
Soviet-era science, translated into English

PHYSICS
=======

1958

SovietRxiv

View the original and related papers at https://sovietrxiv.org/items/ru-195801.89437

Source: Math-Net.Ru and CyberLeninka. Machine translation. Verify with the original.

https://sovietrxiv.org/items/ru-195801.89437


Abstract
Full Text

PHYSICS
D. N. ZUBAREV and Yu. A. TSERKOVNIKOV

THERMODYNAMICS OF SUPERCONDUC-
TORS
(Presented by Academician N. N. Bogolyubov, 9 VII 1958)

In papers (1,2 ) the thermodynamics of superconductors was considered on the
basis of a model Hamiltonian in which the electron-phonon interaction is re-
placed by a direct interaction between electrons with opposite momenta and
spins. In this case it proved possible to construct an asymptotically exact solu-
tion (2). In the present paper we shall consider the thermodynamics of super-
conductors by means of the Fröhlich Hamiltonian, in which the electron-phonon
interaction is taken explicitly into account. In doing so we shall use thermody-
namic perturbation theory. Following N. N. Bogolyubov’s method, we shall also
carry out a renormalization of the electron-phonon interaction constant, which
will make it possible to improve the convergence of the expansions, i.e. will
give the same advantages as in the case of zero temperatures (3). The initial
Hamiltonian has the form

𝐻 = ∑
𝑘,𝜎

𝜀𝑘𝑎+
𝑘𝜎𝑎𝑘𝜎 +∑

𝑞
𝜔𝑞 (𝑏+

𝑞 𝑏𝑞 + 1
2)+ ∑

𝑘′−𝑘=𝑞,𝜎
𝑔𝑞√ 𝜔𝑞

2𝑉 𝑎+
𝑘𝜎𝑎𝑘′𝜎(𝑏+

𝑞 +𝑏−𝑞), (1)

where 𝜀𝑘 = 𝑘2/2𝑚 − 𝜇; 𝜇 is the chemical potential; 𝑔𝑞 is the electron-phonon
interaction constant; 𝑎+

𝑘𝜎, 𝑎𝑘𝜎, 𝑏+
𝑞 and 𝑏𝑞 are the creation and annihilation op-

erators, respectively, of fermions and phonons. Following the papers of N. N.
Bogolyubov (3,4 ), we perform the canonical transformation of operators:

𝑎𝑘, 1/2 = 𝑢𝑘𝛼𝑘0 + 𝑣𝑘𝛼+
𝑘1, 𝑎−𝑘, −1/2 = 𝑢𝑘𝛼𝑘1 − 𝑣𝑘𝛼+

𝑘0,
𝑏𝑞 = 𝜆𝑞𝛽𝑞 + 𝜇𝑞𝛽+

−𝑞, 𝑢2
𝑘 + 𝑣2

𝑘 = 1, 𝜆2
𝑞 − 𝜇2

𝑞 = 1,
(2)

where 𝑢𝑘, 𝑣𝑘, 𝜆𝑘 and 𝜇𝑞 are real parameters depending on |𝑘| and |𝑞|.
The Hamiltonian (1) in the new operators is written in the form:

𝐻 = 𝐻0 + 𝐻′, 𝐻′ = 𝐻1 + 𝐻2 + 𝐻3 + 𝐻4 + 𝐻𝐼 + 𝐻II, (3)
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where

𝐻0 = 𝑈+∑
𝑘

̃𝜀𝑘(𝛼+
𝑘0𝛼𝑘0+𝛼+

𝑘1𝛼𝑘1)+∑
𝑞

𝜔̃𝑞𝛽+
𝑞 𝛽𝑞, 𝑈 = 2 ∑

𝑘
𝜀𝑘𝑣2

𝑘+1
2 ∑

𝑞
𝜔𝑞(𝜆2

𝑝+𝜇2
𝑞);

(4)

