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Abstract
Full Text
MATHEMATICAL PHYSICS
M. V. MASLENNIKOV

ON WICK’S PROBLEM
(Presented by Academician M. V. Keldysh, 15 I 1958)

We consider the stationary problem of the slowing down and diffusion of neu-
trons emitted by a plane source in an infinite homogeneous isotropic medium
with moderator-nucleus mass 𝑀 (the neutron mass is taken as unity), whose
parameters do not depend on the neutron energy. It is assumed that the ther-
mal motion of the nuclei and their chemical bonds are negligibly small and that
neutron scattering by nuclei is elastic and isotropic in the center-of-mass system
of the neutron and the nucleus*. This problem has been studied by a number
of authors (1−6), who obtained a well-known asymptotic formula for the space-
energy distribution of the neutron-collision density. From the mathematical
point of view, its solution is carried furthest in Wick’s work (4). However, the
aim of these works is mainly to develop methods for computing the neutron-
collision density on the basis of the aforementioned asymptotic formula. At
the same time, the derivation itself of this formula suffers from mathematical
gaps**. Below we present the main points of a rigorously carried out solution of
Wick’s problem (ending with the derivation of the asymptotic formula). As in
(1−6), the starting point is the Fourier–Laplace transform of the basic equation
(1). But in studying the transformed equation it is possible to avoid using the
method of continued fractions employed in (1−6). In addition, the problem is
generalized in the following directions: nonisotropic sources are included in the
consideration; the asymptotics of the collision density

𝜓(𝑧, 𝑢, 𝜇)

as a whole is sought, and not only that of its moment

𝜓0(𝑧, 𝑢) = 2𝜋 ∫
1

−1
𝜓(𝑧, 𝑢, 𝜇) 𝑑𝜇.

Let sources of nonzero strength have a plane-parallel structure and be concen-
trated in a layer orthogonal to the Cartesian axis 𝑂𝑧; 𝜇 is the cosine of the angle
between the direction Ω⃗ of the neutron velocity and 𝑂𝑧; 𝑢 is the neutron lethargy.
We shall assume that the phase density of the sources 𝑆 = 𝑆(𝑧, 𝑢, 𝜇) satisfies
the following restrictions: 1) 𝑆(𝑧, 𝑢, 𝜇) = 0, if |𝑧| ≥ 𝑧0 > 0 or 𝑢 ≥ 𝑢0 > 0; 2)
0 ≤ 𝑆(𝑧, 𝑢, 𝜇) ≤ 𝑆+ = const < ∞,
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𝑧 ∈ (−∞, ∞), 𝑢 ≥ 0, 𝜇 ∈ [−1, 1];
3) the total variation

𝑢0

⋁
𝑢=0

𝑆(𝑧, 𝑢, 𝜇) ≤ 𝑆+
1 = const < ∞, 𝑧 ∈ (−∞, ∞), 𝜇 ∈ [−1, 1].

We take the total mean free path to be unity; the probability of scattering in
one collision is denoted by ℎ, ℎ > 0. 𝜓(𝑧, 𝑢, 𝜇) satisfies the equation

𝜓(𝑧, 𝑢, 𝜇) = ℎ ̂𝐴𝜓(𝑧, 𝑢, 𝜇) + ∫
∞

0
𝑒−𝜌𝑆(𝑧 − 𝜌𝜇, 𝑢, 𝜇) 𝑑𝜌; (1)

* Nothing essential changes if one includes in the consideration anisotropy of
scattering not depending on the neutron energy.
** Wick (4) emphasizes the necessity of a mathematically rigorous treatment.

