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Abstract
Full Text

N. M. KOROBOV

ESTIMATES OF WEYL SUMS AND THE DIS-
TRIBUTION OF PRIME NUMBERS

(Presented by Academician I. M. Vinogradov on 17 V 1958)

The present paper is a continuation of the papers (173) and strengthens the
results obtained in them.

Denote by N ,(CV)()\l, ..., A,,) the number of solutions of the system of equations

) n

el =yl oyl A, 1<z,y<P (v=12,...,n). (1)

It is easy to show that for the trigonometric sum

P
n)
S wl,..., ZEQTF’L W T+ AWy
r=
for any integer k > 1 the equality

|S(w1, e, W |2k Z N )\1, RN A )627"1-(‘*)1>\1+-“+wn)\n) (2)

holds, where the summation is over all A, (v =1,2,...,n) satisfying the condi-
tion |A,| < kP”. Further, from the definition of the quantities N,gp)()\l, ey )
we obtain without difficulty the relations

ST N0 ) = N Oy ) (3)

Consider the Weyl sum S = S(ay, ..., q,1).

Fundamental lemma. Let P, < P, 8, = Cl  a, 4\ + -+ C/7Y x
Qi1 A1, (v=1,2,...,n), and

P P, i
kal = Z N/i )()\1""7>\n)N/£11>(:u’17“'7.un)e2 (:3111'1+ JFﬁT“UJﬂ)?

ALyl

where the summation is over all |\, | < kP”, |p,| < k1 P}. Then
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akk,

1
’55 < P2k(2k1—1)P1—2kak1 + (2P1>4kk1 .

The proof of the lemma is obtained with the aid of Holder’ s inequality and the
relations (2), (3), from the estimate

1 Pl P )
51 3 D[S o,
1 y=1 |a=1
where f(x) =aqx + 4 an+1xn+1.
Theorem 1. Let
a 0
i =t @@ =1 <L q=P

let 7 belong to the interval

Vnlnn <r <n—/nlnn.

Then there exist absolute constants C' and v > 0 such that

P
E e2mi(ag oty 2™ <« CP!? - )

r=1
Proof. Write Vj;, in the form
P Ly
Vi, = 3 N gs) D0 NP (A A )e2miBrm B (4)
Joq seees by Alseny,

According to the definition of the quantities 3,,, the expression Sy + ...+ 8, tn
is a linear homogeneous function of the quantities A, ..., A,,, and, consequently,
by virtue of (2) the inner sum in (4) is nonnegative. Hence, putting

P P
Niol = max N0 0,

139 AR

we obtain*

kal < N P] Z Z N )\1’ o )\n)€27ri(,31/1,1+...+,3"u,n) <«

oy Moy, A1y 7 n
<N Z NP (AL, -, A,) min <2k1P1,1> ~-min (lepln,1>.
(B1) (8,)

Choose
s =min(r,n —r).
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Applying, for v < n — s, the estimate

min (2]€1P1D7 (5)> < lepll/,

by virtue of (3), we obtain from this

s)(n—s+1

—s p U (PO
Vie, < (2ky)"72P, 2 N UV

kin

1
Vi= Y NP (A -, A,) min <2k1P1”,> - min (2k1P1"S+1,>,
Aqgeees A (ﬂn) <ﬂn75+1)

s

Further, using the estimate

Q+T

1 T
Z min (U, ) < C (mj + 1) (U+qlng),
Maroy® (mz + ) q
where 0
a
a=—+—, (a,9)=1, |0<1
Pl (a,q) 6]

and C is an absolute constant, we obtain

, P . a1 . s 1
Vi < Nl(c,s) Z min <2k1P1 ) W) - min (2]51131” A ()> <
/\1,...,/\S n n—s+1

n(n+1) (n—s)(n—s+1)
2

< (2k,Cy)*25m P, = N

n(n+1)

Vi, < (2k,Co)m2sn Py 2 NN, (5)

1. ks

* By (/) is denoted the distance from f to the nearest integer.

Choose k; = [Myn?Inn] and k = [Ms?], where M; and M are sufficiently large
positive constants. Then, by I. M. Vinogradov’ s mean value theorem (4,% ), we
obtain

3 _nntl) 1 2
Nl(éfl) < ecin®In nP12k1 3 p) N]ilz) < ec15°Ins p2k—=r

n )

where ¢; is an absolute constant. Hence, by virtue of (5), applying the main
lemma and observing that s > v/nlnn, we obtain the assertion of the theorem
without difficulty.

Let, as above,
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a 0
Gu=ctm  (@o=1  Pl<l  g=P"

The estimate of Theorem 1 can be strengthened if one restricts oneself to a
somewhat less wide interval of variation of r.

Theorem 2. Whatever fized € > 0 may be, there exist an absolute constant C
and a constant v = ~y(g) such that, for en < r < n —en, the estimate

P
Y milenattanas™ )|  OPLE, (6)

r=1

The proof of Theorem 2 differs from the preceding proof only in that, instead
of k; = [M;n?Inn], one should choose k; = [M;n?]. Estimates of the form (6)
were obtained by me earlier for the case of rational trigonometric sums (1). In
Theorem 2 these estimates are extended to the case of arbitrary Weyl sums.

Consider the polynomial
n+1

fl@)=ax+ 4o, 2

some of whose coefficients are rational:

a, =L, v=s5+2, s+3,..,3s, 1<s<

Denote by A, the determinant of order s,

A= |Csi+i+jas+i+j| :

Theorem 3. Let 6 be an arbitrary fized number from the interval 0 < 6 < 1/3,
1

no < s < i, s+1<r<2s(1-9),q=P", and (A,,q) = 1. Then there

exist constants C = C(0) and v = v(§) such that

P
E e2mi(ag atotan, o™t <CP1_71%.

=1

The proof of the theorem is based on the main lemma and certain additional
considerations concerning the quantities N ,ip) (Aqy -y A,,), which make it possible
to estimate more sharply the sum V;, from the main lemma. Theorem 3 has
various applications. Thus, for example, with its aid the following assertions are
obtained:

Theorem 4. As |t| — oo, for the Riemann function ((s) the estimate
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C(1+it) = O3 |t)). (7)

Theorem 5. Let m(x) be the number of primes not exceeding x. There exists
a constant a > 0 such that the estimate

m(x) — " du =0 (me’“ 1“3/5‘”) . (8)

| Tou
holds.

Theorems 4 and 5 strengthen the assertions of the papers (%). An analogous
strengthening of the results is also obtained in the questions mentioned in (3).

Proof correction note. After the present note had been submitted for publication,
a paper by I. M. Vinogradov (7) appeared, in which estimates (7) and (8) were
also obtained. The estimates in (7) are based on an inequality whose idea

coincides with the idea of the inequalities first applied in the papers (12) (see
also (39)).
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