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Abstract
Full Text

MATHEMATICS
G. V. ZHIDKOV

BOUNDARY PROPERTIES OF DIFFEREN-
TIABLE AND HARMONIC FUNCTIONS IN
DOMAINS WITH ANGULAR POINTS
(Presented by Academician S. L. Sobolev, 27 VI 1957)

Consider in space a conical domain 𝐺, formed by rotating the ray 𝑟 about the
axis 𝑥. Rectangular coordinates are related to spherical ones by the relations

𝑧 = 𝑟 sin 𝜃 sin𝜑, 𝑦 = 𝑟 sin 𝜃 cos𝜑, 𝑥 = 𝑟 cos 𝜃,

0 < 𝑟 < ∞, 0 < 𝜃 ≤ 𝜋, 0 < 𝜑 ≤ 2𝜋.

On the boundary Γ of the domain 𝐺 a function is given,

𝜓(𝜌, 𝜑) = 1√𝑟𝑓(𝜌, 𝜑), 𝑟 = 𝑒𝜌.

Let us construct a harmonic function 𝑉 (𝜌, 𝜑, 𝜃) inside the domain 𝐺. The
Dirichlet integral in the coordinates (𝜌, 𝜑, 𝜃) for the function 𝑉 (𝜌, 𝜑, 𝜃) has the
form

𝐷[𝑉 ] = ∭
𝐺

[(𝜕𝑉
𝜕𝜌 )

2
+ 1

sin2 𝜃
(𝜕𝑉

𝜕𝜑 )
2

+ (𝜕𝑉
𝜕𝜃 )

2
] 𝑒𝜌 sin 𝜃 𝑑𝜌 𝑑𝜑 𝑑𝜃.

If the domain 𝐺 is a cone bounded by two concentric spheres of radii 𝑟 = 1 and
𝑟 = 𝑒, then the harmonic function has the form

𝑉 (𝜌, 𝜑, 𝜃) = 1√𝑒𝜌

∞
∑
𝑘=0

∞
∑
𝑚=0

sin 𝑘𝜋𝜌 [𝐴𝑘𝑚 cos𝑚𝜑 + 𝐵𝑘𝑚 sin𝑚𝜑] 𝐾𝑚
𝑘 (cos 𝜃)

𝐾𝑚
𝑘 (cos 𝜃0) , (1)

where 0 ≤ 𝜌 ≤ 1, 0 < 𝜃 ≤ 𝜃0, 0 < 𝜑 ≤ 2𝜋; 𝐾𝑚
𝑘 (cos 𝜃) are conical functions (*).

𝐴𝑘𝑚 and 𝐵𝑘𝑚 are the Fourier coefficients of the function
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𝑓(𝜌, 𝜑) ∼
∞

∑
𝑘=0

∞
∑
𝑚=0

sin 𝑘𝜋𝜌 [𝐴𝑘𝑚 cos𝑚𝜑 + 𝐵𝑘𝑚 sin𝑚𝜑] .

In the case where the domain 𝐺 is a full cone with vertex at the origin, symmetric
with respect to the axis 𝑥, the harmonic function 𝑉 (𝜌, 𝜑, 𝜃) is representable by
the expression

𝑉 (𝜌, 𝜑, 𝜃) = 1
2𝜋√𝑒𝜌

∞
∑
𝑚=0

∫
∞

−∞
∫

∞

−∞
cos 𝑘(𝜌 − 𝜌′) [𝑎𝑚(𝜌′) cos𝑚𝜑+

+ 𝑏𝑚(𝜌′) sin𝑚𝜑] 𝐾𝑚
𝑘 (cos 𝜃)

𝐾𝑚
𝑘 (cos 𝜃0) 𝑑𝑘 𝑑𝜌′. (2)

where −∞ < 𝜌 < ∞; 0 < 𝜃 < 𝜃0; 0 < 𝜑 < 2𝜋. Let 𝐴𝑚(𝑘) and 𝐵𝑚(𝑘) denote
the Fourier transforms of the coefficients 𝑎𝑚(𝜌) and 𝑏𝑚(𝜌) of the function

𝑓(𝜌, 𝜑) ∼
∞

∑
𝑚=0

{𝑎𝑚(𝜌) cos𝑚𝜑 + 𝑏𝑚(𝜌) sin𝑚𝜑}.

Theorem 1. If a function 𝑉 (𝜌, 𝜑, 𝜃), harmonic in the domain 𝐺, satisfies the
conditions:

1) ∬
Γ

|𝑉 (𝜌, 𝜑, 𝜃)|2 𝑑Γ ⩽ 𝑁 for all 𝜃 < 𝜃0;

2) 𝐷[𝑉 ] < ∞,

then there exists a boundary function 𝜓(𝜌, 𝜑), summable in 𝐿2, for which

lim
𝜃→𝜃0

∬
Γ

|𝑉 (𝜌, 𝜑, 𝜃) − 𝜓(𝜌, 𝜑)|2 𝑑Γ = 0

and the condition

∬
Γ

|𝜓(𝜌 + ℎ1, 𝜑 + ℎ2) − 𝜓(𝜌 − ℎ1, 𝜑 − ℎ2)|2 𝑑Γ ⩽ 𝑀
2

∑
𝑘=1

ℎ1+𝜀
𝑘

is fulfilled, where Γ is the boundary of the domain 𝐺; 𝜀 = 0; 𝑀 is a constant
independent of ℎ𝑘.

