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Abstract
Full Text

N. M. KOROBOV

ESTIMATES OF WEYL SUMS AND THE DIS-
TRIBUTION OF PRIME NUMBERS
(Presented by Academician I. M. Vinogradov on 17 V 1958)

The present paper is a continuation of the papers (1−3) and strengthens the
results obtained in them.

Denote by 𝑁 (𝜈)
𝑘 (𝜆1, … , 𝜆𝑛) the number of solutions of the system of equations

𝑥𝜈
1 + ⋯ + 𝑥𝜈

𝑘 = 𝑦𝜈
1 + ⋯ + 𝑦𝜈

𝑘 + 𝜆𝜈, 1 ≤ 𝑥, 𝑦 ≤ 𝑃 (𝜈 = 1, 2, … , 𝑛). (1)

It is easy to show that for the trigonometric sum

𝑆(𝜔1, … , 𝜔𝑛) =
𝑃

∑
𝑥=1

𝑒2𝜋𝑖(𝜔1𝑥+⋯+𝜔𝑛𝑥
𝑛)

for any integer 𝑘 ≥ 1 the equality

|𝑆(𝜔1, … , 𝜔𝑛)|2𝑘 = ∑
𝜆1,…,𝜆𝑛

𝑁 (𝑃)
𝑘 (𝜆1, … , 𝜆𝑛)𝑒2𝜋𝑖(𝜔1𝜆1+⋯+𝜔𝑛𝜆𝑛) (2)

holds, where the summation is over all 𝜆𝜈 (𝜈 = 1, 2, … , 𝑛) satisfying the condi-
tion |𝜆𝜈| < 𝑘𝑃 𝜈. Further, from the definition of the quantities 𝑁 (𝑃)

𝑘 (𝜆1, … , 𝜆𝑛)
we obtain without difficulty the relations

∑
𝜆𝑠+1,…,𝜆𝑛

𝑁 (𝑃)
𝑘 (𝜆1, … , 𝜆𝑛) = 𝑁 (𝑃)

𝑘 (𝜆1, … , 𝜆𝑠). (3)

Consider the Weyl sum 𝑆 = 𝑆(𝛼1, … , 𝛼𝑛+1).
Fundamental lemma. Let 𝑃1 ≤ 𝑃 , 𝛽𝜈 = 𝐶1

𝜈+1𝛼𝜈+1𝜆1 + ⋯ + 𝐶 𝑛+1−𝜈
𝑛+1 ×

𝛼𝑛+1𝜆𝑛+1−𝜈 (𝜈 = 1, 2, … , 𝑛), and

𝑉𝑘𝑘1
= ∑

𝜆1,…,𝜇𝑛

𝑁 (𝑃)
𝑘 (𝜆1, … , 𝜆𝑛)𝑁 (𝑃1)

𝑘1
(𝜇1, … , 𝜇𝑛)𝑒2𝜋𝑖(𝛽1𝜇1+⋯+𝛽𝑛𝜇𝑛),

where the summation is over all |𝜆𝜈| < 𝑘𝑃 𝜈, |𝜇𝜈| < 𝑘1𝑃 𝜈
1 . Then
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∣ 12𝑆∣
4𝑘𝑘1

≤ 𝑃 2𝑘(2𝑘1−1)𝑃 −2𝑘
1 𝑉𝑘𝑘1

+ (2𝑃1)4𝑘𝑘1 .

The proof of the lemma is obtained with the aid of Hölder’s inequality and the
relations (2), (3), from the estimate

|𝑆| ≤ 1
𝑃1

𝑃1

∑
𝑦=1

∣
𝑃

∑
𝑥=1

𝑒2𝜋𝑖𝑓(𝑥+𝑦)∣ + 2𝑃1,

where 𝑓(𝑥) = 𝛼1𝑥 + ⋯ + 𝛼𝑛+1𝑥𝑛+1.

Theorem 1. Let

𝛼𝑛+1 = 𝑎
𝑞 + 𝜃

𝑞2 , (𝑎, 𝑞) = 1, |𝜃| < 1, 𝑞 = 𝑃 𝑟;

let 𝑟 belong to the interval
√𝑛 ln𝑛 < 𝑟 < 𝑛 − √𝑛 ln𝑛.

Then there exist absolute constants 𝐶 and 𝛾 > 0 such that

∣
𝑃

∑
𝑥=1

𝑒2𝜋𝑖(𝛼1𝑥+…+𝛼𝑛+1𝑥𝑛+1)∣ ≪ 𝐶𝑃 1− 𝛾
𝑛2 ln 𝑛 .

