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Abstract
Full Text

V. S. Vinogradov

ON A BOUNDARY VALUE PROBLEM FOR LINEAR
ELLIPTIC SYSTEMS OF FIRST-ORDER DIFFEREN-
TIAL EQUATIONS IN THE PLANE

(Presented by Academician I. M. Vinogradov, 5 I1X 1957)

Let us consider the system of differential equations

Ay Uy + agpty, + byyv, + biov, + cppu+ cppv = fi;

(1)

A91Uy + Aoty + by Uy + bygvy + Coy + Coqv = [,

Here a;;(z,y), b;;(z,y) are bounded measurable functions satisfying the condi-
tion of uniform ellipticity

2

4 ajp by |12 b1o _ { ayy by + ajy by } >k>0
agy boy| |agy oo agy by A9y by - ’
ajp bi| |11 bio ajy bia| |11 bio
: > 0, : >0 2
agy boy| |ba1 oo Ago  bag| |ba1  boo @

in some simply connected, finite domain D; c;;(z,y), f;(z,y) belong to L,(D)
for p > 2.

For the system (1) we shall solve the boundary value problem

athu(t) + B(t)v(t)], =0, (3)

where I' is the boundary of the domain D; «a(t), 5(t) € Lip(v,T"), 0 < v < 1, are
functions prescribed on I', Hélder continuous, and o2 + 5% = 1.

Introducing the notation

‘ ) 0 1(8 ,0)
z =T+ 1y, w = u + 1, — == =+i=]),
z 2 dy

£_1<Q_'ﬁ)
0z 2 \0z Z@y ’

we can reduce the problem (1)—(3) to the form
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O ()T 4 o) T2 +azu() b =), (4)

Re{(a— zﬂ)w}|F =0. (5)

It follows from (2) that

1 ()] + 2 (2)] < g < 1. (6)

We shall seek the solution in the generalized sense of S. L. Sobolev, i.e. w(z) €
Wi (D). p>2 (V).

For the system Ow/0z+aw+bw = f this problem was solved by I. N. Vekua (?).
The system (1) can be reduced to the indicated system in the case when p;(2)
and p,(z) are differentiable (). In the case when u(t) (or v(t)) is prescribed on
T, this problem was considered by Bers and Nirenberg (%).

We shall assume that I' is a Jordan curve with continuous curvature. Then, with
the aid of a conformal mapping ¢ = f(z), we can reduce the problem to the case
when D is the disk [z| < 1, with 0 < ¢; < |f/(2)] < ¢3 < 0o (5%) uniformly in
D.

Let us call the integer
@ = {arg(o +i8))r
27

the index of the problem; then the boundary condition can be rewritten in
the form

Re{t™"ePMw(t)}p = 0, (7)
where
P = 0le) i) = o [ ds (5)

(]2(15)|F = argla(t) +i08(t)] — nargt € Lip(v,T), O<v<l

If 2 approaches the boundary point ¢, then p’(2) satisfies the condition |p’(z)| <
K|z —t]"~! (7). Making the substitution w, (z) = e?®w(z), we bring the sys-
tem and the boundary condition to the final form (for the new function and
coefficients we keep the old notation)
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O )2 41 ()22 4 azyu+ b2y = o), o)

Re{t "w(t)}p = 0. (10)

I. The case of nonnegative index, n > 0.

From the results of (8,9) it follows that any function w(z) € W,(,D(D), p > 2,
satisfying condition (10) for n > 0, can be represented in the form

__1 p(Q) 2" 1p(0)
w(z) = W/~/D[C_Z+ =2 ]dTC-I-

+ag 4+ a2 fdc™ —a, 2" —ag2? = Thp + Y(2); (11)

p(¢) € L,(D); ag, ..., a,_; are arbitrary complex numbers; ¢ is an arbitrary real

number. We shall regard L, (D) and W,gl)(D) as spaces of complex functions
over the field of real numbers.

Following the method proposed by I. N. Vekua (10), we substitute the expression
for w(z) (11) into equation (9); then we obtain the singular integral equation

p+ 1y Sip+paSip+alip+bT p = g— ) (2) — potl’ (2) — arp(2) — bip(2), (12)

where

P p(¢) e qu— 1y P
NP g 77//9 [(C—ZV - (1-z§)2p(0+(2 +1 1_Zg] dT.

