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Abstract
Full Text

THEORY OF ELASTICITY
M. I. ROZOVSKII

STRESSES IN A SYMMETRICALLY HEATED
SPHERICAL SHELL WHOSE MECHANICAL
PROPERTIES DEPEND ON TIME AND TEM-
PERATURE

(Presented by Academician S. L. Sobolev, 13 1 1958)

1. Let a closed spherical shell be given, with external and internal radii a; and
a4, free of external forces and initial stresses, at a uniformly distributed
temperature. Suppose that, beginning at some moment, the temperature
in the shell becomes nonuniformly distributed, and assume that the tem-
perature T' = T'(r,t) is known. Then stresses and strains of a definite
magnitude will arise in it.

We determine the radial displacement u(r, t) and the stresses arising in the body
in question in the case where the Lamé coefficients A and p and the relaxation
characteristics depend on temperature, and also taking into account aging of
the material, i.e., the variability of A and u with time ¢.

Generalizing in the appropriate way the Volterra dependences (1), we write the
stress components in spherical coordinates

t
o, =M+ 2/1% — / |:<p(t,T; )0+ 20(t, T r)%] dr — afB8T,
to

¢
og=0,=N+ 2/1g — / [ap(t, 1) 0+ 20(t, T; T)y] dr — afST, (1)
Ty r
where 6(r, t) is the volume expansion; (¢, 7;7) and (t, 7;r) are the relaxation
kernels; A, u, and 8 = 3\ + 2u, as well as the coefficient of linear expansion «,
depend on the coordinate r and time t, since, by assumption, the temperature
of the shell is considered a known function of r and t.

Substituting o,., 0y = o, from (1) into the usual equilibrium equation, we obtain
the initial integro-differential equation, which we present in the form
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9 10 5.1 _ 40 0 4 M ou(tT,r) _
- {(HQ,L)TZ —r u)} S £ (aBT) + [ ST i, 7) dr =

0

= [ a{iemn 2 nng et} ar )
Put
% {77(7«%)] — 2(r,0). 3)
From (3) it follows that
ulrit) = oz [ (5= P)alp ) dp + ey (O + 12 e(0) ()

where ¢; and ¢, are arbitrary functions of time, which are determined from the
boundary conditions

ou 2u ou t ou 2u ou
{)\ (E + 7) +2M§ —aﬁT—lD [go(t, TiT) <E + 7) + Zw(t,T,r)E] dT} ) =0

=ak
(5)
(k= 1,2) after z(r,t) has been found.

Substituting (3) and (4) into equation (2), after the corresponding transforma-
tions we obtain the mixed two-dimensional integral equation

r t
2(rt) + / K\ (67, p)e(p, ) dp — / Ky (t,7i7)2(r, 7) dr =
a, to

t r
- / / Ky(t.7im p)2(po7) dpdr + F(rt, 1. c0), (©)
tg Yaq
where

0 4(r3 — p3) O
[37,()\4‘2/1)— 33 o |

K\ (t;r,p) = T2

@(t,757m) + 20(t, 757)
A+2p

)

Ky(t,r;r) =
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1
A+ 2u

Ky(t,mi7r,p) =

s —p° Ty

. _ 1 4 e\ O 4 [ e\ OY(t, ;)
st =ty | e 3) e [ (e ) 205700

0

B K o
_3cla(>‘ + 2:“’) + 3/ 1 (T)E [@(ta 75 T) + 2¢(t7 T35 T)] dT} .

Determining z from equation (6) and then substituting into (4), after the corre-
sponding transformations we obtain the formula for the displacement

u=c A (t,r)— / [Ay(t, T5m)ey (T) — Ag(t, T57)eo(T)] dT + cor™2,  (7)

0

where

1 (" D(t;r,p) [ ou 0
A (t,r) = — —— 44— —3—(A+2 d
1(7T) r+3,,,2 . )\+2u ap 3p( + :U’) P

a

D(t;r,p) =1° — p3 — / (r* — PRy (t; 1. p) dpy,
P

o _ L ["D(rp) [, 00t mr) L0 , ,
Ayt i) = o ey [4 o 3ap(¢(t77,p)+2¢(t,7,p>) dp,

a

3

4 T p7
A3(t77';7"):3?/ N+ 2
ay

t .
E(t,T;T‘,p)%—/ E(taTl;rap)aw(:;va’p)dTlla

E(t, 757, p) = (r° — p®)Ry(t, 73 p) + / (r* — p})R3(t, 73 py, p) dpy,
P
t
Ry(t,7ir.p) = Rltsmivp)+ [ Ro(t,myin) Rl p)dry—