Proof. Write 𝑉𝑘𝑘1
in the form

𝑉𝑘𝑘1
= ∑

𝜇1,…,𝜇𝑛

𝑁 (𝑃1)
𝑘1

(𝜇1, … , 𝜇𝑛) ∑
𝜆1,…,𝜆𝑛

𝑁 (𝑃)
𝑘 (𝜆1, … , 𝜆𝑛)𝑒2𝜋𝑖(𝛽1𝜇1+…+𝛽𝑛𝜇𝑛). (4)

According to the definition of the quantities 𝛽𝜈, the expression 𝛽1𝜇1 +…+𝛽𝑛𝜇𝑛
is a linear homogeneous function of the quantities 𝜆1, … , 𝜆𝑛, and, consequently,
by virtue of (2) the inner sum in (4) is nonnegative. Hence, putting

𝑁 (𝑃)
𝑘,𝑛 = max

𝜆1,…,𝜆𝑛
𝑁 (𝑃)

𝑘 (𝜆1, … , 𝜆𝑛),

we obtain*

𝑉𝑘𝑘1
≪ 𝑁 (𝑃1)

𝑘1,𝑛 ∑
𝜇1,…,𝜇𝑛

∑
𝜆1,…,𝜆𝑛

𝑁 (𝑃)
𝑘 (𝜆1, … , 𝜆𝑛)𝑒2𝜋𝑖(𝛽1𝜇1+…+𝛽𝑛𝜇𝑛) ≪

≪ 𝑁 (𝑃1)
𝑘1,𝑛 ∑

𝜆1,…,𝜆𝑛

𝑁 (𝑃)
𝑘 (𝜆1, … , 𝜆𝑛)min(2𝑘1𝑃1, 1

(𝛽1)) ⋯min(2𝑘1𝑃 𝑛
1 , 1

(𝛽𝑛)) .

Choose
𝑠 = min(𝑟, 𝑛 − 𝑟).

sovietrxiv.org/items/ru-195801.86703 Machine Translation

https://sovietrxiv.org/items/ru-195801.86703


Applying, for 𝜈 ≤ 𝑛 − 𝑠, the estimate

min(2𝑘1𝑃 𝜈
1 , 1

(𝛽𝜈)) ≪ 2𝑘1𝑃 𝜈
1 ,

by virtue of (3), we obtain from this

𝑉𝑘𝑘1
≪ (2𝑘1)𝑛−𝑠𝑃

(𝑛−𝑠)(𝑛−𝑠+1)
2

1 𝑁 (𝑃1)
𝑘1,𝑛𝑉 ′

𝑘 ,

where

𝑉 ′
𝑘 = ∑

𝜆1,…,𝜆𝑠

𝑁 (𝑃)
𝑘 (𝜆1, … , 𝜆𝑠)min(2𝑘1𝑃 𝑛

1 , 1
(𝛽𝑛)) ⋯min(2𝑘1𝑃 𝑛−𝑠+1

1 , 1
(𝛽𝑛−𝑠+1)) .

Further, using the estimate

𝑄+𝑇
∑

𝑥=𝑄+1
min(𝑈, 1

(𝑚𝑥 + 𝛽)) ≪ 𝐶0 (𝑚𝑇
𝑞 + 1) (𝑈 + 𝑞 ln 𝑞),

where
𝛼 = 𝑎

𝑞 + 𝜃
𝑞2 , (𝑎, 𝑞) = 1, |𝜃| < 1

and 𝐶0 is an absolute constant, we obtain

𝑉 ′
𝑘 ≪ 𝑁 (𝑃)

𝑘,𝑠 ∑
𝜆1,…,𝜆𝑠

min(2𝑘1𝑃 𝑛
1 , 1

(𝛽𝑛)) ⋯min(2𝑘1𝑃 𝑛−𝑠+1
1 , 1

(𝛽𝑛−𝑠+1)) ≪

≪ (2𝑘1𝐶0)𝑠2𝑠𝑛𝑃
𝑛(𝑛+1)

2 − (𝑛−𝑠)(𝑛−𝑠+1)
2

1 𝑁 (𝑃)
𝑘,𝑠 ;

𝑉𝑘𝑘1
≪ (2𝑘1𝐶0)𝑛2𝑠𝑛𝑃

𝑛(𝑛+1)
2

1 𝑁 (𝑃1)
𝑘1,𝑛𝑁 (𝑃)

𝑘,𝑠 . (5)

* By (𝛽) is denoted the distance from 𝛽 to the nearest integer.