𝐻1 = ∑
𝑘

{𝜀𝑘(𝑢2
𝑘−𝑣2

𝑘)− ̃𝜀𝑘}(𝛼+
𝑘0𝛼𝑘0+𝛼+

𝑘1𝛼𝑘1), 𝐻2 = ∑
𝑞

{𝜔𝑞(𝜆2
𝑞+𝜇2

𝑞)−𝜔̃𝑞}𝛽+
𝑞 𝛽𝑞,

𝐻3 = ∑
𝑘

2𝜀𝑘𝑢𝑘𝑣𝑘(𝛼+
𝑘0𝛼+

𝑘1 + 𝛼𝑘1𝛼𝑘0), 𝐻4 = ∑
𝑞

𝜔𝑞𝜆𝑞𝜇𝑞(𝛽+
𝑞 𝛽+

−𝑞 + 𝛽−𝑞𝛽𝑞),

𝐻𝐼 = ∑
𝑘′−𝑘=𝑞

𝑔𝐼(𝑘, 𝑘′)(𝛽𝑞 + 𝛽+
−𝑞)(𝛼+

𝑘′0𝛼𝑘0 + 𝛼+
𝑘1𝛼𝑘′1), (5)

𝐻II = ∑
𝑘′−𝑘=𝑞

𝑔II(𝑘, 𝑘′)(𝛽𝑞 + 𝛽+
−𝑞)(𝛼+

𝑘′0𝛼+
𝑘1 + 𝛼𝑘′1𝛼𝑘0);

𝑔𝐼(𝑘𝑘′) = 𝑔𝑞(𝜔𝑞/2𝑉 )1/2(𝜆𝑞 + 𝜇𝑞)(𝑢𝑘′𝑢𝑘 − 𝑣𝑘′𝑣𝑘),
𝑔II(𝑘𝑘′) = 𝑔𝑞(𝜔𝑞/2𝑉 )1/2(𝜆𝑞 + 𝜇𝑞)(𝑢𝑘′𝑣𝑘 + 𝑣𝑘′𝑢𝑘).

(6)

In the Hamiltonian (4), the quantities ̃𝜀𝑘 and 𝜔̃𝑞 are“renormalized”energies of
the fermion and boson excitations, which will be determined below.

To calculate the thermodynamic potential Ω, we shall use thermodynamic per-
turbation theory in the form given in [5]:

Ω = Ω0 + ⟨𝑅⟩𝑐, (7)

where

⟨𝑅⟩𝑐 = − 1
𝛽 ∑

𝑛⩾1

(−1)𝑛

𝑛! ∫
𝛽

0
⋯ ∫

𝛽

0
𝑑𝑡1 … 𝑑𝑡𝑛⟨𝑇 𝐻′(𝑡1) … 𝐻′(𝑡𝑛)⟩𝑐,

𝐻′(𝑡) = 𝑒𝐻0𝑡𝐻′𝑒−𝐻0𝑡, 𝛽 = 1/𝜃. (8)

The index 𝑐 in formula (8) means that only connected diagrams are taken into
account. The averaging is performed over the grand Gibbs ensemble with Hamil-
tonian 𝐻0. After integration over 𝑡1, … , 𝑡𝑛, (8) takes the form

sovietrxiv.org/items/ru-195801.89437 Machine Translation

https://sovietrxiv.org/items/ru-195801.89437


⟨𝑅⟩𝑐 = ∑
𝑛⩾1

(1)𝑛−1 ⟨𝐻′ 1
𝐸1

𝐻′ 1
𝐸2

⋯ 1
𝐸𝑛−1

𝐻′⟩
𝑐

, (9)

where 𝐸𝑖 are energy denominators (see [5]).

In the problem under consideration, the unperturbed thermodynamic potential
is

Ω0 = 𝑈 − 2𝜃 ∑
𝑘

ln{1 + 𝑒− ̃𝜀𝑘/𝜃} + 𝜃 ∑
𝑞

ln{1 − 𝑒−𝜔̃𝑞/𝜃}. (10)

Substituting the operator 𝐻′ ((3), (5)) into (9), it is not difficult to see that
the operators 𝐻3 and 𝐻4 already in the second approximation lead to the ap-
pearance of “dangerous”denominators 1/2 ̃𝜀𝑘 and 1/2𝜔̃𝑞 (see, for example, the
diagrams in Fig. 1a), which lead to divergences upon integration over 𝑘 and 𝑞.
The parameters 𝑢𝑘, 𝑣𝑘 and 𝜆𝑞, 𝜇𝑞 must be chosen so that these dangerous terms
do not appear. For this purpose, for example, in the case of the parameters
𝑢𝑘 and 𝑣𝑘 it is sufficient to set equal to zero, in the second and third approxi-
mations, the sum of the contributions to the thermodynamic potential from all
diagrams with two lines entering (or leaving) the vertex corresponding to the
operator 𝐻3 (Fig. 1a). Also excluding the terms with dangerous denominators
arising from the operator 𝐻4, and choosing the elementary excitations ̃𝜀𝑘 and
𝜔̃𝑞 so that 𝐻1 and 𝐻2 do not give a contribution with the factor 𝛽 = 1/𝜃 corre-
sponding to the “zero”denominator in the Bloch series (9) (see below), in the
second approximation we obtain

