
Soviet-era science, translated into English

PHYSICS
A. N. TAVKHELIDZE and V. K. FEDYANIN

1958

SovietRxiv

View the original and related papers at https://sovietrxiv.org/items/ru-195801.81601

Source: Math-Net.Ru and CyberLeninka. Machine translation. Verify with the original.

https://sovietrxiv.org/items/ru-195801.81601


Abstract
Full Text
PHYSICS

A. N. TAVKHELIDZE and V. K. FEDYANIN

APPROXIMATE EQUATIONS FOR THE AM-
PLITUDE OF PHOTON SCATTERING ON
NUCLEONS
(Presented by Academician N. N. Bogolyubov, 20 XI 1957)

The study of the process of photon scattering on nucleons can yield important
information about the mesonic structure of the nucleon. In the present work,
on the basis of dispersion relations for Compton scattering (1), approximate
equations have been obtained for the physical amplitudes.*

1. Kinematic study of the amplitude
Let us denote the initial momenta of the nucleon and photon by 𝑝 and 𝑘, and
the final ones by 𝑝′ and 𝑘′. From the vectors 𝑝 and 𝑘, 𝑝′ and 𝑘′, taking into
account the conservation laws for energy-momentum 𝑝 + 𝑘 = 𝑝′ + 𝑘′, one can
construct two independent scalar products 𝜈 and 𝜈1:**

𝜈 = (𝑝 + 𝑝′) ⋅ 𝑘, 𝜈1 = 𝑘 ⋅ 𝑘′. (1)

From the relativistic invariance of the process, the amplitude can be represented
in the form

𝑅̂ = ∑
𝑖

3
∑

𝜈,𝜇=0
Ω𝑖(𝜈, 𝜈1) 𝑢̄(𝑝′) 𝑅̂ 𝑖

𝜇𝜈 𝑢(𝑝) 𝑒′
𝜇𝑒𝜈, (2)

where 𝑒𝜈, 𝑒′
𝜇 are the polarization vectors of the initial and final photon; 𝑢̄(𝑝′),

𝑢(𝑝) are spinors characterizing the nucleon in the final and initial states;
Ω𝑖(𝜈, 𝜈1) are invariant functions possessing only an isotopic structure; 𝑅̂ 𝑖

𝜇𝜈 are
operators containing the spin structure of the amplitude of the process. The
summation is over all independent structures.

From the conditions of relativistic and gauge invariance one can find the number
of independent structures 𝑅̂ 𝑖

𝜇𝜈 and obtain their explicit expression (3). In the
case of a pseudoscalar meson field the number of independent structures is equal
to 10. If one takes into account the invariance of the amplitude with respect
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to time reversal, this number is reduced to 6. As 6 independent structures we
choose the following expressions (𝑅̂𝑖 = ∑𝜇,𝜈 𝑒′

𝜇𝑅̂ 𝑖
𝜇𝜈𝑒𝜈):

𝑅̂1 = 1
𝑝 ⋅ 𝑘 𝑝 ⋅ 𝑘′ {𝑒 ⋅ 𝑒′ 𝑝 ⋅ 𝑘 𝑝 ⋅ 𝑘′ + (𝑒 ⋅ 𝑝′ 𝑒′ ⋅ 𝑝 𝑝 ⋅ 𝑘 − 𝑒′ ⋅ 𝑝′ 𝑒 ⋅ 𝑝 𝑝′ ⋅ 𝑘)} ;

𝑅̂2 = (𝑘 ⋅ 𝑘′)1/2

𝑝 ⋅ 𝑘 𝑝 ⋅ 𝑘′ { ̂𝑒′ (𝑒 ⋅ 𝑝′ 𝑝 ⋅ 𝑘 − 𝑒 ⋅ 𝑝 𝑝′ ⋅ 𝑘) + ̂𝑒 (𝑒′ ⋅ 𝑝 𝑝′ ⋅ 𝑘′ − 𝑒′ ⋅ 𝑝′ 𝑝 ⋅ 𝑘′)} ;

𝑅̂3 = 1
(𝑘 ⋅ 𝑘′)1/2 { ̂𝑒′ (𝑘̂ + 𝑘̂′) ̂𝑒 − ̂𝑒 (𝑘̂ + 𝑘̂′) ̂𝑒′} ;