̂𝐴𝐹(𝑧, 𝑢, 𝜇) = 𝛼
𝜋 ∫

∞

0
𝑒−𝜌 𝑑𝜌 ∫

Ω⃗Ω⃗′>𝑓(𝑢)
𝐹(𝑧 − 𝜌𝜇, 𝑢 − 𝜗(Ω⃗Ω⃗′), Ω⃗′)×

×𝑒−𝜈(Ω⃗Ω⃗′) 𝑑Ω⃗′

[(Ω⃗Ω⃗′)2 + 𝑀2 − 1]1/2 ; (2)

𝜗(𝑥) = 2 ln 𝑀 + 1
𝑥 + (𝑥2 + 𝑀2 − 1)1/2 ; 𝑞 = 𝜗(−1); 𝛼 = (1 − 𝑒−𝑞)−1;

𝑓(𝑢) = 𝑀 + 1
2 𝑒−𝑢/2 − 𝑀 − 1

2 𝑒𝑢/2 for 𝑢 ∈ [0, 𝑞); 𝑓(𝑢) = −1 for 𝑢 ≥ 𝑞.

As shown in (7), in a sufficiently broad class of functions equation (1) has a
unique solution 𝜓(𝑧, 𝑢, 𝜇), and everywhere

𝜓(𝑧, 𝑢, 𝜇) ≤ 𝐿 exp(−𝜘|𝑧| + (𝑝0 − 1)𝑢). (3)

Here 𝜘 ∈ [0, 1); 𝑝0 > 𝑝0(𝜘); 𝑝0(𝜘) is the real root of the equation 𝛼ℎ(1 −
𝜘)−1(𝑝0(𝜘))−1(1 − exp(−𝑞𝑝0(𝜘))) = 1; 𝐿 is a sufficiently large constant. Put

𝜓1(𝑧, 𝑢, 𝜇) = 𝜓(𝑧, 𝑢, 𝜇) − (ℎ ̂𝐴 + 1) ∫
∞

0
𝑒−𝜌𝑆(𝑧 − 𝜌𝜇, 𝑢, 𝜇) 𝑑𝜌; (4)
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Φ(𝑘, 𝜂, 𝜇) = ∫
∞

−∞
𝑒𝑘𝑧 𝑑𝑧 ∫

∞

0
𝑒−𝜂𝑢𝜓1(𝑧, 𝑢, 𝜇) 𝑑𝑢; (5)

𝜎(𝑘, 𝜂, 𝜇) = ∫
∞

−∞
𝑒𝑘𝑧 𝑑𝑧 ∫

∞

0
𝑒−𝜂𝑢𝑆(𝑧, 𝑢, 𝜇) 𝑑𝑢.

Then from (1) one obtains the equation

(1 − 𝑘𝜇)Φ(𝑘, 𝜂, 𝜇) =
= ℎ ̂𝐺(𝜂)Φ(𝑘, 𝜂, 𝜇) + ℎ ̂𝐺(𝜂)(1 − 𝑘𝜇)−1ℎ ̂𝐺(𝜂)𝜎(𝑘, 𝜂, 𝜇)(1 − 𝑘𝜇)−1, (6)

̂𝐺(𝜂)𝐹(𝜇) = ∫
1

−1
𝑔𝜂(𝜇, 𝜇′)𝐹(𝜇′) 𝑑𝜇′;

𝑔𝜂(𝜇, 𝜇′) = 𝛼
𝜋 ∫

2𝜋

0
(𝜇0 + (𝜇2

0 + 𝑀2 − 1)1/2

𝑀 + 1 )
2𝜂+2 𝑑𝜑

(𝜇2
0 + 𝑀2 − 1)1/2 , if 𝑀 > 1,

𝑔𝜂(𝜇, 𝜇′) = 1
𝜋 ∫

𝜇0>0
𝜇2𝜂+1

0 𝑑𝜑, if 𝑀 = 1;

𝜇0 = 𝜇𝜇′ + √1 − 𝜇2√1 − 𝜇′2 cos𝜑;

𝜎(𝑘, 𝜂, 𝜇) is an entire function of (𝑘, 𝜂); Φ(𝑘, 𝜂, 𝜇) is analytic in (𝑘, 𝜂) and satisfies
equation (6) for

(𝑘, 𝜂) ∈ 𝑄 = {(𝑘′, 𝜂′) ∣ |Re 𝑘′| < 1, Re 𝜂′ > 𝑝0(|Re 𝑘′| − 1)}.

Equation (6) makes it possible to carry out the analytic continuation of Φ(𝑘, 𝜂, 𝜇)
to a broader domain.