Theorem 2. If the boundary function 𝜓(𝜌, 𝜑) is summable in 𝐿2 and satisfies
the condition
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∬
Γ

|𝜓(𝜌 + ℎ1, 𝜑 + ℎ2) − 𝜓(𝜌 − ℎ1, 𝜑 − ℎ2)|2 𝑑Γ ⩽ 𝑀
2

∑
𝑘=1

ℎ1+𝜀
𝑘 , (3)

where 𝜀 > 0, then the harmonic function in the domain 𝐺 corresponding to it
has the following properties:

1) 𝑉 (𝜌, 𝜑, 𝜃) is harmonic in 𝐺 for 𝜃 < 𝜃0;

2) ∬
Γ

|𝑉 (𝜌, 𝜑, 𝜃)|2 𝑑Γ ⩽ 𝑁 for 𝜃 < 𝜃0;

3) lim
𝜃→𝜃0

∬
Γ

|𝑉 (𝜌, 𝜑, 𝜃) − 𝜓(𝜌, 𝜑)|2 𝑑Γ = 0;

4) 𝐷[𝑉 ] < ∞.

Theorem 3. If the boundary function 𝜓(𝜌, 𝜑) is summable in 𝐿2 and satisfies
the condition

∬
Γ

|𝜓(𝜌 + ℎ1, 𝜑 + ℎ2) − 𝜓(𝜌 − ℎ1, 𝜑 − ℎ2)|2 𝑑Γ ⩽ 𝑀1
2

∑
𝑘=1

ℎ2𝛼
𝑘 ,

then, for the corresponding harmonic function 𝑉 (𝜌, 𝜑, 𝜃) in the domain 𝐺,

∭
𝐺

|𝑉 (𝜌 + ℎ1, 𝜑 + ℎ2, 𝜃 + ℎ3) − 𝑉 (𝜌 − ℎ1, 𝜑 − ℎ2, 𝜃 − ℎ3)|2 𝑑𝐺 ⩽ 𝑀2

3
∑
𝑘=1

ℎ2𝛼+1
𝑘 ,

where 𝑀1 and 𝑀2 are constants independent of ℎ𝑘.

In the proof of Theorems 1 and 2 it is shown that, if 𝑉 (𝜌, 𝜑, 𝜃) is representable
by expression (1), then the finiteness of 𝐷[𝑉 ] is equivalent to the convergence
of the series

∞
∑
𝑘=1

∞
∑
𝑚=1

(𝑘 + 𝑚)(𝐴2
𝑘𝑚 + 𝐵2

𝑘𝑚). (4)

From condition (3) of Theorem 2, the convergence of the series (4) is proved. If
𝑉 (𝜌, 𝜑, 𝜃) is represented by formula (2), then the finiteness of 𝐷[𝑉 ] is equivalent
to the convergence of the series
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∞
∑
𝑚=0

∫
∞

−∞
(𝑚 + 𝑘)′ [𝐴2

𝑚(𝑘) + 𝐵2
𝑚(𝑘)] 𝑑𝑘. (5)

It is shown that, from condition (3) of Theorem 2, in this case the convergence
of the series (5) follows.

In the proof of Theorem 3, the idea of the proof of a theorem of S. N. Bernstein
(4) is used.

Consider the domain 𝐺 ∶ 0 ≤ 𝑥, 𝑦, 𝑧 ≤ 𝜋. A function 𝑓(𝑥, 𝑦, 𝑧) ∈ 𝐻𝑟
𝑃 (𝐺)

induces on the boundary Γ of the domain 𝐺 the function 𝑓|Γ = 𝜑. In this case
the following theorems are proved:

Theorem 4. If 0 < 𝑟−1/𝑃 < 1 and the function 𝑓 belongs to the class 𝐻𝑟
𝑃 (𝐺),

then the boundary function 𝜑 ∈ 𝐻𝑟−1/𝑃
𝑃 (𝑀), where 𝑀 < 𝐶‖𝑓‖𝑟

𝐿𝑃 (𝐺); 𝐶 is a
constant independent of ‖𝑓‖𝑟

𝐿𝑃 (𝐺).

Theorem 5. If 0 < 𝑟 − 1/𝑃 < 1 and on the boundary Γ a function 𝜑 is given
which belongs to the class 𝐻𝑟−1/𝑃

𝑃 (𝑀), then there exists a function 𝑓 of the
class 𝐻𝑟

𝑃 (𝐺), defined in the domain 𝐺, such that 𝑓|Γ = 𝜑,

‖𝑓‖𝑟
𝐿𝑃 (𝐺) < 𝐶‖𝜑‖𝑟

𝐿𝑃 (Γ).

Under the imposition of a continuity condition on the even derivatives of the
function 𝜑 at the corner points, Theorems 4 and 5 are proved in the case 𝑟 −
1/𝑃 > 1∗.

Moscow State University
named after M. V. Lomonosov
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* For the definition of 𝐻𝑟
𝑃 (𝐺), ‖𝑓‖𝑟

𝐿𝑃 (𝐺), ‖𝜑‖𝑟
𝐿𝑃 (Γ), see (3).

Note: Figure translations are in progress. See original paper for figures.
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