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Abstract

Full Text
MATHEMATICS
I. V. SUKHAREVSKII

ON A-STABILITY OF SOLUTIONS OF OPER-
ATOR EQUATIONS IN BANACH SPACE

(Presented by Academician V. I. Smirnov on 15 VII 1957)

Let, for each A from a simply connected domain A of the complex-variable
plane, there be defined a linear completely continuous operator A< ), mapping
a Banach space E into E,) C E, and suppose that A( ) depends analytically
on A in the domain A in the sense of convergence in norm: in a neighborhood
of each point Ay € A

+00

Apy =D (A =X)4;, (1)

J=0

where A; are linear (bounded) operators. Suppose that A, has at least one
regular point in A. Then (?) Ry =I- A()\))’l is a meromorphic operator
in A.

Denote by F) the subspace of the space E consisting of those elements f for
which the equation

is solvable for fixed A € A. The solution of equation (2) at a regular point A
(F\ = E) will be denoted by .

Definition. A value )\, € A will be called a stability point of the operator
Ay if, for every f € F) , there exists

)\li}n;\lo uy = ugy) (3)

in the sense of strong convergence®*.

Here, obviously, u,  is a solution of equation (2) for A = Ay, and if the point
Ag Is regular, then u(, ) = u, . We shall call the solution u, ) A-stable.

The stability points include, obviously, all regular points of the operator A,).
But spectral points may also fail to be stable in the sense indicated above. For
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example, if A,) = AA, then no multiple pole of the resolvent is a stability
point (this follows directly from Theorem 1 of the present note). The aim of the
present note is to clarify criteria for stability of spectral points of the operator
A< »)> depending on the parameter A in general nonlinearly, and the properties
of A-stable solutions.

Let Ay be a spectral point of the operator A ,), in a neighborhood of which R,
has the expansion

+00

Ry = Z (A=) R;;

Jj=—m

* Tt is not difficult to show that, if the limit (3) does not exist in the sense of
strong convergence, then it also does not exist in the sense of weak convergence.

{u;}j_, is a basis of the eigensubspace E|, of the operator A, ;
{Vj}?:1 is a basis of the eigensubspace Ej of the adjoint operator AE"AO) (E§ C
E*; E* is the space of functionals adjoint to E).

From the expansions (1), (4) and the equalities

Ry —An) =T —=Ay)Ry =1 (4)
it follows that
0, for k = —m;
m
I+ A.R_., for k=0;
(I — ARy, = ; o (5)
m+k

Z ARy,  fork>-—m, k#0;
j=1
0, for k = —m;

I+ R_.A., fork=0;
R (I —Ay) = ; Y

m+k

Z Ry A, for k > —m, k # 0.
j=1

From the equalities (5), (6) it is clear that the operators R_;,R_,,...,R_,, are
of finite rank, and moreover
Ropf =3 wuVif) (7)
i,j=1
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(v;; are scalars). With the aid of the same equalities (5), (6), it is easy to
establish the following proposition.

Theorem 1. FEwvery simple pole A\, of the resolvent is a point of stability;
moreover, the A-stable solution Uy, i uniquely singled out from the n-parameter
family of solutions of the equation

u—Apyu=f (f€F) (8)

by the conditions

Vi(Ajug,)) =0 (j=1,...,n). (9)

If, however, Ay is a multiple pole of the resolvent and, at the same time, the
functionals w;(f) = V(A f) (1 =1,2,...,n) are linearly independent in E, then
Ao does not belong to the points of stability.

In connection with this theorem, it is of interest to obtain a necessary and suf-
ficient condition under which the eigenvalue ), is a simple pole of the resolvent.
Such a condition is contained in the following theorem.

Theorem 2. In order that the pole A, of the resolvent R, be simple (m = 1),
it is mecessary and sufficient that

det{V;(A,u;)} # 0, (10)

or, equivalently, that the eigensubspaces E, and Ej have bases {ud}, {VP},
biorthogonal with respect to the operator A;:

VO(Au?) =06

? J

(11)

ije
Theorem 2 is a generalization of a known result of Goursat (*) on resolvent
kernels corresponding to Fredholm equations.