Let
𝐸 = {𝑘 ∣ | Im 𝑘| > 0 or Im 𝑘 = 0, but |Re 𝑘| < 1},

and let 𝐻 be the whole complex 𝜂-plane if 𝑀 > 1; 𝐻 = {𝜂 ∣ Re 𝜂 > −1} if
𝑀 = 1. Introduce the operator ̂𝐺(𝑘, 𝜂) by the rule

̂𝐺(𝑘, 𝜂)𝐹(𝜇) = (1 − 𝑘𝜇)−1/2 ̂𝐺(𝜂)(1 − 𝑘𝜇)−1/2𝐹(𝜇),

and let ̂𝐸 be the identity operator, while 𝐿𝑝 is the space of complex-valued
functions of the variable 𝜇, summable with the 𝑝-th power
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module on [−1, 1]. Fix (𝑘1, 𝜂1) ∈ 𝐸 × 𝐻 so that the operator ̂𝐸 − ℎ ̂𝐺(𝑘1, 𝜂1) is
invertible in the space (𝐿𝑝 → 𝐿𝑝) of linear bounded operators mapping 𝐿𝑝 into
𝐿𝑝, for some 𝑝 > 1 (if 𝑀 = 1, then let also 𝑝 > 1

2 (1 +Re 𝜂1)−1). Then it can be
shown that (6) is uniquely solvable in some neighborhood of (𝑘1, 𝜂1), and in this
neighborhood Φ(𝑘, 𝜂, 𝜇) is bounded for all values of its arguments, analytic in
(𝑘, 𝜂), and continuous in 𝜇 ∈ [−1, 1]. Thus Φ(𝑘, 𝜂, 𝜇) is analytically continued
to the domain 𝑄1, obtained by adjoining to 𝑄 all (𝑘, 𝜂) for which ̂𝐸 − ℎ ̂𝐺(𝑘, 𝜂)
is invertible.

To clarify the nature of the singularities of Φ(𝑘, 𝜂, 𝜇), in the space 𝐿2 the homo-
geneous equation

𝑀(𝑘, 𝜂)Φ𝑘,𝜂(𝜇) = ℎ ̂𝐺(𝑘, 𝜂)Φ𝑘,𝜂(𝜇) (7)

is studied, first for real 𝑘 and 𝜂, (𝑘, 𝜂) ∈ 𝐸 × 𝐻. Using the theory of cones
in Banach spaces and the perturbation theory of bounded operators, one can
establish the existence of exactly one nonnegative function Φ𝑘,𝜂(𝜇) satisfying
equation (7). Here 𝑀(𝑘, 𝜂) turns out to be a simple positive eigenvalue, and
Φ𝑘,𝜂(𝜇) an everywhere positive continuous function of 𝜇. 𝑀(𝑘′, 𝜂′) and Φ𝑘′,𝜂′(𝜇)
are expanded in some neighborhood of the point (𝑘, 𝜂) into absolutely and uni-
formly convergent series in powers of (𝑘′ − 𝑘) and (𝜂′ − 𝜂), with coefficients
continuously depending on 𝜇. At all points of this neighborhood equation (7)
is satisfied. Studying 𝑀(𝑘, 𝜂), one can show that for 𝜂 ≥ 𝜂0 = 𝑝0(0) − 1 there
exists exactly one solution 𝑘 = 𝑘(𝜂) ∈ [0, 1) of the equation 𝑀(𝑘, 𝜂) = 1, and
𝑘(𝜂) turns out to be a regular function of 𝜂 for 𝜂 > 𝜂0. For 𝜂 > 𝜂0, 𝑘′(𝜂) > 0,
𝑘″(𝜂) < 0.
Now one can determine the structure of 𝑄1. Rather cumbersome arguments lead,
in particular, to the following conclusions. Let 𝛾1,2 and 𝑝 > 2 be fixed numbers,
𝛾2 > 𝛾1 > 𝜂0 (𝑝 > 1