Choose 𝑘1 = [𝑀1𝑛2 ln𝑛] and 𝑘 = [𝑀𝑠2], where 𝑀1 and 𝑀 are sufficiently large
positive constants. Then, by I. M. Vinogradov’s mean value theorem (4,5 ), we
obtain

𝑁 (𝑃1)
𝑘1,𝑛 ≪ 𝑒𝑐1𝑛3 ln3 𝑛𝑃 2𝑘1− 𝑛(𝑛+1)

2 + 1
2

1 , 𝑁 (𝑃)
𝑘,𝑠 ≪ 𝑒𝑐1𝑠3 ln 𝑠𝑃 2𝑘− 𝑠2

4 ,

where 𝑐1 is an absolute constant. Hence, by virtue of (5), applying the main
lemma and observing that 𝑠 > √𝑛 ln𝑛, we obtain the assertion of the theorem
without difficulty.

Let, as above,
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𝛼𝑛+1 = 𝑎
𝑞 + 𝜃

𝑞2 , (𝑎, 𝑞) = 1, |𝜃| < 1, 𝑞 = 𝑃 𝑟.

The estimate of Theorem 1 can be strengthened if one restricts oneself to a
somewhat less wide interval of variation of 𝑟.
Theorem 2. Whatever fixed 𝜀 > 0 may be, there exist an absolute constant 𝐶
and a constant 𝛾 = 𝛾(𝜀) such that, for 𝜀𝑛 < 𝑟 < 𝑛 − 𝜀𝑛, the estimate

∣
𝑃

∑
𝑥=1

𝑒2𝜋𝑖(𝛼1𝑥+⋯+𝛼𝑛+1𝑥𝑛+1)∣ ≪ 𝐶𝑃 1− 𝛾
𝑛2 . (6)

The proof of Theorem 2 differs from the preceding proof only in that, instead
of 𝑘1 = [𝑀1𝑛2 ln𝑛], one should choose 𝑘1 = [𝑀1𝑛2]. Estimates of the form (6)
were obtained by me earlier for the case of rational trigonometric sums (1). In
Theorem 2 these estimates are extended to the case of arbitrary Weyl sums.

Consider the polynomial

𝑓(𝑥) = 𝛼1𝑥 + ⋯ + 𝛼𝑛+1𝑥𝑛+1,

some of whose coefficients are rational:

𝛼𝜈 = 𝑎𝜈
𝑞 , 𝜈 = 𝑠 + 2, 𝑠 + 3, … , 3𝑠, 1 ≤ 𝑠 ≤ 𝑛 + 1

3 .

Denote by Δ𝑠 the determinant of order 𝑠,

Δ𝑠 = ∣𝐶 𝑖
𝑠+𝑖+𝑗𝑎𝑠+𝑖+𝑗∣ .

Theorem 3. Let 𝛿 be an arbitrary fixed number from the interval 0 < 𝛿 < 1/3,
𝑛𝛿 ≤ 𝑠 ≤ 𝑛 + 1

3 , 𝑠 + 1 ≤ 𝑟 ≤ 2𝑠(1 − 𝛿), 𝑞 = 𝑃 𝑟, and (Δ𝑠, 𝑞) = 1. Then there
exist constants 𝐶 = 𝐶(𝛿) and 𝛾 = 𝛾(𝛿) such that

∣
𝑃

∑
𝑥=1

𝑒2𝜋𝑖(𝛼1𝑥+⋯+𝛼𝑛+1𝑥𝑛+1)∣ < 𝐶𝑃 1− 𝛾
𝑛2 .

The proof of the theorem is based on the main lemma and certain additional
considerations concerning the quantities 𝑁 (𝑃)

𝑘 (𝜆1, … , 𝜆𝑛), which make it possible
to estimate more sharply the sum 𝑉𝑘𝑘 from the main lemma. Theorem 3 has
various applications. Thus, for example, with its aid the following assertions are
obtained:

Theorem 4. As |𝑡| → ∞, for the Riemann function 𝜁(𝑠) the estimate
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𝜁(1 + 𝑖𝑡) = 𝑂(ln2/3 |𝑡|). (7)

Theorem 5. Let 𝜋(𝑥) be the number of primes not exceeding 𝑥. There exists
a constant 𝑎 > 0 such that the estimate

𝜋(𝑥) − ∫
𝑥

2

𝑑𝑢
ln𝑢 = 𝑂 (𝑥𝑒−𝑎 ln3/5 𝑥) . (8)

holds.

Theorems 4 and 5 strengthen the assertions of the papers (2,6). An analogous
strengthening of the results is also obtained in the questions mentioned in (3).
Proof correction note. After the present note had been submitted for publication,
a paper by I. M. Vinogradov (7) appeared, in which estimates (7) and (8) were
also obtained. The estimates in (7) are based on an inequality whose idea
coincides with the idea of the inequalities first applied in the papers (1,2) (see
also (8,9)).
Mathematical Institute named after V. A. Steklov
Academy of Sciences of the USSR

Received
5 V 1958
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