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Abstract
Full Text
MATHEMATICS
G. K. LEBED′

SOME QUESTIONS ON THE APPROXIMA-
TION OF FUNCTIONS OF ONE VARIABLE
BY ALGEBRAIC POLYNOMIALS
(Presented by Academician M. A. Lavrent′ev, 5 VII 1957)

Using the inequalities that were formulated in note (1), and the notation intro-
duced there, we prove a number of direct and inverse theorems in the theory of
approximation of continuous functions by algebraic polynomials in the metric
𝐿𝑝(−1, +1), 1 ⩽ 𝑝 ⩽ ∞.

Theorem 1. Let 𝑚 be a natural number ⩾ 1, 1 ⩽ 𝑝 ⩽ ∞, 1+𝑠− 1
𝑝 ⩾ 0, and let

the function 𝜔(𝑡) satisfy condition 𝐴𝛽
𝛼, where 𝛼 = 0, 0 ⩽ 𝛽*. Then there exists

a constant 𝐴 = 𝐴(𝑚, 𝑠, 𝛽) such that, whatever the function 𝑓(𝑥), defined on
[−1, +1], having an (𝑚 − 1)-st absolutely continuous derivative and a derivative
𝑓 (𝑚)(𝑥) of order 𝑚 integrable in the 𝑝-th degree, and whatever the algebraic
polynomial 𝑃𝑛(𝑥), there exist polynomials 𝑃𝑛+𝑖(𝑥) (𝑖 = 1, 2, … , 𝑚) such that
the inequality holds

∥𝑓 (𝑚−𝑖)(𝑥) − 𝑃𝑛+𝑖(𝑥)
𝑔𝑖+𝑠(𝑥, 𝑛) 𝜔[𝑔(𝑥, 𝑛)] ∥

𝐿𝑝(−1,+1)
⩽ 𝐴 ∥ 𝑓 (𝑚)(𝑥) − 𝑃𝑛(𝑥)

𝑔𝑠(𝑥, 𝑛) 𝜔[𝑔(𝑥, 𝑛)] ∥𝐿𝑝(−1,+1)

(𝑔(𝑥, 𝑡) =
√

1 − 𝑥2

𝑡 + 1
𝑡2 ; 𝑛 = 1, 2, …) .

Theorem 2. If 𝑓(𝑥) has on the interval [−1, +1] an 𝑚-th continuous derivative
𝑓 (𝑚)(𝑥), satisfying on [−1, +1] the condition of quasismoothness

∣𝑓 (𝑚)(𝑥1) + 𝑓 (𝑚)(𝑥2) − 2𝑓 (𝑚)(𝑥1 + 𝑥2
2 )∣ ⩽ 𝑀|𝑥1 − 𝑥2|,

then there exists a sequence of algebraic polynomials 𝑃𝑛(𝑥) such that

|𝑓(𝑥) − 𝑃𝑛(𝑥)| ⩽ 𝐶(𝑚)𝑀𝑔𝑚(𝑥, 𝑛) [𝑔(𝑥, 𝑛) + ln𝑛
𝑛2 ] (𝑛 = 1, 2, …).
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Since a function 𝑓(𝑥) having a derivative bounded on [−1, +1] satisfies the
condition of quasismoothness, Theorem 2 is, for 𝑚 = 0, a generalization of the
corresponding result of S. M. Nikol′skii (2), though with a cruder constant 𝐶(0).

* In particular, this condition is satisfied for 𝜔(𝑡) = 𝑡𝛽 when 𝛽 ⩾ 0.

Theorem 3. If the 𝑚-th derivative of the function 𝑓(𝑥), defined on the interval
[−1, +1], has the property that for it

∥(
√

1 − 𝑥2)𝑠𝑓 (𝑚)(𝑥)∥
𝐿𝑝(−1,+1)

≤ 𝑀 (1 − 𝑠 − 1
𝑝 ≥ 0, 𝑝 ≥ 1) ,

then there exists a sequence of algebraic polynomials 𝑃𝑛(𝑥) such that

∥𝑓(𝑥) − 𝑃𝑛(𝑥)
𝑔𝑚−𝑠(𝑥, 𝑛) ∥

𝐿𝑝(−1,+1)
≤ 𝑀 𝐶(𝑚)

𝑛𝑠 (𝑛 = 1, 2, …). (1)

For 𝑚 = 1, 𝑠 ≤ 0, this theorem follows from a result of M. K. Potapov (3), but
for 𝑠 ≥ 0, conversely, M. K. Potapov’s result follows from Theorem 3.

