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Abstract

Full Text
MATHEMATICS
A. F. ZOLIN

ON THE APPROXIMATE SOLUTION OF THE
POLYHARMONIC PROBLEM

(Presented by Academician S. L. Sobolev on 5 VI 1958)
In the present note the principal boundary-value problem for the equation
p! o*U
APU = — ———= = 0. 1
N ;) , B! Ox229y?8 1)

a+pB=p

is solved approximately.

The function U, therefore, must, in addition to (1), satisfy the conditions

ou or-u
U|F:f0<5)7 Erzfl(s)a"w Wrzfp_l(s)’ (2)
where fo, fi,..., f,_1 are prescribed continuous functions on the boundary I' of

the given simply connected domain €2; v is the direction of the outward normal
toT.

This problem was studied from the point of view of existence, uniqueness, and
possible methods of its solution by S. L. Sobolev (under very general assump-
tions concerning the domain and its boundary) (1), and also by I. N. Vekua (?),
N. Meiman (?), and others.

We shall assume that the boundary I' consists of a finite number of piecewise-
smooth curves.

In what follows it will be more convenient for us to deal with the following
boundary conditions

for p even for p odd
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Here g, ¢y, ..., ¢, 1 are certain continuous functions that can be expressed
in terms of the functions fy, fi,..., f,_1, and the square brackets denote the
greatest integer part of a number. It is easy to verify that conditions (2) and
(27) are equivalent in the sense that a function U satisfying one set of conditions
satisfies the other, and conversely.

Following the general idea of the least-squares method (*), in this note approx-
imate solutions of the problem are constructed in such a way that they satisfy
equation (1) exactly and satisfy the conditions (2”) approximately, i.e., a method
is indicated for constructing a sequence of polyharmonic functions converging
in  to the exact solution of the problem under consideration.

Naturally, as a system of approximating functions one should take functions that
are simplest in form. Therefore, as such functions we shall take polyharmonic
polynomials, which we write, with the aid of polar coordinates, in the form

Uy, = E P2+ (a;jcos jO + b;;sin jO) . (3)
i=1,p
7=0,n

Let us consider the set of all regular () polyharmonic functions defined in €,
and turn it into a Hilbert space by defining the scalar product as follows:

(23] k k
OARU dARV
— ’ k k
(U, V) = kE:O /F<A UAMY + == ) ds, (4)

where the prime means that, in the case of odd p, the last term is absent. It is
not difficult to verify that expression (4) satisfies the axioms of a scalar product.
The metric in which we shall carry out the approximation will be defined by
means of the norm, which therefore takes the form
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ds. (5)
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We first note the following fact.

Lemma. The polyharmonic polynomials (3), considered in Q, are everywhere
dense in the space E together with their partial and mized derivatives of arbitrary
order.

This proposition can be proved by using the Chebyshev metric. It will then
obviously follow that it is also true in the metric defined by the norm (5).

The proof of the lemma follows from the representation of an arbitrary polyhar-
monic function in Almansi’ s form

p—1
U= Z pini7
i=0

where the U, are certain harmonic functions, and from the fact that any regular
harmonic function can be approximated uniformly without bound by harmonic
polynomials, and its derivatives by the corresponding derivatives of the same
harmonic polynomials. The latter circumstance is a consequence of Walsh’s gen-
eralized theorem, which establishes the fundamental possibility of simultaneous
approximation, by polynomials in a complex variable and by their correspond-
ing derivatives, of functions of a complex variable analytic in €2, continuous in

Q, and of their derivatives.

Corollary. From the lemma there follows the closedness of the polynomials (3),
together with their expressions (2’), in the mean on I'" in the space of functions
continuous on I', as well as their closedness in {2 in the sense of our metric and
in E.

As an approximate solution of the problem we take a polynomial U,,,, of the form
(3) which minimizes |U —u,,,|*. We note that this minimum is in principle easily
realized. By the lemma and its corollary, the polynomial U, converges in the
mean, together with its expressions (2”), on the boundary I to the corresponding
boundary functions.

Theorem. At any interior point of the domain (2, the polynomials U,,, converge

in the ordinary sense, in any closed domain D lying inside €, uniformly to the
exact solution of the problem under consideration as n increases without bound.

Apply to the difference U — U,,, the formula expressing the value of a polyhar-
monic function inside a domain in terms of its boundary values (2’) and the
polyharmonic Green function (%°)

sovietrxiv.org/items/ru-195801.84843 Machine Translation


https://sovietrxiv.org/items/ru-195801.84843

OAP—F-1q 8A’f(U Upn)
v v

ARU - U,,)

qu

It follows that
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The functions
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are continuous and, consequently, bounded in D. The constant coefficients
multiplying these functions in (6) tend to zero as n increases, which proves the
theorem.
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