Ω = Ω0 + ∑
𝑘

{𝜀𝑘(𝑢2
𝑘 − 𝑣2

𝑘) − ̃𝜀𝑘} 2𝑛𝑘 + ∑
𝑞

{𝜔𝑞(𝜆2
𝑞 + 𝜇2

𝑞) − 𝜔̃𝑞}𝜈𝑞+

+ ∑
𝑘′−𝑘=𝑞

{𝑔2
𝐼 (𝑘, 𝑘′)𝐽𝐼(𝑘, 𝑘′) + 𝑔2

II(𝑘, 𝑘′)𝐽II(𝑘, 𝑘′)}; (11)

𝐽𝐼(𝑘, 𝑘′) = (1 + 𝜈𝑞)(1 − 𝑛𝑘)𝑛𝑘′

−𝜔̃𝑞 − ̃𝜀𝑘 + ̃𝜀𝑘′
+𝜈𝑞(1 − 𝑛𝑘)𝑛𝑘′

𝜔̃𝑞 − ̃𝜀𝑘 + ̃𝜀𝑘′
+(1 + 𝜈𝑞)𝑛𝑘(1 − 𝑛𝑘′)

−𝜔̃𝑞 + ̃𝜀𝑘 − ̃𝜀𝑘′
+𝜈𝑞𝑛𝑘(1 − 𝑛𝑘′)

𝜔̃𝑞 + ̃𝜀𝑘 − ̃𝜀𝑘′
,

𝐽II(𝑘, 𝑘′) = (1 + 𝜈𝑞)(1 − 𝑛𝑘)(1 − 𝑛𝑘′)
−𝜔̃𝑞 − ̃𝜀𝑘 − ̃𝜀𝑘′

+ 𝜈𝑞(1 − 𝑛𝑘)(1 − 𝑛𝑘′)
𝜔̃𝑞 − ̃𝜀𝑘 − ̃𝜀𝑘′

+
(1 + 𝜈𝑞)𝑛𝑘𝑛𝑘′

−𝜔̃𝑞 + ̃𝜀𝑘 + ̃𝜀𝑘′
+

+
𝜈𝑞𝑛𝑘𝑛𝑘′

𝜔̃𝑞 + ̃𝜀𝑘 + ̃𝜀𝑘′
, 𝑛𝑘 = {𝑒 ̃𝜀𝑘/𝜃 + 1}−1, 𝜈𝑞 = {𝑒𝜔̃𝑞/𝜃 − 1}−1. (12)
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Fig. 1

Figure 1: Fig. 1

The equation obtained as a result of the compensation of the diagrams in Fig.
1a,

1
4

𝛿Ω
𝛿𝑠𝑘

= −𝜀𝑘𝑢𝑘𝑣𝑘(1 − 2𝑛𝑘)+

+ ∑
𝑘′ (𝑘′−𝑘=𝑞)

𝑔𝐼(𝑘, 𝑘′)𝑔II(𝑘, 𝑘′){𝐽𝐼(𝑘, 𝑘′) − 𝐽II(𝑘′, 𝑘′)} = 0 (13)

coincides with the equation obtained by setting equal to zero the variation of the
thermodynamic potential (11) with respect to 𝑢𝑘 and 𝑣𝑘 (𝛿𝑢𝑘 = 𝑣𝑘𝛿𝑠𝑘, 𝛿𝑣𝑘 =
−𝑢𝑘𝛿𝑠𝑘).
Fig. 1

Arguing in an analogous manner, for 𝜆𝑞 and 𝜇𝑞 we shall have (𝛿𝜆𝑞 =
𝜇𝑞𝛿𝑠𝑞, 𝛿𝜇𝑞 = −𝜆𝑞𝛿𝑠𝑞):

1
2

𝛿Ω
𝛿𝑠𝑞

= 𝜔𝑞𝜆𝑞𝜇𝑞(1 + 2𝜈𝑞)+

+ ∑
𝑘′ (𝑘′−𝑘=𝑞)