𝑅̂4 = 1
𝑝 ⋅ 𝑘 𝑝 ⋅ 𝑘′ { ̂𝑒′ ⋅ 𝑘̂′ (𝑒 ⋅ 𝑝′ 𝑝 ⋅ 𝑘 − 𝑒 ⋅ 𝑝 𝑝′ ⋅ 𝑘) + ̂𝑒 𝑘̂ (𝑒′ ⋅ 𝑝′ 𝑝 ⋅ 𝑘′ − 𝑒′ ⋅ 𝑝 𝑝′ ⋅ 𝑘′)} ;

* Many interesting relations for Compton scattering are contained in the works
(2).
** In the system 𝑝 + 𝑝′ = 0, the photon energy is 𝐸 = 𝜈/2𝑝0, and the recoil
momentum is p2 = 𝜈1/2.

𝑅̂5 = (𝑘 ⋅ 𝑘′)1/2

𝑝 ⋅ 𝑘 𝑝 ⋅ 𝑘′ { ̂𝑒′(𝑘̂ + 𝑘̂′) ̂𝑒 𝑝 ⋅ 𝑘′ + ̂𝑒(𝑘̂ + 𝑘̂′) ̂𝑒′ 𝑝 ⋅ 𝑘} − 2𝑅̂2;

𝑅̂6 = (𝑘 ⋅ 𝑘′)−1/2

𝑝 ⋅ 𝑘 𝑝 ⋅ 𝑘′ {2(𝑘̂ + 𝑘̂′)(𝑒 ⋅ 𝑝′ 𝑒′ ⋅ 𝑝 𝑝 ⋅ 𝑘 + 𝑒′ ⋅ 𝑝′ 𝑒 ⋅ 𝑝 𝑝 ⋅ 𝑘′)

−2𝑝 ⋅ 𝑘 𝑝′ ⋅ 𝑘[ ̂𝑒′(𝑒 ⋅ 𝑝′ + 𝑒 ⋅ 𝑝) + ̂𝑒(𝑒′ ⋅ 𝑝 + 𝑒′ ⋅ 𝑝′)]} + 𝑅̂3;

𝑎 ⋅ 𝑏 = 𝑎0𝑏0 − ab, ̂𝑎 = 𝑎0𝛾0 − a𝛾. (3)

The isotopic dependence of Ω𝑖 is obvious:

Ω𝑖 = Ω1
𝑖 + Ω2

𝑖 𝜏3 = Ω(𝑝)
𝑖

1 + 𝜏3
2 + Ω(𝑛)

𝑖
1 − 𝜏3

2 , (4)

where Ω(𝑝)
𝑖 describes scattering on a proton, and Ω(𝑛)

𝑖 , scattering on a neutron.

Let us establish certain symmetry properties of the functions Ω𝑖(𝜈, 𝜈1). With
the aid of the 𝑆-matrix formalism, the matrix element of Compton scattering
can be written in the form 1
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⟨𝛾′|𝑠|𝛾⟩ = 𝑖
√4𝑘0𝑘′

0
∫ 𝑒𝑖(𝑘′𝑥−𝑘𝑦) ⟨Φ𝑝′ ∣ 𝛿𝑗𝜈(𝑦)

𝛿𝐴𝜇(𝑥) ∣ Φ𝑝⟩ 𝑑𝑥 𝑑𝑦, (5)

⟨𝛾′|𝑠|𝛾⟩ = 𝑖 (2𝜋)4

√4𝑘0𝑘′
0

𝛿(𝑝 + 𝑘 − 𝑝′ − 𝑘′) 𝑅,

where 𝐴𝜇(𝑥) is the electromagnetic-field operator; 𝑗𝜇(𝑥) = −𝑖 𝛿𝑆
𝛿𝐴𝜇(𝑥)𝑆+; |Φ𝑝⟩

is the state vector of the nucleon.

