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Abstract
Full Text
PHYSICS

V. S. MASHKEVICH

NORMAL COORDINATES OF A CRYSTAL
LATTICE WITH RETARDATION OF THE
INTERACTION TAKEN INTO ACCOUNT
(Presented by Academician N. N. Bogolyubov, 8 IV 1958)

1. The consideration of a number of properties of a crystal is based on the
introduction of normal coordinates. This problem is solved elementarily
for purely mechanical vibrations, when the retarded electromagnetic in-
teraction between the particles of the crystal is not taken into account
(1). However, for a consistent consideration of the optical properties of a
crystal it is necessary to take the indicated retardation into account, and
therefore the problem of introducing normal coordinates must be solved in
this general case. We shall consider a crystal lattice in the dipole approxi-
mation, when the variables are taken to be the displacements of the atoms
u𝑙

𝑠 and the dipole moments p𝑙
𝑠 caused by deformation of the electron shells

(𝑙 is the number of the unit cell, 𝑠 the number of the atom in it) (2).

Neglecting the inertia of the dipole moments, the equations of motion are

𝑚𝑠ü𝑙
𝑠 = − 𝜕𝑈

𝜕u𝑙𝑠
+ 𝑒𝑠 ⃗ℰ𝑙

𝑠, 0 = − 𝜕𝑈
𝜕p𝑙𝑠

+ ⃗ℰ𝑙
𝑠, (1)

where 𝑚𝑠, 𝑒𝑠 are the mass and charge of the 𝑠-th ion; 𝑈 is the potential energy,
a homogeneous quadratic form in u𝑙

𝑠, p𝑙
𝑠; ⃗ℰ𝑙

𝑠 is the electric-field strength at the
lattice point with coordinates r𝑙

𝑠.

We seek the solution of (1) in the form of plane monochromatic waves

u𝑙
𝑠 = u𝑠 exp(−𝑖𝜔𝑡 + 𝑖kr𝑙

𝑠), p𝑙
𝑠 = p𝑠 exp(−𝑖𝜔𝑡 + 𝑖kr𝑙

𝑠),

⃗ℰ𝑙
𝑠 = ⃗ℰ𝑠 exp(−𝑖𝜔𝑡 + 𝑖kr𝑙

𝑠), (2)

where (3)

⃗ℰ𝑠 = 4𝜋
Δ

𝒫⃗ − 𝑛2s(𝒫⃗, s)
𝑛2 − 1 + E𝑠(𝑖k, u1, … , p1, …); (3)
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Δ is the volume of the unit cell; 𝑛 = 𝑐𝑘/𝜔 is the refractive index (𝑐 is the speed
of light in vacuum); 𝒫⃗ = ∑𝑠(𝑒𝑠u𝑠 + p𝑠); s is the unit vector of k; E𝑠 is a linear
function of the amplitudes.

Substitution of (2) into (1) gives equations for the amplitudes:

𝜔2𝑚𝑠𝑇 𝑗
𝑠𝑥′𝛿𝑗1 + ∑

𝑗′𝑠′𝑦′
𝐴 𝑗𝑗′

𝑠𝑠′𝑥′𝑦′(𝑖k) 𝑇 𝑗′

𝑠′𝑦′ + (𝑒𝑠𝛿𝑗1 + 𝛿𝑗2) ℰ𝑠𝑥′ = 0, (4)

𝑇 𝑗
𝑠𝑥′ = {𝑢𝑠𝑥′ , 𝑗 = 1,

𝑝𝑠𝑥′ , 𝑗 = 2; 𝑥′, 𝑦′ = 𝑥, 𝑦, 𝑧.