{𝑔 2
𝐼 (𝑘, 𝑘′)𝐽𝐼(𝑘, 𝑘′) + 𝑔 2

II(𝑘, 𝑘′)𝐽II(𝑘, 𝑘′)} = 0. (14)

The energies of the elementary excitations of fermions and bosons are deter-
mined by excluding diagrams with insertions of the operators 𝐻1 and 𝐻2 at
the upper (or lower) vertex of the diagram (see, for example, Fig. 1b). Such
compensation ensures the disappearance, in the perturbation-theory series, of
terms proportional to 𝛽, and is equivalent to the conditions

𝛿
𝛿𝑛𝑘

⟨𝑅⟩𝐶 = 0, 𝛿
𝛿𝜈𝑞

⟨𝑅⟩𝐶 = 0. (15)

Let us now write equations (13), (14) in a more convenient form. Put:

𝐶𝑘(1 − 2𝑛𝑘) = 1
𝑉 ∑

𝑘′ (𝑘′−𝑘=𝑞)
𝑔2

𝑞𝜔𝑞(𝜆𝑞 + 𝜇𝑞)2𝑢𝑘′𝑣𝑘′{𝐽𝐼(𝑘, 𝑘′) − 𝐽II(𝑘, 𝑘′)},
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𝑆𝑘(1 − 2𝑛𝑘) = 1
2𝑉 ∑

𝑘′ (𝑘′−𝑘=𝑞)
𝑔2

𝑞𝜔𝑞(𝜆𝑞 + 𝜇𝑞)2(𝑢2
𝑘′ − 𝑣2

𝑘′){𝐽𝐼(𝑘, 𝑘′) − 𝐽II(𝑘, 𝑘′)},

𝑃𝑞(1+2𝜈𝑞) = − 2
𝑉 ∑

𝑘′ (𝑘′−𝑘=𝑞)
𝑔2

𝑞{(𝑢𝑘𝑢𝑘′ −𝑣𝑘𝑣𝑘′ )2𝐽𝐼(𝑘, 𝑘′)+(𝑢𝑘𝑣𝑘′ +𝑢𝑘′𝑣𝑘)2𝐽II(𝑘, 𝑘′)}.

Then, as is not difficult to verify, we shall have (𝜉𝑘 = 𝜀𝑘 − 𝑆𝑘)

𝑢2
𝑘 = 1

2
⎧{
⎨{⎩

1 + 𝜉𝑘

√𝐶2
𝑘 + 𝜉2

𝑘

⎫}
⎬}⎭

, 𝑣2
𝑘 = 1

2
⎧{
⎨{⎩

1 − 𝜉𝑘

√𝐶2
𝑘 + 𝜉2

𝑘

⎫}
⎬}⎭

, (𝜆𝑞+𝜇𝑞)2 = (1−𝑃𝑞)−1/2.

(16)

The functions 𝐶𝑘 and 𝑆𝑘 are determined by the equations

(1 − 2𝑛𝑘)𝐶𝑘 = 1
2𝑉 ∑

𝑘′(𝑘′−𝑘=𝑞)
𝑔2

𝑞𝜔𝑞(𝜆𝑞 + 𝜇𝑞)2(𝐽𝐼(𝑘, 𝑘′) − 𝐽II(𝑘, 𝑘′)) 𝐶𝑘′

√𝐶2
𝑘′ + 𝜉2

𝑘′

,

(17)

(1 − 2𝑛𝑘)𝑆𝑘 = 1
2𝑉 ∑

𝑘′(𝑘′−𝑘=𝑞)
𝑔2

𝑞𝜔𝑞(𝜆𝑞 + 𝜇𝑞)2(𝐽𝐼(𝑘, 𝑘′) − 𝐽II(𝑘, 𝑘′)) 𝜉𝑘′

√𝐶2
𝑘′ + 𝜉2

𝑘′

.