Definition. We shall say that 𝑓(𝑥), defined on the interval [−1, +1], belongs to
the class 𝐻(𝑟)

𝜔 (1)𝐿𝑝, respectively to the class 𝐻(𝑟)
𝜔 (2)𝐿𝑝 (𝑟 is an integer ≥ 0, 1 ≤

𝑝 ≤ ∞), if the following conditions are satisfied:

∥
𝑓 (𝑟)(𝑥

√
1 − ℎ2 − ℎ

√
1 − 𝑥2) − 𝑓 (𝑟)(𝑥)

𝜔[|ℎ|
√

1 − 𝑥2 + ℎ2]
∥

𝐿𝑝(−1,+1)

≤ 𝑀, (*)

respectively

∥
𝑓 (𝑟)(𝑥

√
1 − ℎ2 − ℎ

√
1 − 𝑥2) + 𝑓 (𝑟)(𝑥

√
1 − ℎ2 + ℎ

√
1 − 𝑥2) − 2𝑓 (𝑟)(𝑥)

𝜔[|ℎ|
√

1 − 𝑥2 + ℎ2]
∥

𝐿𝑝(−1,+1)

≤ 𝑀

(0 < ℎ ≤ 1) (**)

for some function 𝜔(𝑡) satisfying the conditions of Theorem 1.

Theorem 4. If 𝑓(𝑥) ∈ 𝐻(𝑚)
𝜔 (1)𝐿𝑝 or 𝑓(𝑥) ∈ 𝐻(𝑚)

𝜔 (2)𝐿𝑝, then there exists a
sequence of algebraic polynomials 𝑃𝑛(𝑥) for which

∥ 𝑓(𝑥) − 𝑃𝑛(𝑥)
𝑔𝑚(𝑥, 𝑛) 𝜔[𝑔(𝑥, 𝑛)] ∥𝐿𝑝(−1,+1)

≤ 𝐶(𝑚)𝑀 (𝑛 = 1, 2, …). (2)
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Let us make the corresponding remark. Suppose on the interval [−1, +1] there
is given a function 𝑓(𝑥) having on it a continuous 𝑚-th derivative 𝑓 (𝑚)(𝑥),
satisfying the inequality (for 𝐶 = 1)

|𝑓 (𝑚)(𝑥1) − 𝑓 (𝑚)(𝑥2)| ≤ 𝐶 𝜔(|𝑥1 − 𝑥2|) (𝑥1, 𝑥2 ∈ [−1, +1]), (3)

where

𝜔(𝑡) = sup
|𝑥1−𝑥2|≤𝑡

|𝑓 (𝑚)(𝑥1) − 𝑓 (𝑚)(𝑥2)|.

It follows easily from this that the inequality

∣
𝑓 (𝑚)(𝑥

√
1 − ℎ2 − ℎ

√
1 − 𝑥2) − 𝑓 (𝑚)(𝑥)

𝜔[|ℎ|
√

1 − 𝑥2 + ℎ2]
∣ ≤ 1 (0 < |ℎ| ≤ 1, |𝑥| ≤ 1),

holds; consequently, on the basis of Theorem 4, for 𝑝 = ∞ there exists a sequence
of polynomials 𝑃𝑛(𝑥) such that

|𝑓(𝑥) − 𝑃𝑛(𝑥)| ≤ 𝐶(𝑚)𝑔𝑚(𝑥, 𝑛)𝜔[𝑔(𝑥, 𝑛)], (𝑛 = 1, 2, …); (4)

this inequality was first obtained by A. F. Timan (4).
Let 𝑟 ≥ 0, 𝑟 = ̄𝑟 + 𝛼, ̄𝑟 an integer ≥ 0, 0 < 𝛼 ≤ 1, 1 ≤ 𝑝 ≤ ∞. By definition
(see (5), pp. 261–326), a function 𝑓(𝑥) ∈ 𝐻(𝑟)

𝑝 (−1, +1; 𝑀) if it and its derivatives
up to order ̄𝑟 inclusive belong to

𝐿𝑝(−1, +1), and the inequalities hold

(∫
1−ℎ

−1
∣𝑓 (𝑟)(𝑥 + ℎ) − 𝑓 (𝑟)(𝑥)∣

𝑝
𝑑𝑥)

1/𝑝

≤ 𝑀ℎ𝛼 (0 < 𝛼 < 1; 0 < ℎ < 2);

(∫
1−ℎ

−1+ℎ
∣𝑓 (𝑟)(𝑥 + ℎ) + 𝑓 (𝑟)(𝑥 − ℎ) − 2𝑓 (𝑟)(𝑥)∣

𝑝
𝑑𝑥)

1/𝑝

≤ 𝑀ℎ𝛼 (𝛼 = 1, 0 < ℎ < 1).

