Soviet-era science, translated into English

Mathematics

1958

SovietRxiv

View the original and related papers at https://sovietrxiv.org/items/ru-195801.82144

Source: Math-Net.Ru and CyberLeninka. Machine translation. Verify with the original.


https://sovietrxiv.org/items/ru-195801.82144

Abstract
Full Text

Mathematics

Ya. L. Kreinin

On Perfect Compact Kernels of Sets Effectively Distinct
from All ®-Sets

(Presented by Academician S. L. Sobolev on 5 VII 1957)

A number of fundamental problems of descriptive set theory are known, whose
investigation has led to the boundaries of applicability of set-theoretic principles.
Among these problems we shall point to the continuum problem and to the
problem of the existence of a perfect compact kernel in projective sets.

With regard to the first of these problems, K. Godel proved that Cantor’ s
continuum hypothesis does not contradict the system of axioms of set theory.
As for the second problem, as P. S. Novikov showed, the assertion of the existence
of a perfect compact kernel in projective sets is not derivable logically from
set-theoretic principles. But since the question of the opposite assertions has
not been resolved, N. N. Luzin’ s supposition on the unsolvability of the above-
mentioned problems of descriptive set theory has not yet been confirmed.

In this state of affairs it is of interest to consider the same problems of descrip-
tive set theory in a formulation restricted by means of the notion of effective
distinction, due to P. S. Novikov (173). P. S. Novikov proved that the contin-
uum problem in its effectively restricted formulation is resolved in the direction
of confirming Cantor’ s hypothesis. But, as shown in (®) and in the present pa-
per, the proposition on the existence of a perfect compact kernel in the sets T,
effectively distinct from projective sets, is derivable from set-theoretic principles.

Here we consider this result for a very general class of §s-operations ®, which
includes all operations yielding B-sets, C-sets, and projective sets of each given
class (in item 1 beginning with F_, and in item 2 beginning with F_5). At the
same time it is not even required that T3 be the complement of some P-set.
Moreover, the complements CTy also contain perfect compact kernels. The
exposition is based on § 4 of (3).

1°. By @ in this item is meant an arbitrary ds-operation possessing the following
property (7): whatever the number ny may be, there exists such a (finite or
infinite) chain {ny,n,, ...} of operations ® that

R is an arbitrary metric space in which there exist sets effectively distinct from
all ®-sets (3, §6).
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Theorem 1. Let the set T (T C R) be effectively distinct from all ®-sets of the
space R. Whatever the ®-set M may be, M C T, there exists a discontinuum
D which is contained in T and does not meet M: D C T -(R— M).

Proof. Let M - Z = My = ®{F°}, where {F?} € II*(Z), and let
V{F%} = z.
Then
Denoting
F? + (zo) = F! and v{F!} = z,, we obtain ®{F}} = ®{F?} + (z,) C T,
zy €T-CO{FL}, o # z4.
Surround the points z, and z; by such e-neighborhoods, respectively S, and 5,

that e < 1/2 and S, - S; = 0. From the continuity of v on IIt(Z) there follows
the existence of a number ¢; such that

V{F Q1 Qo @} E S,

(t; = 0,1), whatever the point {Q,,} € IIt(Z). We next introduce the notation:

.0 10 t t, t,0 t,0 t,0 B
F' =F0, vF, . Fy F L FY L EYO L =,

1 g 20

t11 _ 0 t t optil gl t1 _
Fptt = Fot 4 (zy,0), VIFY e By Byl Byl Pl =1y

Hence, by virtue of the property of the function v and the property (7) of the
operation ®, we obtain:

t, t, -ty t,1 1
€T CO{F . Fyl oy Forly, o Ft

t, t, gl t,1 t,1
0 € O{FY L Fy Fuy Fylly, o Pt

Ty 0 # Ty1- This makes it possible to surround z; o and z, ; by such e-
neighborhoods, respectively S, o and S, ;, that

Stth - St17 Etlo ‘§t11 - 0, e< 1/4.

Suppose now that for m > 2: 1) integers qq, ¢y, --- , ¢,_1 have been constructed,
with ¢ =0 < ¢; <+ < ¢,,,_1; 2) for each of the tuples

ty, titgy s tyte ity (ty,ty, sty = 0;1)

closed sets

t t,t ty...t,
Fiv, Fifz  Flvim (n=1,2,.)

have been constructed, with F,? C F,tll"'t’” and

byt q tyotpq . byt it
7"~’qu,2+1 sy Bl ’qu,ﬁlv"'an

1 t1 potits ty1ty
(I){Fl ,...,Fql,F ...,Fq2

e o} CT,
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3) the points

_ ty ty. ptits tita . prtyeetog tyotno1 . pitietim ty...
Ty 4 = v{F\*, ..., Fgl; Fq1+1’ N quf?ﬂ e Byl ,FanH, e, By

are distinct for distinct tuples ¢t,...¢,,; 4) the points z, , , are surrounded
by e-neighborhoods S, , , , where e < (1/2)", and the closures of these neigh-
borhoods are pairwise disjoint.

From the continuity of v on II¢{(Z) there follows the existence of a number
qm7 qm > qm717 SuCh that

t t byt tyot
PAFL o by F i F Q1 Qg Q) € S, o
whatever the point {Q,,} € ITIt(2).