In (4) k enters only with the factor 𝑖, and therefore the solution for −k is the
complex conjugate of the solution for k:

𝜔2(−k) = 𝜔2∗(k), 𝑇 𝑗
𝑠 (−k) = 𝑇 𝑗∗

𝑠 (k), ⃗ℰ𝑠(−k) = ⃗ℰ ∗
𝑠 (k). (5)

The reality of 𝜔2 does not follow from (4) because of the presence of the last
term, and will be obtained below. (5) makes it possible to represent the general
real solution (1) in the form

𝑇 𝑗𝑙
𝑠 = ∑

𝛼k
𝑞𝛼(k, 𝑡)𝑇 𝑗𝛼

𝑠 (k) exp(𝑖kr𝑙
𝑠), ⃗ℰ 𝑙

𝑠 = ∑
𝛼k

𝑞𝛼(k, 𝑡) ⃗ℰ𝛼
𝑠 (k) exp(𝑖kr𝑙

𝑠), (6)

where 𝛼 is the number of a branch of the vibration spectrum; 𝑞𝛼(k, 𝑡) are har-
monic functions of time with frequency 𝜔𝛼(k), with 𝑞𝛼(−k) = 𝑞𝛼∗(k).

2. The spatial mean value of the amplitude of the electric-field strength is
given by the first term of (3) (1). The term E𝑠 is independent of the
frequency, and thus contains no retardation, and therefore may be included
in the potential interaction, which is assumed below. It is easy to show
that the expression for ⃗ℰ 𝑙

𝑠 from (2) is valid not only for the lattice sites,
but also for any point (with the corresponding choice of E𝑠). Therefore
we put

⃗ℰ(r, 𝑡) = ∑
𝛼k

𝑞𝛼(k, 𝑡) ⃗ℰ𝛼(k) exp(𝑖kr), ⃗ℰ𝛼(k) = 4𝜋
Δ

𝒫⃗𝛼(k) − 𝑛2
𝛼(k) s(𝒫⃗𝛼(k), s)

𝑛2𝛼(k) − 1 .

(7)

(7) can be expressed through the vector potential:
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⃗ℰ = −1
𝑐

𝜕 ⃗𝒜
𝜕𝑡 , ⃗𝒜 = 𝑐 ∑

𝛼k
̇𝑞𝛼(k, 𝑡)𝜔−2

𝛼 (k) ⃗ℰ𝛼(k) exp(𝑖kr). (8)

For the magnetic-field induction this gives

ℬ⃗ = rot ⃗𝒜 = 𝑖𝑐 ∑
𝛼k

̇𝑞𝛼(k, 𝑡)[k, ⃗ℰ𝛼(k)]𝜔−2
𝛼 (k) exp(𝑖kr). (9)

The electric-field induction is 𝒟⃗ = ⃗ℰ + 4𝜋
Δ 𝒫⃗. In the dipole approximation used,

the magnetic moment is equal to zero; therefore the magnetic-field strength
ℋ⃗ = ℬ⃗. It is easy to see that the field vectors introduced in this way satisfy
Maxwell’s equations.

3. Equation (4) for the branch 𝛼 has the form

𝜔2
𝛼(k) 𝑚𝑠𝑇 𝑗𝛼

𝑠𝑥′(k)𝛿𝑗1 + ∑
𝑗′𝑠′𝑦′

𝐴𝑗𝑗′

𝑠𝑠′𝑥′𝑦′(𝑖k)𝑇 𝑗′𝛼
𝑠′𝑦′(k) + (𝑒𝑠𝛿𝑗1 + 𝛿𝑗2)ℰ𝛼

𝑥′(k) = 0. (10)

Let us replace here 𝛼 by 𝛽 and k by −k:

𝜔2
𝛽(−k) 𝑚𝑠𝑇 𝑗𝛽

𝑠𝑥′(−k)𝛿𝑗1 + ∑
𝑗′𝑠′𝑦′

𝐴𝑗𝑗′

𝑠𝑠′𝑥′𝑦′(𝑖k)𝑇 𝑗′𝛽
𝑠′𝑦′(−k)+

+(𝑒𝑠𝛿𝑗1 + 𝛿𝑗2)ℰ𝛽
𝑥′(−k) = 0. (11)

Multiplying (10) by 𝑇 𝑗𝛽
𝑠𝑥′(−k), (11) by 𝑇 𝑗𝛼

𝑠𝑥′(k), subtracting the second equation
from the first, summing over 𝑗, 𝑠, 𝑥′, and taking into account the Hermiticity of
the matrix 𝐴𝑗𝑗′