(18)

Expanding equations (15), we find

̃𝜀𝑘
⎧{
⎨{⎩

1 + 2 ∑
𝑘′(𝑘′−𝑘=𝑞)

𝑔2
𝐼

(𝜔̃2
𝑞 − ̃𝜀2

𝑘 + ̃𝜀2
𝑘′)(1 + 2𝜈𝑞) − 2𝜔̃𝑞 ̃𝜀𝑘(1 − 2𝑛𝑘′)

[𝜔̃2𝑞 − ( ̃𝜀𝑞 + ̃𝜀𝑘′)2][𝜔̃2𝑞 − ( ̃𝜀𝑘 − ̃𝜀𝑘′)2]
⎫}
⎬}⎭

=

=
⎧{
⎨{⎩

𝜀𝑘 − ∑
𝑘′(𝑘′−𝑘=𝑞)

𝑔2
𝑞

𝜔𝑞(𝜆𝑞 + 𝜇𝑞)2

2𝑉
𝜔̃𝑞(1 − 2𝑛𝑘′) − ( ̃𝜀𝑘 + ̃𝜀𝑘′)(1 + 2𝜈𝑞)

𝜔̃2𝑞 − ( ̃𝜀𝑘 + ̃𝜀𝑘′)2 (𝑢2
𝑘′ − 𝑣2

𝑘′)
⎫}
⎬}⎭

×

×(𝑢2
𝑘−𝑣2

𝑘)+4𝑢𝑘𝑣𝑘 ∑
𝑘′(𝑘′−𝑘=𝑞)

𝑔2
𝑞

𝜔𝑞(𝜆𝑞 + 𝜇𝑞)2

2𝑉
𝜔̃𝑞(1 − 2𝑛𝑘′) − ( ̃𝜀𝑘 + ̃𝜀𝑘′)(1 + 2𝜈𝑞)

𝜔̃2𝑞 − ( ̃𝜀𝑘 + ̃𝜀𝑘′)2 𝑢𝑘′𝑣𝑘′ ,

(19)
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𝜔̃𝑞 = 𝜔𝑞(𝜆2
𝑞+𝜇2

𝑞)+ ∑
𝑘(𝑘′−𝑘=𝑞)

2𝑔2
II

( ̃𝜀𝑘 + ̃𝜀𝑘′)(1 − 2𝑛𝑘′)
𝜔2𝑞 − ( ̃𝜀𝑘 + ̃𝜀𝑘′)2 + ∑

𝑘(𝑘′−𝑘=𝑞)
4𝑔2

𝐼
( ̃𝜀𝑘 − ̃𝜀𝑘′)𝑛𝑘′

𝜔2𝑞 − ( ̃𝜀𝑘 − ̃𝜀𝑘′)2 .

Equations (17) and (18), together with the expressions for the elementary excita-
tions (19) and the condition for determining the chemical potential, completely
determine the coefficients of the canonical transformations (2). For 𝜃 = 0 we
obtain the results of work 3. As usual, these equations have a“normal”solution
𝐶𝑘 = 0 (𝑢𝑘𝑣𝑘 = 0). The nontrivial solution determines the superconducting
state of the system.

V. A. Moskalenko 6 considered the thermodynamics of the superconducting state
for the Fröhlich Hamiltonian by means of an approximate variational method
without taking into account the renormalization of the phonons; for the free
energy he obtained an expression analogous to relation (12).

We now proceed to the calculation of thermodynamic functions. Taking into
account equations (13)—(15), we see that, in calculating the entropy from the
thermodynamic potential (12), differentiation with respect to temperature may
be performed only with respect to the explicitly entering parameter 𝜃 (𝑑Ω/𝑑𝜃 =
𝜕Ω0/𝜕𝜃). Calculating the heat capacity, for the jump of the heat capacity at
the critical point we obtain (taking into account the dependence on 𝜃 through
𝐶𝑘)

Δ𝐶 = − {1
𝜃 [∑

𝑘
𝑛𝑘(1 − 𝑛𝑘)𝜕 ̃𝜀2

𝑘
𝜕𝜃 + 1

2 ∑
𝑞

𝜈𝑞(1 + 𝜈𝑞)𝜕𝜔̃2
𝑞

𝜕𝜃 ]}
𝜃=𝜃cr

, (20)

where 𝜃 = 𝜃cr is the critical temperature at which the nontrivial solution (𝑢𝑘𝑣𝑘 ≠
0) of the system of equations (17), (18) and the energy gap in the spectrum ̃𝜀𝑘
(19) appear. The first term in formula (20) coincides with the expression for
the jump of the heat capacity obtained in 1,2, where as 𝐶𝑘 one must take the
solution of equation (17).

In conclusion, we express our deep gratitude to Academician N. N. Bogolyubov
for valuable advice, to V. A. Moskalenko for discussion of the work, and to K.
Bloch for sending a preprint.

Mathematical Institute named after V. A. Steklov
Academy of Sciences of the USSR

Received
20 VI 1958
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