Theorem 3. Let \j be an eigenvalue of rank n = 1 (with total multiplicity of
the pole m > 1); let u; be an eigenvector of the operator A, ) = Ay; and let
V) be an eigenfunctional of the adjoint operator A’{AO). Then a necessary and
sufficient condition for A, to belong to the stability points is that

Vi(Asuy) # 0, (12)

where the index s is defined by the condition: V;(A,;) is the first functional,
not identically equal to zero, in the sequence*

Vl(Alf)’ VI(A2f)7"" ‘/I(Akf)v"' (13)
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In this case, the characteristic property distinguishing the A-stable solution u,
from the family of solutions of equation (2) for A = Ay and f € F{, ) is the
equality

Vildu,) =0. (14)

Proof. First of all, note that )\, is a stability point if and only if R_,f =0
(k=1,2,....,m) for every f € F, . But for this it is necessary and sufficient
that, for all f € F,

R, f= mek:‘/l(f) (k=1,2,.. ’m)’ (15)

where z,, ;. are certain fixed elements of the space F/. The sufficiency of such
representations of the operators R_, is obvious. The necessity can easily be
established by means of the equalities (5).

Suppose first that s =1, i.e.

Vi(Aif) # 0.

If, in addition, V; (A u,) # 0, then, by Theorems 1 and 2, A, is a stability point
and the A-stable solution satisfies condition (14) for s = 1. Now let V; (4 u,) =0
and, consequently (by Theorem 2), m > 1. Then (see (7)) R_,,f = yu, Vi (f)

(v #0) and

Rferl(I —Ap)f = yu Vi (A f),

and, since V) (A, f) # 0, R_,,,, is not representable in the form (15), and thus
Ao is not a stability point.

Consider the case s > 1. Then m > 1 and

R, if=2zVi(f) [1<j<p=min{s,m}] (16)
Indeed,
(I —Ag)R_, 1 f=7Auy - Vi(f),
whence
R_af=uwV(f)+xVi(f) (VeEE", z €E).
But

sovietrxiv.org/items/ru-195801.86623 Machine Translation


https://sovietrxiv.org/items/ru-195801.86623

R (I = Ag) f =yu, Vi(ALf) =0,
therefore V' = aV] (« is a scalar), and representation (16) for j = 1 holds.
Similarly, if g > 2, then

(I —Ag)R_, o f = vAquy - VI(f) + Az - Vi(f) = 25 - VI(f),

R_ oI —Ag)f =quy - Vi(Asf) + 21 - V(A f) =0,

whence it follows that (16) is also valid for j = 2, and so on.

* Tt is easy to see that such an index s always exists: if, for all k = 1,2, ... and
every f € E, Vi(Ag;) = 0, then in some disk |A — A\g| < p one would have
Vi(Anf) = Vi(Ap,)f) = Vi(f), which is impossible, since the spectrum of the
operator A, is discrete.

We shall now show that m > s and, consequently, u = s. If it were the case
that m < s, then from (6) and (16) it would follow that

Ry(I — Ag)uy = uy + Z R_jAjuy =uy + Z Zp Vi (Ajug) = uy,
=1 =

which is impossible, since (I — Ag)u; = 0. Thus, m > s.

If m = s, then

m—1
0=Ro(I —Ag)uy =u; + Z ZmV1(Ajuy) + R A uy

—m m
=1

= ul{l + ’YVI (Amul)}y

whence

FYVI(Amul) = 7‘/1(145”1) = _17

ie. Vi(Aguy) #0.

If, however, m > s, then

=

S—

0=R_, (I —Au, = R A

MH.
(=)
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s—1

= quy Vi (Aguq) + Z 2;Vi(Ag_juy) = yuy Vi (Aguy),

Jj=1

and thus V; (A u,) = 0.

Thus, if V;(Agu;) # 0, then m = s; if V (A, uy) = 0, then m > s. In the first
case, as is seen from (16), A, is a point of stability. In the second case (m > s),

R—m+s(I —Ag)f = yu Vi (Agf) # 0.

Consequently, R_,, ., cannot be represented in the form (15), and A, is not a
point of stability. Further, if m = s, then, obviously,

Ung) = Ryf (fe Fy\,).

Moreover, from (5) it follows that

2s s—1
(I—Ag)R,f=> AR, ;f=> AR f+AR (f€F,),
: -

j=1 J
whence
s—1
Vi(ARyf) = Vi((I = AR, f) =Y Vi(AR_;f) =0 (f€Fy).
J=1

Thus, V;(Au,,)) = 0, and, since V; (A u;) # 0, this condition uniquely singles
out the A-stable solution u, ) from the one-parameter family of solutions, which
completes the proof of the theorem.
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