𝑠𝑠′𝑥′𝑦′ ,

we obtain

[𝜔2
𝛽(−k) − 𝜔2

𝛼(k)] ̇𝐼𝛼𝛽(k) = 0,

̇𝐼𝛼𝛽(k) = ∑
𝑠

𝑚𝑠𝑢𝛼
𝑠 (k)𝑢𝛽

𝑠 (−k)+4𝜋
Δ 𝑘2𝑐2 [(𝒫⃗𝛼(k), 𝒫⃗𝛽(−k)) − (𝒫⃗𝛼(k), s)(𝒫⃗𝛽(k), s)] ×

(12)

× {[𝑛2
𝛼(k) − 1][𝑛2

𝛽(−k) − 1]𝜔2
𝛼(k)𝜔2

𝛽(−k)}−1 ;
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i.e., the orthogonality relation for the amplitudes when retardation is taken into
account. If retardation is neglected, the second term in ̇𝐼𝛼𝛽 is absent (1).

4. Lattice energy

𝐸 = 𝑇 + 𝑈 + 𝑊𝑒 + 𝑊𝑚 = 1
2 ∑

𝑠𝑙
𝑚𝑠(𝑢̇𝑙

𝑠)2 + 𝑈 + 1
8𝜋 ∫(ℰ2 + ℋ2) 𝑑𝑣 ⩾ 0. (13)

Expression (13) is not self-evident, since it contains the average (and not micro-
scopic) field strengths. The choice of 𝐸 in this form is justified below. Substi-
tuting (6) into (13), we obtain

𝐸 = 𝑁
2 ∑

𝛼𝛽k

̇𝐼𝛼𝛽(k) [ ̇𝑞𝛼(k) ̇𝑞𝛽(−k) + 𝜔2
𝛼(k)𝑞𝛼(k)𝑞𝛽(−k)] , (14)

where 𝑁 is the number of cells in the fundamental region.

From (12), (5), and the condition that 𝐸 be real and positive, it follows that
𝛽 = 𝛼, 𝜔∗2

𝛼 (k) = 𝜔2
𝛼(k) ⩾ 0. Thus the reality of the frequency has been proved.

Introducing the amplitude normalization condition

𝑁 ̇𝐼𝛼𝛼(k) = 1, (15)

we obtain

𝐸 =
′

∑
𝛼k

[ ̇𝑞𝛼(k) ̇𝑞∗𝛼(k) + 𝜔2
𝛼(k)𝑞𝛼(k)𝑞∗𝛼(k)] , (16)

where the prime means that the summation is carried out over the half-space of
k.

5. The equations of motion in normal coordinates must have the form

̈𝑞𝛼(k) + 𝜔2
𝛼(k)𝑞𝛼(k) = 0. (17)

This is ensured by the following choice of the Lagrange function:

𝐿 = 𝑇 − 𝑈 + 𝑊𝑚 − 𝑊𝑒 =
′

∑
𝛼k

[ ̇𝑞𝛼(k) ̇𝑞∗𝛼(k) − 𝜔2
𝛼(k)𝑞𝛼(k)𝑞∗𝛼(k)] . (18)

𝐿 contains no terms of the type 𝑒
𝑐 (v, ⃗𝐴) (v is the velocity). This is explained

by the fact that the action of the field on the particles which they produce is
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already contained in the term (𝑊𝑚 − 𝑊𝑒), since the field is expressed through
the same 𝑞-coordinates as 𝑇 𝑙

𝑠. The indicated term enters with the opposite
sign compared with the usual one. This is connected with the fact that the
electric-field strength is expressed through 𝑞, while the magnetic-field strength
is expressed through ̇𝑞, in contrast to the usual case. From (18) we find for the
generalized momenta

𝑝𝛼(k) = ̇𝑞∗𝛼(k), 𝑝∗𝛼(k) = ̇𝑞𝛼(k), (19)

which gives for the Hamilton function

𝐻 =
′

∑
𝛼k

[𝑝𝛼(k)𝑝∗𝛼(k) + 𝜔2
𝛼(k)𝑞𝛼(k)𝑞∗𝛼(k)] . (20)

Kyiv Polytechnic Institute
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