—/ Ry (t;7, py) R(Ty, 751, p) dpy—
P
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t r
_/ dTl/ Ry (7157, p1) Ry(t, 705 p1) R(T1, 75 01, 0) dpy;
T P

1

R,(t;r,p) and Ry(t,T;r) are the resolvents of the kernels K,(t;r,p) and
K, (t,7;r), respectively; R(t, T;r, p) is the resolvent of the kernel

t
[Q(th;rvp)+/ Q(thl;Ta p) R2(7—177—;p) dTl‘| 5

Qt,5r,p) = KS(taT§Tvp)_K2(th§T)R1(7§T7p)_/ K;(t, 57, p1) Ry (T3 01, p) dpy.-
P

The functions ¢ (t) and c,(t) appearing in (7) are determined from the system
of ordinary integral equations

Z[ i (t /(I)ik(th)ck(T) dT] = Iy, (8)

=1 0

where

@, = {1_(2_1)1 [(/\ + o) 2

A 1) +1
+2A—} —2u<)+} (i,k=1,2);
or T .

1—(—
Fy = ay.Byrk; Q. (t,7) = {

—1)F+1 DA, 2) k DA,
_A'_% l(A+2M>((ﬁH_Ai+1_/ ((@+2¢) 8+1 + AZJrl) dT1‘| }

System (8) has a unique solution.
From the first equation of system (8) it follows that

L tH(t,T)F1(7_> . /HltTcz dr, (9)

a1y to ay,(7) a11

o (t) =

where
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H(t,7) = oy (1) | @y (t,7) — g H(t,T) / H(t,s)Pqq (s, T)dsl ,

H(t,7) is the resolvent of the kernel ®,,(¢,7)/aq;.

Substituting (9) into the second equation of system (8), we obtain an integral
equation with one unknown c,. Determining ¢, from the equation thus obtained
and then again using (9), we obtain formulas determining c;,.
Knowing the displacement u, it is easy to determine o,, 0y = 0o,
2. The obtained results are considerably simplified if it is assumed that A =
w= e ™ p(t, i) = (t, ;1) = ¢o(t,7)e ™T | where m is a constant
for the given material; Ay and ¢y(¢,7) are the Lamé coefficient and the
relaxation kernel at T' = 0; the temperature T still depends on r and t.

The decrease of the physico-mechanical characteristics is proportional to many-

~-for a viscosity that decreases exponentially with increasing temperature, is
confirmed experimentally (?).

The substitution (3) leads to an ordinary integral equation with respect to z,
with a fairly simple kernel.

As a result we shall have

T
u(r,1) /Nltrp)T(p,)dercl[rJr /Nltrp)apdp}ﬂL

(10)
10T
———/Nltrp dp T, = T+/PtTT1dT
ay

+

1
Nl(t;r,p)=3r2[ pg+/r—p1 tpl,p)dm];
P

4
P(t,7) and N(t;r, p) are the resolvents of the kernels Spog\ .7) and
0
m 4p3\ OT
— 1|5 - -
9 ( s ) or’
respectively;
0 oT
T, =5 |=—(aT T
1=5 [8r(a ) —ma 87’]

The functions ¢, (¢) and ¢, (t) appearing in (10) are expressed by the formulas
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a’:lgBQ(bal - agq)az 5a?ag(®a2 - qu)al)

) Cy =
a3 By — aiB, ’ A(a3 B, — aiB,)

1 = )

“2 9T [N, ( N, (t;
Bl_l+m/ or [5 trp)+ 1ty p)

T’ Ao

La dp, (11)

—“2

“2 1 9T [ON,(t;r,p) 2N, (t;r,p)
Bzzl+ma§’/ B op { 18 + 13 dp;
o 0 r ay e

®,, and @, are the values of the function

t
O(r,t) = aT—I—/ P(t,7)aT dr

at r = a; and r = a,, respectively.
Formulas (11) are obtained as the result of solving the system of algebraic

equations formed by using the boundary conditions (5).

As an illustration, let us consider a steel hollow ball with the following param-
eters: m = 0.0008 deg " (according to the experimental data of Zaikov (2)),
a; = 30 cm, ay = 33 cm, T = 9900r—! + 670, T(a;) = 1000°, T(ay) = 970°,
a=11-10"° deg *,

P(s) = 0.0175(s/33)°7 exp (—/5/33)

(according to (3)). Approximately we obtain
w = (0.1165—0.00762 exp(— ¢/7/33))(0.9853—0.04097r—17.85r 1 —525.572—2253r 34+ 189874 +46r3 In r43.5:

In particular, for example, the steady-state value of the strain at the outer
surface will be
e = 0.00507.

In conclusion I express my gratitude to Yu. A. Ponomarenko and L. I. Paikova
for assistance in the computations connected with the reduction to concrete
examples.
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