We shall agree below that a function 𝑓(𝑥) ∈ 𝐻(𝑟)
𝑝 = 𝐻(𝑟)

𝑝 (−1, +1; 𝑀) if it, to-
gether with its derivatives up to order 𝑟 inclusive, belongs to 𝐿𝑝(−1, +1), and if,
for it, for 0 < 𝛼 < 1 the inequality (∗) holds, where 𝜔(𝑡) = 𝑡𝛼, and for 𝛼 = 1 the
inequality (∗∗) holds, where 𝜔(𝑡) = 𝑡. There is a close connection between the
classes 𝐻(𝑟)

𝑝 and 𝐻(𝑟)
𝑝 (see below). At the same time, when considering one and

the same function in 𝐿𝑝 and 𝐿∞, the functions of the indicated classes exhibit
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properties analogous to those known properties (see (5), pp. 261–326) that hold
for functions of the classes 𝐻(𝑟)

𝑝 defined on the entire real axis. However, despite
the presence of a close connection between functions of the classes 𝐻(𝑟)

𝑝 and 𝐻(𝑟)
𝑝 ,

the problem of approximating functions 𝑓(𝑥) ∈ 𝐻(𝑟)
𝑝 by algebraic polynomials

is still not completely solved. We note that from Theorem 1 and from the fact
that for 𝑓(𝑥) ∈ 𝐻(𝑟+𝛼)

𝑝 there exists a sequence of algebraic polynomials such
that

‖𝑓(𝑥) − 𝑃𝑛(𝑥)‖𝐿𝑝(−1,+1) ≤ 𝑀 𝐶(𝑟)
𝑛𝑟+𝛼 ,

one easily obtains the result of M. K. Potapov (3).
We now turn to inverse theorems in the theory of approximation of functions.
Let 𝜔(𝑡) be continuous on the interval [−1, +1] and satisfy the conditions:

1) 𝜔(𝑡) ≥ 0, if 𝑡 ≥ 0;
2) 𝜔(𝑡) is nondecreasing on the interval [0, 2];
3)

𝑁
∑
𝑘=0

𝜔 [𝑔(𝑥, 𝑎𝑘)]
𝑔(𝑥, 𝑎𝑘) ≤ 𝐶 𝜔 [𝑔(𝑥, 𝑎𝑁)]

𝑔(𝑥, 𝑎𝑁) ;

4)
∞

∑
𝑘=𝑁+1

𝜔 [𝑔(𝑥, 𝑎𝑘)] ≤ 𝐶𝜔 [𝑔(𝑥, 𝑎𝑁+1)]

(𝐶 is a certain constant independent of 𝑥 and 𝑁) for some natural number
𝑎 > 1.

We shall say that 𝜔(𝑡) satisfies condition (A) if 1), 2), 3), 4) are fulfilled, and
condition (B) if 1), 2), 4) are fulfilled.

Theorem 5. Let 𝑓(𝑥) be defined on [−1, +1], and suppose that there exists for
it a sequence of algebraic polynomials 𝑃𝑛(𝑥) such that inequality (4) is satisfied.
Suppose, moreover, that 𝜔(𝑡) satisfies condition (A) or (B). Then the function
𝑓(𝑥) has on [−1, +1] a continuous derivative 𝑓 (𝑚)(𝑥) of order 𝑚, satisfying, in
case (A), inequality (3) with some constant 𝐶, and, in case (B), the inequalities

∣𝑓 (𝑚)(𝑥1) − 𝑓 (𝑚)(𝑥2)∣ ≤ 𝐶𝜔(|𝑥1 − 𝑥2|) ln 2
|𝑥1 − 𝑥2| ,

∣𝑓 (𝑚)(𝑥1) + 𝑓 (𝑚)(𝑥2) − 2𝑓 (𝑚)(𝑥1 + 𝑥2
2 )∣ ≤ 𝐶𝜔(|𝑥1−𝑥2|) (𝑥1, 𝑥2 ∈ [−1, +1]).

We note that the function 𝜔(𝑡) = 𝑡𝛼 for 0 < 𝛼 < 1 satisfies condition (A), and
for 𝛼 = 1 condition (B). In this case we obtain the theorems of V. K. Dzyadyk
(6)*.

sovietrxiv.org/items/ru-195801.97656 Machine Translation

https://sovietrxiv.org/items/ru-195801.97656


* This theorem was obtained by us by another method, independently of V.
K. Dzyadyk, and was reported at the seminar on the theory of approximation
of functions at the V. A. Steklov Mathematical Institute of the Academy of
Sciences of the USSR at the end of 1956.

