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Abstract
Full Text
MATHEMATICS

M. Z. SOLOMYAK

APPLICATION OF THE THEORY OF SEMI-
GROUPS TO THE STUDY OF DIFFEREN-
TIAL EQUATIONS IN BANACH SPACES
(Presented by Academician V. I. Smirnov on 30 V 1958)

The article considers the equation

𝑑𝑢
𝑑𝑡 + 𝐴𝑢 = 𝑓(𝑡) (1)

with the initial condition

𝑢∣𝑡=0 = 𝑢0, (2)

where 𝑢 = 𝑢(𝑡) and 𝑓(𝑡) are elements of a complex Banach space 𝔛, depending
on the parameter 𝑡 ∈ [0, 𝑇 ]; 𝐴 is a closed unbounded operator with domain of
definition 𝐷(𝐴) dense in 𝔛; equations of a somewhat more general form are also
studied.

If the operator −𝐴 is the infinitesimal generator of some semigroup of bounded
linear operators 𝑇 (𝜉) (1), then the formal solution of problem (1)—(2) can be
written in the form

𝑢(𝑡) = 𝑇 (𝑡)𝑢0 + ∫
𝑡

0
𝑇 (𝑡 − 𝜏)𝑓(𝜏) 𝑑𝜏. (3)

However, the question arises: in what sense does (3) satisfy the equation and
the initial data; in particular, under what conditions does the function 𝑢(𝑡),
defined by formula (3), have a strong derivative and belong to 𝐷(𝐴) for all (or,
at least, for almost all) values of 𝑡.
Under minimal assumptions concerning the operator 𝐴, this question was in-
vestigated by Phillips (2), who had to impose very stringent restrictions on the
right-hand side and the initial condition, namely: 𝑢0 ∈ 𝐷(𝐴), 𝑓(𝑡) is strongly
continuously differentiable. These restrictive conditions have to be imposed be-
cause in (2) the properties of the resolvent 𝑅(𝜆; 𝐴) = (𝜆𝐼 −𝐴)−1 of the operator
𝐴 are used only on the negative real half-axis. More detailed information about
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the spectral properties of the operator 𝐴 makes it possible to reduce substan-
tially the requirements on 𝑢0 and 𝑓(𝑡). In essence, the results of the work of M.
A. Krasnosel’skii, S. G. Krein, and P. E. Sobolevskii (3), in which the question
is studied in Hilbert space, are based on this. Here all the results obtained for
problem (1)—(2) are based on the estimate

‖𝐴𝛼𝑇 (𝜉)‖ ≤ 𝐶(𝛼)
𝜉𝛼 (𝛼 > 0) (4)

(the operator 𝐴 is assumed to be self-adjoint and positive-definite).

We shall show that, under certain conditions, an analogous estimate can also be
obtained for operators acting in a Banach space.

Theorem 1. Let the resolvent set of the operator 𝐴 contain a certain sector Σ:
𝜑 ≤ arg𝜆 ≤ 2𝜋 − 𝜑 (𝜑 < 𝜋/2), and suppose that for 𝜆 ∈ Σ the inequality

‖𝑅(𝜆; 𝐴)‖ ≤ 𝐶
|𝜆| + 1 (5)

holds. Then the formula

𝑇 (𝜉)𝑥 = 1
2𝜋𝑖 ∫

Γ
𝑒−𝜆𝜉𝑅(𝜆; 𝐴)𝑥 𝑑𝜆, ∗ (6)

where Γ is the boundary of the sector Σ, defines a semigroup 𝑇 (𝜉), whose
infinitesimal generator is −𝐴, and:

1) As 𝜉 → 0, 𝑇 (𝜉) tends strongly to 𝐼 .
2) 𝑇 (𝜉) is holomorphic in the sector −(𝜋/2 − 𝜑) < arg 𝜉 < 𝜋/2 − 𝜑.
3) The operators 𝐴𝑛𝑇 (𝜉) are bounded and are represented by the integrals

𝐴𝑛𝑇 (𝜉)𝑥 = 1
2𝜋𝑖 ∫

Γ
𝜆𝑛𝑒−𝜆𝜉𝑅(𝜆; 𝐴)𝑥 𝑑𝜆 (7)

and for them the estimate

‖𝐴𝑛𝑇 (𝜉)‖ ≤ 𝐶𝑛
𝜉𝑛 (𝑛 ≥ 0) (8)

holds

(𝜉 real positive).