The singular operator

so=— || o A —5”(0} e

is a bounded linear operator in L,(D), 1 < p < oc. HSpHLp < Ap|\p||Lp, A,
depends continuously on p. It may be calculated that A, = 1. Therefore we
can choose the number p from the interval 2 < p < 2+¢ so that ¢4, < 1. Then

the operator p 4 1, Sp + 115Sp has an inverse; hence equation (12) is equivalent
to a Fredholm equation.
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We shall prove that the homogeneous equation (12) (g(z) = ¥(z) = 0) has no
solutions different from zero. Let p(z) be such a solution. Then w(z) = T}p
satisfies the homogeneous equation (9) (g(z) = 0) and, by the known theorem
on the representation of solutions (4, 13-15),

w(z) = eH fx(2)], (13)

where x(z) is a homeomorphism of the disk |z| < 1 onto itself; f(() is a function
analytic in the disk |[¢| < 1; Sy(2), x(2), ¥(¢) = x () € W,(,D(D), p > 2, and
therefore satisfy the Hélder condition with exponent p%f (10), Im .S'O(z)|F =0.

It follows from (3) that the mapping ¢ = x(z) preserves orientation. Substitut-
ing (13) into (10), we obtain a boundary-value problem for the analytic function

f(©)

—0. (14)

Solving this problem, we obtain for w(z) the expression

U)(Z) — eSO(Z>+np[X<Z)] [ao + alx(z> —+ e 4 anilxnfl(z) +

15
+iex™(z) = - = agx*"(2)]; 1)

p(¢) is a function analytic in D.

In view of (10), 2 "w(z) is a purely imaginary function; therefore on I" it can
be represented as the difference ®(z) — ®(z), where ®(z) is analytic in the disk
|z| < 1. From the expression for T}p it follows that sz’kw(z) ds =0, k =
0,...,2n. Hence

w(z)lp = {1, (2))] .

®, (2) is analytic in D, but then w(z) has on I" at least 2(n+ 1) zeros. Therefore
it follows from (15) that w(z) = 0 and p(z) = dw/dz = 0.
Thus, we have proved the following theorem:

Theorem 1. In the case of a nonnegative index, the nonhomogeneous boundary-
value problem (9), (10) is always solvable, and the corresponding homogeneous
problem has 2n + 1 linearly independent solutions.

II. The case of negative index, n < 0. Denote m = —n. As in the case
n > 0, from (8,9) there follows the representation for functions satisfying
condition (10):

__1 pQ) Q) _
w(z) = W//DL—Z+ T dT, = Typ, (16)
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where p((¢) € L,(D) and satisfies 2m — 1 conditions

. Re{ J[ o0+ Empc)] dTC} 0
p=re{ [ e p@ar} = an)

it =t { [ 1m0 + O] AT f =00 =1,

The functions p(¢) satisfying conditions (17) form a subspace L,, 5, 1(D) of the
space L, (D), which has index 2m — 1. Therefore any element of L, (D) can be
represented in the form

m—1

p(C) = Pam—1 + Z AeThs

—(m—1)

where py,, 1 € L,9, 1(D); the 7, are linearly independent and 7, €
L, 9m_1(D). As 7, one may take

n=zm =zt =gzl =1 m - 1.

Substituting (16) into (9), we obtain the singular integral equation

P+ 11 Sop + pSop + aTyp + 0Top = g,

Sop = asz //[ 22 izng)] dT,. (18)

A direct calculation shows that | S, |, = 1. Therefore equation (18) is equivalent
to a Fredholm equation. Let us show that the corresponding homogeneous
equation has no solutions different from zero. Let p(z) be such a solution,

m—1

p(2) = Pam-1 + Z AeThs

—(m—1)

m—1

w(z) =Top = Typay, 1+Zz/\ k

+Zk
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Using, as before, the theorem on the representation of solutions (4,1371%) we
shall have

—~ m—k

Re{tmw(t)HF = Re{tmeso(z)f[x(z)]}yr = Re {i\r? + mz_: Mzk} . (19)

Considering the inverse homeomorphism ¥(¢) = x~*(¢) (¥({)|p = ¢(e9), we
may write equality (19) in the form

)
r

m—1 .
[eSo[w(O]*mq(C) Re{Cmemp(Qf(C)}] |r = Re {>‘0 + Z Ak Ik Zk}

m T m—k

p(¢) is a function analytic in D, with Imp(¢)| = 0(¢), ¢(¢) = Rep(¢). From
the fact that Re{¢"e™”(©) f(¢)} has on I' not fewer than 2m zeros, it follows
that A, = 0, k = 0,+1,...,+£(m —1). Since m > 0, f({) = 0. Consequently,
p = 0w/0z = 0. Thus the theorem has been proved:

Theorem 2. In the case of a negative index, the homogeneous problem has only
the zero solution, and for the solvability of the nonhomogeneous problem it is
necessary and sufficient that

p(z) = [I + 11, Sy + 1555 + aTy + bT,]g

satisfy conditions (17).

In conclusion I express my gratitude to my adviser I. N. Vekua for valuable
advice and guidance in carrying out this work.
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