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Abstract
Full Text
MATHEMATICS
Yu. B. ERMOLAEV

SIMULTANEOUS REDUCTION OF A PAIR
OF BILINEAR FORMS TO CANONICAL
FORM
(Presented by Academician A. I. Mal’tsev on 12 I 1960)

A pair of bilinear forms is considered

𝐴(𝑥, 𝑦) = 𝑥′𝐴𝑦,
𝐵(𝑥, 𝑦) = 𝑥′𝐵𝑦,

where 𝐴 and 𝐵 are matrices such that 𝐴′ = 𝛼𝐴, 𝐵′ = 𝛽𝐵 (𝛼2 = 𝛽2 = 1),
given on an 𝑛-dimensional vector space of column vectors over the field of real
or complex numbers.

We shall denote a bilinear form by the matrix that corresponds to it in the given
coordinate system.

Put 𝜀 = 𝛼𝛽 and introduce the following pairs of forms:
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By the direct sum of two pairs of bilinear forms (𝐴1, 𝐵1) and (𝐴2, 𝐵2), where
the forms 𝐴1(𝑥, 𝑦) and 𝐵1(𝑥, 𝑦) are defined on 𝑉1, and the forms 𝐴2(𝑥, 𝑦) and
𝐵2(𝑥, 𝑦) are defined on 𝑉2 (𝑉1 and 𝑉2 are linear vector spaces over one and
the same field), we shall mean the pair of bilinear forms (𝐴, 𝐵), defined on
𝑉 = 𝑉1 + 𝑉2 by the equalities

𝐴(𝑥1 + 𝑥2, 𝑦1 + 𝑦2) = 𝐴1(𝑥1, 𝑦1) + 𝐴2(𝑥2, 𝑦2),

𝐵(𝑥1 + 𝑥2, 𝑦1 + 𝑦2) = 𝐵1(𝑥1, 𝑦1) + 𝐵2(𝑥2, 𝑦2),

where 𝑥1, 𝑦1 ∈ 𝑉1; 𝑥2, 𝑦2 ∈ 𝑉2.

Proposition 1. Every pair of bilinear forms (1) over a field 𝐾 can be repre-
sented in a unique way (up to the order of the summands) as a direct sum of
pairs of forms, each of which, in the case when 𝐾 is the field of real numbers,
is one of the following:

(𝐼)𝑝, (𝐼𝐼)𝑝1
, −(𝐼𝐼)𝑝2

, (𝐼𝐼𝐼)𝑝3
, (𝐼𝑉 )𝑝4

, −(𝐼𝑉 )𝑝5
, (𝑉 )𝑝6

,
(𝑉 𝐼)𝑝7

(𝑎), −(𝑉 𝐼)𝑝8
(𝑎), (𝑉 𝐼𝐼)𝑝9

(𝑎), (𝑉 𝐼𝐼𝐼)𝑝10
(𝜔), (𝐼𝑋)𝑝11

(𝜔), (2)

where 𝑝 is a nonnegative integer, 𝑝𝑖 is a positive integer (𝑖 = 1, … , 11), 𝑎 is real
≠ 0, 𝜔 is complex, and, in the case when 𝐾 is the field of complex numbers, is
one of the following:

(𝐼)𝑝, (𝐼𝐼)𝑝1
, (𝐼𝐼𝐼)𝑝2

, (𝐼𝑉 )𝑝3
, (𝑉 )𝑝4

, (𝑉 𝐼)𝑝5
(𝑎), (𝑉 𝐼𝐼)𝑝6

(𝑎), (3)
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where 𝑝 is a nonnegative integer, 𝑝𝑖 is a positive integer (𝑖 = 1, … , 6), 𝑎 is real
or complex ≠ 0.

The uniqueness of the decomposition into a direct sum means that the number
of pairs of each type (from (2) or from (3)) entering into the decomposition
of the given pair is an invariant of this pair. We note that this number is
completely determined by the system of elementary divisors (finite and infinite)
and minimal indices of the pencil 𝐴 + 𝜆𝐵 (1) in the case when 𝐾 is the field of
complex numbers (and also in the case when 𝐴 and 𝐵 are real skew-symmetric
matrices).

The proof is based on the consideration of vector systems 𝑥1, … , 𝑥𝑝, 𝑦1, … , 𝑦𝑝,
whose vectors are related by the relations:

(𝐵 − 𝑎𝐴)𝑥𝑘 = 𝐴𝑥𝑘−1, (𝐵 − 𝜀𝑎𝐴)𝑦𝑘 = 𝜀𝐴𝑦𝑘−1, 𝑦′
1𝐴𝑥𝑝 ≠ 0

(𝑘 = 1, … , 𝑝; 𝑥0 = 𝑦0 = 0; 𝑎 is a root of the equation |𝐵 − 𝜆𝐴| = 0),
and of systems 𝑥1, … , 𝑥𝑝, 𝑦0, 𝑦1, … , 𝑦𝑝, whose vectors are related by the relations:

𝐴𝑦0 = 0, 𝐴𝑦𝑘 = 𝐵𝑦𝑘−1 (𝑘 = 1, … , 𝑝), 𝐵𝑦𝑝 = 0;
𝑦′

𝑝𝐴𝑥1 = 1, 𝐴𝑥𝑘 = 𝜀𝐵𝑥𝑘−1 (𝑘 = 2, … , 𝑝).

An analogous result holds for a pair of forms:

𝐴(𝑥, 𝑦) = 𝑥′𝐴𝑦,
𝐻(𝑥, 𝑦) = 𝑥′𝐻 ̄𝑦, (4)

where 𝐴 is a symmetric or skew-symmetric matrix (𝐴′ = 𝛼𝐴, 𝛼 = ±1), and 𝐻
is a Hermitian matrix, defined on an 𝑛-dimensional vector space over the field
of complex numbers.

Proposition 2. Each pair of forms (4) can be represented uniquely (up to the
order of the summands) as a direct sum of pairs of forms, each of which is one
of the following:

(I)𝑝, (II)𝑝1
, −(II)2𝑝2

, (III)2𝑝3−1, (IV)𝑝4
, −(IV)2𝑝5−1, (V)2𝑝6

,
(VI)𝑝7

(𝑎), −(VI)𝑝8
(𝑎), (VII)𝑝9

(𝑎), (VIII)𝑝10
(𝜔), (IX)𝑝11

(𝜔),
where in each pair 𝛽 = 1 is set (the second matrix is assumed Hermitian); 𝑝 is
a nonnegative integer, 𝑝𝑖 are positive integers (𝑖 = 1, … , 11), 𝑎 is real and ≠ 0,
and 𝜔 is complex.

The classification of pairs of forms (1) presented above in the cases when 𝛼 =
𝛽 = 1 and 𝛼 = 1, 𝛽 = −1, and 𝐾 is the field of complex numbers, coincides
with the known ones (1,2 ).
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