2 (1 + 𝜂0)−1, if 𝑀 = 1), and let Σ = {𝜂 ∣ Re 𝜂 ∈ [𝛾1, 𝛾2]}.
There exists 𝜎1 > 0 such that 𝑘(𝜂) is analytic on Σ1 = {𝜂 ∣ 𝜂 ∈ Σ, | Im 𝜂| ≤ 𝜎1}.
To each point 𝜂 ∈ Σ there is put in correspondence a contour ℒ𝑗(Re 𝜂) (𝑗 = 1
for 𝜂 ∈ Σ1, 𝑗 = 2 for 𝜂 ∈ Σ ∖ Σ1), symmetric with respect to the real axis and
consisting of three rectilinear links with vertices at the points 𝑘(Re 𝜂) + 𝜀𝑗 ± 𝑖𝑠.
Along ℒ𝑗(Re 𝜂), Im 𝑘 changes monotonically. The outer links of ℒ𝑗(Re 𝜂) are
rays issuing from the vertices and suitably inclined in the direction of increasing
Re 𝑘 (𝜀1,2 and 𝑠 are fixed positive numbers). For fixed 𝜂 ∈ Σ and 𝜇 ∈ [−1, 1],
Φ(𝑘, 𝜂, 𝜇) is analytic in 𝑘 in the closed domain with boundaries Re 𝑘 = 0 and
ℒ𝑗(Re 𝜂) everywhere, except for the point 𝑘 = 𝑘(𝜂), which lies inside this domain
for 𝑗 = 1. From 1)—3) and (6) it can be derived that for 𝜂 ∈ Σ, 𝜇 ∈ [−1, 1], and
𝑧 ≥ 𝑧1 > 𝑧0,

∣ 1
2𝜋𝑖 ∫

𝐿𝑗(Re 𝜂)
𝑒−𝑘𝑧Φ(𝑘, 𝜂, 𝜇) 𝑑𝑘∣ ≤ 𝐾𝑒−𝑧(𝑘(Re 𝜂)+𝜀𝑗) 𝜘𝑝,𝑝1

(𝜂)
1 + | Im 𝜂| . (8)
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Here 𝐾 > 0 and does not depend on 𝑧, 𝜂, and 𝜇; 𝑝1 ∈ (2, 𝑝], and, if 𝑀 = 1,
𝑝1( 1

2 + 𝜂0) > −1;

𝜘𝑝,𝑝1
(𝜂) = {∫

1

−1
∫

1

−1
|𝑔𝜂(𝜇, 𝜇′)|𝑝1 𝑑𝜇 𝑑𝜇′}

1/𝑝

. (9)

The function 𝜘𝑝,𝑝1
(𝜂) is finite and continuous for Re 𝜂 ≥ 𝜂0. There exists a

constant 𝐷 > 0 such that, for 𝜂1 > 𝜂0,

{∫
∞

−∞
𝜘𝑝

𝑝,𝑝1
(𝜂1 + 𝑖𝑡) 𝑑𝑡}

1/𝑝
≤ 𝐷. (10)

The proof of this estimate is based on Titchmarsh’s theorem on Fourier trans-
forms in the classes 𝐿𝑟 with 𝑟 ∈ (1, 2].
Upon inversion of the Fourier transform entering into (5), the integral

1
2𝜋𝑖 ∫

Re 𝑘=0
𝑒−𝑘𝑧Φ(𝑘, 𝜂, 𝜇) 𝑑𝑘 (11)

is considered for 𝑧 ≥ 𝑧1, 𝜂 ∈ Σ. It is not difficult to establish the applicability of
Jordan’s lemma, so that the integration in (11) can be reduced to integration over
ℒ𝑗(Re 𝜂), taking account of the corresponding residue at 𝑘 = 𝑘(𝜂) (if 𝜂 ∈ Σ1).
This residue is expressed through 𝜑𝜂(𝜇) ≡ (1 − 𝑘(𝜂)𝜇)−1/2Φ𝑘(𝜂),𝜂(𝜇) (cf. (7)).
To find it, Φ(𝑘, 𝜂, 𝜇) is expanded in a Laurent series in powers of 𝑘−𝑘(𝜂), which
can be done with the aid of (6). The resulting expression for the integral (11)
is substituted into the inversion of the Laplace integral from (5):

