) ol
s=1

b) It is established a priori that for every g, 7y < by. In this case the contin-
uation is infinite. The solution of problem (k) exists and is unique on the
half-interval ¢, <t < co.

2) The domain D is arbitrary. For some finite g,
interval

@ < bqo7 but on the

qo—1 do

to+ > as<t<ty+a '+ a
s=1 s=1
condition (6) is not satisfied. In this case the majorant (11) does not exist,
and further continuation is impossible. The solution of problem (k) exists
and is unique on the interval

qo—1
to<t<to+a'+ Y ol
s=1

3) The domain D is the whole (t,z(1), ... 2(P))-space. At each step of contin-
uation condition (6) is satisfied; the numbers r, for sufficiently large fixed
n;, increase with each step of continuation. In this case the continuation
leads into a neighborhood of a point ¢ = 7, at which the solution of prob-
lem (k) is unbounded. The solution of the problem exists and is unique
on the interval t; <t < 7.

4) The domain D is the preceding one. It is established a priori that on any
closed interval of the half-interval t, <t < oo condition (6) is satisfied and
there exists a function ¥(t), defined and summable on this interval, such
that condition (10) is satisfied. In this case the continuation is infinite.
The solution of problem (k) exists and is unique on the half-interval ¢, <
t < oo.

7. Definition 4. A real h,-approximate solution of problem (k) is called
stable on the interval ¢, < ¢ < T if it depends continuously on the initial
value

2 (t,) = &,
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and this continuous dependence is uniform with respect to h,,: whatever € > 0
may be, there exists a o, > 0 such that from the inequality

ng*/ - gu < Oy (12)
there follows the inequality
£, = max (0 =" (o) <=, (13)

valid for every n > ny.

Theorem 3. If the function f(t,x) is sufficiently smooth in the domain D and
satisfies condition (6) with N(¢) summable on any closed interval (¢,,T*) con-
tained in the interval of existence of the solution of problem (k), guaranteed by
Theorem 2, then the real h,-approximate solution of this problem, correspond-
ing to any of the real numerical methods of Euler, Runge, and Adams type, is
necessarily stable on the interval ¢, <t < T™.
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