Introduce the notation:

tq...t,,0 ty...t,,—10
Fnl m :Fnl m :

t) t, . byt byt . oty ety 0 ty ot 0 _ .
v{F}| sy B e s BT T FQ U F e = Ty 4, 0}

tyotml byt 0 )
Fy =In + <'Tt1...tm0>7

V{F'fl7 ...,F;117...;F;;:f$1, ""F;},{"tm;F;;f{"I, ._.7F7tll<..tm1’ )= o
It is easy to see that
Tty bty © T- Stl...tmtmﬂ, FY C Ffll"'tm"'l;
xtln.tml & E, Whlle
Ty b0 € Q{Ffla ) Fgf y s F;;j:th ) F;i;"tm5 F;;;:rtfnl7 . F:Ll”'tml, }7

Lty.t,,0 a Ly ot 1

We construct such e-neighborhoods S, , qand S, ; 1,¢< (1/2)™*1 respec-
tively of the points z, , o and @, , ;, that

Stl...tmtm+1 c Stl...tmv Stl..t

4,0 " Stl...t 1 =0.
The inductively described process gives us, for any k, points Ty .4, their e-

neighborhoods S, , , and closed sets Fyt ",
1tk

any sequence ty,tq,..., ¢, ...

Their properties show that for

o0

< - t, t, gty ety tyoty ptyetpgn oty
[1Se, o, = vAF o Byl Byt gl B Pyl Ly
k=1

and that, consequently, the set

D= Z H §t1~"tk

tity. by k=1
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is a discontinuum, with D C T'- CM. The theorem is proved.

2°. Here, by ® will be meant a {s-operation all of whose chains are infi-
nite and which has the following property (w): whatever sequences of sets

{Q,1}s {Qa}ts s {Q i}, --- may be, one has
(I){q)l{le}a (I)I{QmQ}? ] (bl{ka}a } = (I){le QZ, ceey Qn’ }7

where the sequence {Q,Qq, ..., Q,,, ...} is obtained as a result

arrangement of the sequences of sets {Q,,1},{@ma}, s {Qmp}ts - into one se-
quence of the same sets with the aid of some one-to-one mapping n = p(mk)
of the collection of all pairs (mk) of natural numbers onto the natural series
{n}. By ®, is denoted the operation of countable summation. We shall use the
following notation:

(b{{le}? {Qm2}7 ) {ka}7 } = ¢{¢1{Qm1}7 Q)I{QmQL e (I)l{ka}v }a
it Q.1 € F(Z), then

v{{Q,1} s {Qm}, -} =1{Q1,Qq, ..., Q,,, -}

R will denote in this subsection a metric space in which the difference of two
closed sets is an F-set (for example, R is a space with a countable base). It
follows from this that, subtracting from the F-set ®;{F°} of the space R a
closed set F', we obtain an F -set:

‘I)l{Fg} —F= ‘I)l{Fﬁ}

Theorem 2. If a set T of the space R is effectively distinct from all ®-sets of
this space, then every ®-set N containing T contains within itself a discontinuum
D which does not intersect T: D C N-(R—T).

Let T-Z =Y, N-Z = Ny = ®{F°}, where {F?} € II,(Z). The set Y is
effectively distinct from all ®-sets of the space Z ((3), p. 136). With the aid of
the mapping ¢(mk) = n, represent ®{F?, ..., F?,...} in the form

TR 2SI S D JC T ¢
introduce the notation:
V{{FreLl}’ ) {Fng}’ } = Ty,
O {F) ) —(xo) = 2 {Fpls  v{Fmts o At ) =y

The further construction of the proof presents no difficulty and is carried out
analogously to paragraph 1°. The difference in the construction of the points
Ty, ot consists only in the fact that, instead of the equality

ty..t,0

byt 5
F = Fy + <33t1...tp0> (p-1°)
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there is the equality

ty.tyl

ty..t,0
O {F T =0 ) - <xt1...tp0>‘

At the end of the construction we arrive at the desired discontinuum

o) 00
D= E H Stlmtpv
ty,tg.ty... p=1

all of whose points are points of the form

ty..tp byt

VU Yo AP VAP Yo AF2 Y s T e (P s )

3°. Considering that ® is an arbitrary ds-operation, suppose that T (T' C R) is
effectively distinct from all ®-sets of the space R. Let K be the image of the
set I1,(Z) under the mapping v, and suppose that it coincides with the image
of the whole set Il (R) under the same mapping.

It can be proved that the set T - K + L, where L is an arbitrary set of the
space R not intersecting K, is effectively distinct from all ®-sets of the space
R. From this follows the following proposition on the general type of properties
generated by effective distinction. Denote by T' a set effectively distinct from
all ®-sets, by II a universal proposition, and by 3 an existence proposition.

Theorem 3. In order that the property a be inherent in every set effectively
distinct from all ®-sets, it is necessary and sufficient that the condition

H Z H (T - K + L has property «)
T

KCR LCR—K
be fulfilled. If R is a Fuclidean space, then K is compact.

It follows from this theorem that measurability and Baire’ s property do not
belong to the general type of properties generated by effective distinction.
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