𝜓1(𝑧, 𝑢, 𝜇) = 1
2𝜋𝑖 ∫

𝛾+𝑖𝜎1

𝛾−𝑖𝜎1

(√1 − 𝑘(𝜂)𝜇 𝜎1(𝑘(𝜂), 𝜂, 𝜇), 𝜑𝜂(𝜇))
(𝜑2𝜂(𝜇), 𝜇) ×

×𝜑𝜂(𝜇)𝑒−𝑧𝑘(𝜂)+𝜂𝑢 𝑑𝜂 + 𝜓(𝛾)(𝑧, 𝑢, 𝜇). (12)

Here 𝛾 ∈ [𝛾1, 𝛾2]; 𝜎1(𝑘, 𝜂, 𝜇) = ℎ2 ̂𝐺2(𝑘, 𝜂)(1 − 𝑘𝜇)−1/2𝜎(𝑘, 𝜂, 𝜇); (𝑎, 𝑏) is the
scalar product of vectors 𝑎, 𝑏 ∈ 𝐿2;

|𝜓(𝛾)(𝑧, 𝑢, 𝜇)| ≤ 𝐾
2𝜋 𝑒𝛾𝑢−𝑧(𝑘(𝛾)+𝜀3) ∫

∞

−∞

𝑥𝑝,𝑝1
(𝛾 + 𝑖𝑡)

1 + |𝑡| 𝑑𝑡 ≤ 𝐾1𝑒𝛾𝑢−𝑧(𝑘(𝛾)+𝜀3), (13)

𝐾1 = const < ∞ (cf. (10)); 𝜀3 = min{𝜀1, 𝜀2} > 0.
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Suppose that 𝑧 and 𝑢 are positive, and that the saddle point 𝛾0, uniquely deter-
mined by the relation 𝑘′(𝛾0) = 𝑢/𝑧, is contained in [𝛾1, 𝛾2]. Put 𝛾 = 𝛾0 in (12)
and extract from the integral the principal part by the method of steepest de-
scents, calculating the first two terms of the asymptotic series and estimating the
remainder in the known way8, uniformly with respect to 𝑢/𝑧 ∈ [𝑥1, 𝑥2], 𝑧 ≥ 𝑧1,
𝜇 ∈ [−1, 1] (𝑥1 = 𝑘′(𝛾2), 𝑥2 = 𝑘′(𝛾1)). Thus the principal term of 𝜓1(𝑧, 𝑢, 𝜇) is
obtained, which (cf. (4)) coincides with the asymptotics of 𝜓(𝑧, 𝑢, 𝜇). Analyzing
the set of phase points (𝑧, 𝑢, 𝜇) for which (12) and (13) are valid, one can single
out a phase set 𝔐 of zero measure such that the following final result proves
valid:

Let arbitrary positive numbers 𝑥1, 𝑥2 and 𝑧1, 𝑥2 > 𝑥1, 𝑧1 > 𝑧0, be given. There
exists a finite positive constant 𝐴 such that, for all points (𝑧, 𝑢, 𝜇) satisfying the
conditions 𝑧 ≥ 𝑧1, 𝑢/𝑧 ∈ [𝑥1, 𝑥2], 𝜇 ∈ [−1, 1], (𝑧, 𝑢, 𝜇) ∉ 𝔐, the relations

𝜓(𝑧, 𝑢, 𝜇) =
(𝜎(𝑘(𝛾0), 𝛾0, 𝜇), 𝜑𝛾0

(𝜇))
(2𝜋𝑧|𝑘″(𝛾0)|)1/2 (𝜇, 𝜑2𝛾0

(𝜇))
𝜑𝛾0

(𝜇)𝑒−𝑧𝑘(𝛾0)+𝑢𝛾0 (1 + 𝑓(𝑧, 𝑢, 𝜇)
𝑧 ) ;

|𝑓(𝑧, 𝑢, 𝜇)| ≤ 𝐴; 𝑘′(𝛾0) = 𝑢
𝑧 .

I express my deep gratitude to Prof. E. S. Kuznetsov for constant support and
discussion of this work.
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