From (5) one can establish that

𝑅(𝑝, 𝑘, 𝑝′, 𝑘′) = 𝑅∗(𝑝′, −𝑘, 𝑝, −𝑘′). (6)

Substituting (3) into (2) and taking (6) into account, we obtain the following
important property of Ω𝑖(𝜈, 𝜈1):

Ω𝑖(𝜈, 𝜈1) = Ω∗
𝑖 (−𝜈, 𝜈1), (7)

or

ReΩ𝑖(𝜈, 𝜈1) = ReΩ𝑖(−𝜈, 𝜈1), ImΩ𝑖(𝜈, 𝜈1) = − ImΩ𝑖(−𝜈, 𝜈1).

2. Dispersion relations for the relativistic amplitudes Ω𝑖. Using the
analyticity property of the amplitude 𝑅 in the upper half-plane of the variable
𝜈 4, we have

ReΩ𝑖(𝜈, 𝜈1) = 1
𝜋 𝑃 ∫

∞

−∞

ImΩ𝑖(𝜈′, 𝜈1)
𝜈′ − 𝜈 𝑑𝜈′. (8)

The region of negative 𝜈 in (8) can be eliminated with the aid of (7). The
method of excluding the region 0 < 𝜈 < 2𝑀𝜇 + 𝜇2 − 𝜈1 for the amplitude 𝑅
is given in work 1. In this region the Hermitian part of the amplitude 𝑅, 𝐷, is
written in the form

𝐷 = ∑
𝑖

𝑢̄(𝑝′)𝑅̂𝑖𝑢(𝑝)Ω0
𝑖 = −𝑢̄(𝑝′){4(𝜇2𝑀 + 𝜇𝜀𝑝)𝑅̂1+

+(2𝜇2𝑀 + 𝜇𝜀𝑝)𝑅̂′
4 + 1

4𝜈1/2
1

(2 ̂𝜇𝑀 + 𝑒𝜏𝑝)2𝑅̂5 + 𝜈1/2
1
2 𝜇2𝑅̂6}𝑢(𝑝),

𝜏𝑝 = 1 + 𝜏3
2 , 𝜏𝑛 = 1 − 𝜏3

2 , ̂𝜇 = 𝜇′
𝑝𝜏𝑝 + 𝜇′

𝑛𝜏𝑛, (9)
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where 𝜇′
𝑝 and 𝜇′

𝑛 are the anomalous magnetic moments of the proton and neu-
tron.

Taking (7) and (9) into account, expression (8) is written as follows:

ReΩ𝑖(𝜈, 𝜈1) = Ω0
𝑖 + 1

𝜋 𝑃 ∫
∞

2𝑀𝜇+𝜇2−𝜈1

( 1
𝜈′ − 𝜈 + 1

𝜈′ + 𝜈 ) ImΩ𝑖(𝜈′, 𝜈1) 𝑑𝜈′. (10)

3. Dispersion relations for physical amplitudes. The derivation of
dispersion relations for the relativistic amplitudes is an intermediate
stage. In order to obtain dispersion relations for the physical amplitudes
𝑀𝑖(𝜈, 𝜈1), we represent the Compton-scattering amplitude, expanded in
three-dimensional structures ̂𝑟𝑖 (all calculations below are carried out in
the center-of-mass system):

𝑅̂ =
6

∑
𝑖=1

𝑀𝑖(𝜈, 𝜈1) ̂𝑟𝑖, (11)

where

̂𝑟1 = 𝑖 [𝜎⃗(e × n) e′ ⋅n − 𝜎⃗(e′ × n′) e⋅n′] , ̂𝑟2 = e⋅n e′⋅n, ̂𝑟3 = 𝑖𝜎⃗(e′×n′)×(e×n),
̂𝑟4 = 𝑖𝜎⃗(n′ × n) e′⋅e, ̂𝑟5 = 𝑖𝜎⃗(e × e′), ̂𝑟6 = e⋅e′, n = k/|k|, n′ = k′/|k′|.

