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1. Let F(x,y) be the density of a distribution defining the correlation between
the random variables x and y in the rectangular domain

Q=la<z<b; ay <y<by,

which may also be infinite. By

by b
p(z) = / Fr.y)dy,  Ply) = / F(z,y) dz

1

we denote the a priori densities, respectively, of x and y, and suppose that the
square of the kernel

K(Jﬁ,y) =

is integrable in both variables.
The nonsymmetric density F(z,y) defines two symmetric densities

by T b T
F1<x7y>:/a e F2<w,y>:/aWdt M)

1

and two symmetric kernels

Fl(xvy) . KQ(x,y): F2($7y)

K (z,y) = ; —_—,
N T PPy

The kernels (2) are positive and have identical spectra of eigenvalues

1< A <AZ < A2 <o (3)
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and, generally speaking, different spectra of eigenfunctions
{ri@)},  Av@)}, =12, (4)

According to the Hilbert-Schmidt theory of eigenfunctions, the spectrum of the
kernel K (x,y) has the form

Vo), VP), Vp@) e(x), VP iy, i=12.., (5

where the bilinear expansion

K(a,y) ~ /o) VP + 3 SVPEI L)V P) .

(2

converges in the mean to K(x,y) in the domain .

1
2. Definition. We shall call R* = " the maximal (in absolute value) corre-

1
lation coefficient corresponding to the density F(x,y). This definition is
analogous to the concept, introduced in the work (1), of the maximal coefficient
for a symmetric density—

2

1
In particular, R* = v is the maximal correlation coefficient for symmetric
1

densities (1).

3. To compute the maximal correlation coefficient, one may recommend
the following process of successive approximations, whose convergence is
proved, for example, in (?).

As the “zero approximation” r,(y) one may take any function having variance
(without loss of generality, we shall assume that the mean value of r,(y) is equal
to zero). Put

Py _ [ F.y)
7"2k+1(x)_/a "2x(8) p(x) . T%H(y)_/a Taki1(2) P(y) o

1

k=0,1,2, .. (7)

Then, as follows from (?), the first pair of eigenfunctions, to within the normal-
izing factors e; and gy, is determined by the equalities

ey (y) = klim T2k(y))‘%ka gr1p1(x) = klggo T2k+1($)>\%k~ (8)

If k is sufficiently large, then

sovietrxiv.org/items/ru-195801.91874 Machine Translation


https://sovietrxiv.org/items/ru-195801.91874

R* — 1 ~ ok (Yy) ~ T2k+1($). 9)

)‘% Tok—2 (y) Tok—1 (z)

The sign of the correlation coefficient R* between the functions found, ¢ (z)
and v, (y), is easily determined by direct computation.

4. The advisability of introducing the concept of the maximal correlation
coefficient is justified by the following theorems.

Theorem 1. For the independence of random variables x,y, it is necessary and
sufficient that the mazimal correlation coefficient vanish.

Proof. Necessity is obvious, since if x and y are independent, ¢, (z) and 1, (y)
are also independent, and the correlation coefficient between them is equal to
zero, i.e. R* = 0.

1

Now let R* = o= 0; then, according to (5), the kernel K(x,y) has no eigen-
1

functions except 1-+/p(x) and 1-1/P(y), and from the mean-square convergence

of the bilinear expansion (6) it follows that

[ e 2
- m— p(x)P(y)| dwdy =0,

i.e.

F(z,y) = p(z)P(y) (10)

for almost all z and y in the domain 2, as was required to prove.

Theorem 2. If the correlation is rectilinear, then the ordinary correlation
coefficient R between x and y coincides with the mazximal correlation coefficient
R*.

Proof. In this case, in the spectrum (5) there is a pair of linear and, conse-
quently, monotone eigenfunctions,

rT—c Y—C

p1(z) = v hiy) = ——, (11)

o oy

2 2

where ¢ and ¢; are the means, and 0° and o] are the variances of z and y,

respectively.

It is known (see, for example, ()) that if in the spectrum of an asymmetric
stochastic kernel there is a pair of monotone functions, then they always belong
to the first eigenvalue; therefore the correlation coefficient
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between x and y, equal to the correlation coefficient between their linear func-

. € y—c L . . . .
tions and L coincides with the maximal correlation coefficient, as
o o4
was required to prove.

5. For discrete random variables the maximal correlation coefficient is defined
analogously.

Let the correlation dependence between discrete random variables be defined by

the rectangular matrix

Y, i=12..n =12 ..,m, 12
ij

where

ngij:P{x:xi; y:yj}» Zpij:]-a
ij

pi:Zpij:P{x:mi}a szzpij:P{y:yj}' (13)
=1 i=1

With the aid of (12) form two square symmetric matrices

p p?
— % i,j=1,2,...,n; 2 ) i,j=1,2,...,m. (14)
{ VPiP; } Vi b;

1) N Pk 2) N Prilij
p.. = 5 p = —— ].5
P oy 15

Then the correlation coefficient between the first eigenvectors of the matrices
(14) is called the maximal correlation coefficient R* between random
variables with correlation table (12).

Let us note that with a matrix (12) having n rows and m columns, one can as-
sociate an infinite set of pairs of vectors X{zy, xq, ..., 2, } and Y{yy,Ys, ., Y }
and for each pair one can compute the correlation coefficient. If, however, one
takes the pair of first eigenvectors of the matrices (14), then the correlation
coefficient between them has the maximal (in absolute value) value. The square
of the maximal correlation coefficient is the first eigenvalue of both matrices
(14).

The process of successive approximations for finding R* is analogous to that
described in Sec. 3.
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Let 7y(y) be an arbitrary vector with coordinates {y§0)7 yéo), ,yg)} such that

Put

e =3 %yfk), i=1,2...,n, k=0,1,2,..,
— D,
Jj=1

y ) = %xf’””, i=1,2,..,m,  k=0,1,2,...
i=1 " J

If k is sufficiently large, then

, 1 y§2k) £(2k+1)

*2 __ ~ ~ 2

R™ = )\? - 2k-2) T £2F=1)
J K3

for all ¢ and j.

The coordinates of the first eigenvectors of the matrices (14) are determined
from the conditions

&= lim 2N =12 n
—00
(16)
ur :klim y§2k))\%k7 j: 1,2,...,m.
—00
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