Theorem 6. Let 𝑟 + 𝛼 − 1
𝑝 > 0 (𝑟 an integer ≥ 0, 0 < 𝛼 ≤ 1), and let, for

a function 𝑓(𝑥) ∈ 𝐿𝑝(−1, +1), defined on [−1, +1], there exist a sequence of
algebraic polynomials 𝑃𝑛(𝑥) such that

∥𝑓(𝑥) − 𝑃𝑛(𝑥)
𝑔𝑟+𝛼(𝑥, 𝑛) ∥

𝐿𝑝(−1,+1)
≤ 𝑀 (𝑛 = 1, 2, …). (5)

Then 𝑓(𝑥) ∈ 𝐻(𝑟+𝛼−1/𝑝)
∞ (−1, +1, 𝐶𝑀), where 𝐶 is some constant.

Theorem 7. Let 𝛼 − 1
𝑝 > 0, and let, for a function 𝑓(𝑥) ∈ 𝐿𝑝(−1, +1), there

exist a sequence of algebraic polynomials 𝑃𝑛(𝑥) (𝑛 = 1, 2, …) for which inequality
(5) holds. Then 𝑓(𝑥) ∈ 𝐻(𝑟+𝛼)

𝑝 (−1, +1; 𝐶𝑀), where 𝐶 is some constant.

Theorem 8. Let 𝑚 > 0 be an integer, and suppose that 𝑓(𝑥) has the property
that there exists for it a sequence of polynomials 𝑃𝑛(𝑥) such that

∥𝑓(𝑥) − 𝑃𝑛(𝑥)
𝑔𝑚−𝑠(𝑥, 𝑛) ∥

𝐿𝑝(−1,+1)
≤ 𝑀

𝑛𝑠 (𝑛 = 1, 2, …).

Then:

1) if 𝑠 ≤ 0, then 𝑓(𝑥) ∈ 𝐻(𝑚−1/𝑝)
∞ (−1, +1; 𝐶𝑀);

2) if 𝑠 > 0, 𝑚 − 𝑠
2 − 1

𝑝 > 0, then

𝑓(𝑥) ∈ 𝐻(𝑚−𝑠/2−1/𝑝)
∞ (−1, +1, 𝐶𝑀),

where 𝐶 is some constant.

Let us note some properties of functions of the classes under consideration.

1) If 𝑓(𝑥) satisfies condition (3), then 𝑓(𝑥) ∈ 𝐻(𝑚)
𝜔 (1)𝐿∞. The converse

inclusion is true for 𝜔(𝑡) satisfying condition (A).

2) If 𝑓(𝑥) ∈ 𝐻(𝑟)
∞ (𝑟 an integer ≥ 1), then 𝑓(𝑥) ∈ 𝐻(𝑟)

∞ (−1, +1, 𝐶𝑀). The
question of the converse inclusion remains open for the time being.

3) If 𝑓(𝑥) ∈ 𝐻(𝑟)
𝜔 (2)𝐿𝑝 (𝜔(𝑡) = 𝑡𝛼, 0 < 𝛼 < 1), then 𝑓(𝑥) ∈ 𝐻(𝑟)

𝜔 (1)𝐿𝑝.

4) If 𝑓(𝑥) ∈ 𝐻(𝑟)
𝑝 (−1, +1; 𝐶𝑀), 𝑓(𝑥) ∈ 𝐻(𝑟1)

∞ (−1, +1; 𝐶𝑀), where
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𝑟1 = 𝑟 + 𝛼 − 1
𝑝 (𝑟 + 𝛼 − 1

𝑝 > 0) .

The author expresses his gratitude to Prof. S. M. Nikol’skii, under whose su-
pervision this work was carried out.

Dnepropetrovsk State University
named after the 300th anniversary of the reunification of Ukraine with Russia

Received
27 VI 1957

References
1. G. K. Lebed’, DAN, 117, No. 4 (1957).

2. S. M. Nikol’skii, Izv. AN SSSR, ser. matem., 10, 295 (1946).

3. M. K. Potapov, DAN, 111, No. 6, 1185 (1956).

4. A. F. Timan, DAN, 78, No. 6, 17 (1951).

5. S. M. Nikol’skii, Matem. sborn., 33 (75), 2, 261 (1953).

6. V. K. Dzyadyk, Izv. AN SSSR, ser. matem., 20, No. 5, 623 (1956).

Note: Figure translations are in progress. See original paper for figures.

Source: Math-Net.Ru and CyberLeninka. Machine translation. Verify with the
original.

sovietrxiv.org/items/ru-195801.97656 Machine Translation

https://sovietrxiv.org/items/ru-195801.97656

	Abstract
	Full Text
	MATHEMATICS
	SOME QUESTIONS ON THE APPROXIMATION OF FUNCTIONS OF ONE VARIABLE BY ALGEBRAIC POLYNOMIALS
	References