Substituting (3) into (2) and comparing with (11), we establish the relation
between 𝑀𝑖 and Ω𝑖:

𝑀𝑖(𝜈, 𝜈1) =
6

∑
𝑗=1

𝑐𝑖𝑗(𝜈, 𝜈1) Ω𝑗(𝜈, 𝜈1). (12)

One can also obtain the inverse relations:

Ω𝑖(𝜈, 𝜈1) =
6

∑
𝑗=1

𝑏𝑖𝑗(𝜈, 𝜈1) 𝑀𝑗(𝜈, 𝜈1). (13)

Taking into account (10), (12), and (13), one may write the dispersion relations
for the physical amplitudes 𝑀𝑖:

Re𝑀𝑖(𝜈, 𝜈1) = ∑
𝑗

𝑐𝑖𝑗(𝜈, 𝜈1) Ω0
𝑗+

+ ∑
𝑗,𝑘

1
𝜋 𝑃 ∫

∞

2𝑀𝜇+𝜇2−𝜈1

𝑑𝜈′ ( 1
𝜈′ − 𝜈 + 1

𝜈′ − −𝜈 ) 𝑐𝑖𝑗(𝜈, 𝜈1)𝑏𝑗𝑘(𝜈′, 𝜈1) Im𝑀𝑘. (14)
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Because of the unwieldiness of the matrices 𝑐𝑖𝑘, 𝑏𝑖𝑘, formulas (14) are not written
out explicitly. However, in the energy region where terms of order (𝑘0/𝑀)2

may be neglected, the matrices 𝑐𝑖𝑘 and 𝑏𝑖𝑘 are simplified, and, retaining the
leading terms of the expansion, we obtain approximate equations for the physical
amplitudes, which are not presented here for lack of space.

4. The unitarity condition. The dispersion relations (14) relate the Her-
mitian and anti-Hermitian parts of the reaction amplitude. The unitarity
condition 𝑆+𝑆 = 1, written in the one-meson approximation, allows us to
express the anti-Hermitian part of Compton scattering through photopro-
duction amplitudes. As a result, (14) acquire the meaning of equations.
From 𝑆+𝑆 = 1 and 𝑆 = 1 + 𝑅, in the one-meson approximation we have

⟨𝛾′|𝑅 + 𝑅+|𝛾⟩ = −⟨𝛾′|𝑅+|𝜋⟩⟨𝜋|𝑅|𝛾⟩; (15)

|𝜋⟩ characterizes the nucleon and meson in the intermediate state with momenta
𝑝″, 𝑞 and other quantum numbers.

Taking into account (5) and the definition of the photoproduction amplitude (5)

⟨𝜋|𝑅|𝛾⟩ = 𝑖 (2𝜋)4

√4𝑘0𝑞0
𝛿(𝑝 + 𝑘 − 𝑝″ − 𝑞) 𝑇 , (16)

where

𝑇 = 𝑖𝜎⃗⋅e 𝐹1 + 𝜎⃗⋅m 𝜎⃗(n × e) 𝐹2 + 𝑖𝜎⃗⋅n m⋅e 𝐹3 + 𝑖𝜎⃗⋅m m⋅e 𝐹4, m = q/|q|,

after simple calculations we obtain the relation between Im𝑀𝑖 and 𝐹𝑖:

Im𝑀2 = (4𝜋)−2𝜆 ∫ 𝑑Ω {𝑚𝑥
𝑛′𝑥

𝐹12 + 𝛽𝐹21 + 𝑚𝑥
𝑛′𝑥

𝐹13 + 𝛽𝐹31 − 𝐹22 + 𝑛2
𝑧′𝑚2

𝑦 − 𝑚2
𝑥

𝑛2
𝑧′

𝐹23+

+(𝛼𝑛𝑧 − 𝛽𝑚𝑧)𝐹32 + 𝛼 [𝐹14 + 𝐹41 + 𝑛′
𝑧𝐹33 + n′ ⋅m 𝐹34 + n⋅m 𝐹43 + 𝐹44]} ;

Im𝑀6 = (4𝜋)−2𝜆 ∫ 𝑑Ω {𝐹11 − n⋅m 𝐹12 − n′ ⋅m 𝐹21 + 𝑛′
𝑧𝐹22+
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+ 𝑚2
𝑦[𝐹14 + 𝐹41 + 𝑛′

𝑧𝐹23 + 𝑛′
𝑧𝐹32 + 𝑛′

𝑧𝐹33 n′ ⋅m 𝐹34 + n⋅m 𝐹43 + 𝐹44]};

𝑛2
𝑥′ Im𝑀1 − 𝑛′

𝑧 Im𝑀3 + Im𝑀5 = (4𝜋)−2𝜆 ∫ 𝑑Ω{−𝐹11 + n⋅m 𝐹12 + n′ ⋅m 𝐹21−

− 𝑚2
𝑥𝐹14 − 𝑚2

𝑦𝐹41 − 𝑛′
𝑧𝐹22 + 𝑛′

𝑥𝑚𝑥𝛽𝐹23 − 𝑛′
𝑧𝑚2

𝑦𝐹32 + 𝑛′
𝑥𝑚𝑥𝐹24 + 𝑛′

𝑥𝑚𝑥𝑚2
𝑦𝐹34};

Im𝑀3 − 𝑛′
𝑧 Im𝑀5 = (4𝜋)−2𝜆 ∫ 𝑑Ω{𝑛′

𝑧𝐹11 − n′ ⋅m 𝐹12 − n⋅m 𝐹21+

+ 𝑛′
𝑧𝑚2

𝑦𝐹14 − 𝑛′
𝑥𝑚𝑥𝛽𝐹41 + 𝐹22 + 𝑚2

𝑦𝐹23 + 𝑛2
𝑥′𝛽2𝐹32 − 𝑛2

𝑥′𝛽𝐹31 − 𝑛2
𝑥′𝛽𝑚2

𝑦𝐹34};

2 Im𝑀1 + 𝑛′
𝑧 Im𝑀3 + Im𝑀5 = (4𝜋)−2𝜆 ∫ 𝑑Ω {−𝐹11 + (𝛽 − 𝑚𝑥

𝑛′
𝑧

𝑛′𝑥
) 𝐹12−

− (𝛽𝑛′
𝑧 − 𝑚𝑥

𝑛′𝑥
) 𝐹21 − 𝑚𝑥

𝑛′
𝑧

𝑛′𝑥
𝐹13 − 𝛽𝑛′

𝑧𝐹31 − n′ ⋅m 𝑚𝑥
𝑛′𝑥

𝐹14 − n⋅m 𝛽𝐹41 + 𝑛′
𝑧𝐹22+

+ (𝑛′
𝑧𝑚2

𝑦 + n⋅m 𝑚𝑥
𝑛′𝑥

) 𝐹23 + (𝑛′
𝑧𝑚2

𝑦 + 𝛽 n′ ⋅m) 𝐹32+

+𝑚𝑥
𝑛′𝑥

𝐹24 + 𝛽𝐹42 + 𝛼𝑛2
𝑥′𝐹33 + 𝛼𝑛2

𝑥′ (𝛽𝐹34 + 𝑚𝑥
𝑛′𝑥

𝐹43)} ;

Im(𝑀3 + 𝑀4) = (4𝜋)−2𝜆 ∫ 𝑑Ω {−𝑚𝑥
𝑛′𝑥

𝐹12 − 𝛽𝐹21 + 𝐹22 + 𝑚2
𝑦(𝐹23 + 𝐹32)+

+𝑚2
𝑦𝐹33 + 𝑚2

𝑦 (𝛽𝐹34 + 𝑚𝑥
𝑛′𝑥

𝐹43)} .
(17)

Here 𝑛′
𝑥 = sin 𝜃, 𝑛′

𝑧 = cos 𝜃 = n ⋅n′, 𝑚𝑥 = sin 𝜃′ cos𝜑′, 𝑚𝑦 = sin 𝜃′ sin𝜑′,
𝑚𝑧 = n⋅m = cos 𝜃′, n′ ⋅m = cos 𝜃″ = cos 𝜃 cos 𝜃′ + sin 𝜃 sin 𝜃′ cos𝜑′, 𝑑Ω =

= sin 𝜃′ 𝑑𝜃′ 𝑑𝜑′, 𝛽 = (m × n′)𝑦
𝑛′𝑥

, 𝛼 = 1
𝑛′𝑥

[𝑚𝑥𝑚𝑧 + 𝑛′
𝑧

𝑛′𝑥
(𝑚2

𝑦 − 𝑚2
𝑥)] , 𝐹𝑖𝑘 =

= 𝐹 +
𝑖 (n′ ⋅m)𝐹𝑘(n⋅m), 𝜆 = 𝜔𝐸𝑘

𝑊 .

In conclusion, we express our deep gratitude to Academician N. N. Bogolyubov
and A. A. Logunov for valuable discussions and constant interest in the work.
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