This theorem is close to Theorem 12.8.1 of the book (4) and can easily be
obtained from it.

sovietrxiv.org/items/ru-195801.80499 Machine Translation

https://sovietrxiv.org/items/ru-195801.80499


Remark. The circumstance that the vertex of the sector Σ is located at the ori-
gin is inessential. The general case is reduced to the one considered by replacing
𝐴1 = 𝐴 + 𝑘𝐼 ; in equation (1) this corresponds to the substitution 𝑢(𝑡) = 𝑒𝑘𝑡𝑣(𝑡).
Theorem 1 makes it possible to extend to Banach spaces certain results anal-
ogous to those obtained in paper (3) for Hilbert spaces. Everywhere in what
follows we shall assume that the operators 𝐴 under consideration satisfy the
conditions of Theorem 1.

By a classical solution of problem (1)—(2) we shall mean a function 𝑢(𝑡) which,
for all 𝑡 ∈ (0, 𝑇 ], is strongly continuously differentiable, belongs to 𝐷(𝐴), and
satisfies equation (1), and which, as 𝑡 → 0, tends strongly to 𝑢0. In addition, we
shall consider generalized solutions of various classes. We shall call a function
𝑢(𝑡) a generalized solution of problem (1)—(2) of class ℬ𝑝 if, for 𝑡 > 0, 𝑢(𝑡) is
absolutely continuous, is strongly differentiable almost everywhere and belongs
to 𝐷(𝐴), and if 𝑑𝑢/𝑑𝑡 and 𝐴𝑢 belong to ℬ𝑝 (the Bochner class) on the interval
[0, 𝑇 ]. The equation must be satisfied almost everywhere; satisfaction of the
initial condition is still understood in the sense of strong convergence. If it is
known only that ‖𝑑𝑢/𝑑𝑡‖𝑝 is summable on any interval [𝜀, 𝑇 ] (𝜀 > 0), then we
shall say that 𝑢(𝑡) is a generalized solution of class ℬ′

𝑝. Let us note that a
classical solution, if it exists, is also a generalized solution of class ℬ′

𝑝, but not
always of class ℬ𝑝.

The uniqueness of the solution of problem (1)—(2) was proved in (4), Ch. XXIII;
the proof is readily extended also to the case of generalized solutions.

Theorem 2. Let 𝑢0 ∈ 𝔛; let 𝑓(𝑡) satisfy the condition Lip 𝜀, 𝜀 ≤ 1. Then
formula (3) defines a classical solution of problem (1)—(2), and 𝑑𝑢/𝑑𝑡 ∈ Lip 𝛿
for arbitrary 0 < 𝛿 < 𝜀.
* The contour is traversed from bottom to top.

Theorem 3. Let 𝑢0 ∈ 𝔛; 𝑓(𝑡) ∈ 𝔅𝑝 (𝑝 > 1) and, as a function from 𝔅𝑝, satisfy
the condition Lip 𝜀 (𝜀 ⩽ 1); the latter means that

{∫
𝑇 −ℎ

0
‖𝑓(𝑡 + ℎ) − 𝑓(𝑡)‖𝑝 𝑑𝑡}

1/𝑝

⩽ 𝐶ℎ𝜀.

Then formula (3) defines a generalized solution of problem (1)—(2) of class 𝔅′
𝑝.

A number of results can be obtained if one brings into consideration fractional
powers of the operator 𝐴. In (1), Chap. XV, a theory is presented which makes
it possible, for operators satisfying the conditions of Theorem 1, to construct
negative powers 𝐴−𝛽; after this, fractional positive powers can be defined, for
example, by the formula

𝐴𝛼𝑥 = 𝐴𝑛[𝐴−(𝑛−𝛼)𝑥],
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where 𝑛 = [𝛼] + 1. In this case the operators 𝐴𝛼𝑇 (𝜉) are bounded and are
represented by the integrals

𝐴𝛼𝑇 (𝜉)𝑥 = 1
2𝜋𝑖 ∫

Γ
𝜆𝛼𝑒−𝜆𝜉𝑅(𝜆; 𝐴)𝑥 𝑑𝜆, (9)

‖𝐴𝛼𝑇 (𝜉)‖ ⩽ 𝐶(𝛼)
𝜉𝛼 (𝛼 ⩾ 0) (10)

(in the integral (9) the values of 𝜆 with the smallest argument in absolute value
are taken).

Theorem 4. If 𝑢0 ∈ 𝐷(𝐴𝛼), where 𝛼 > 1 − 1/𝑝, then under the conditions of
Theorem (3) 𝑢(𝑡) is a generalized solution of class 𝔅′

𝑝.

Theorem 5. If 𝑓(𝑡) ∈ 𝔅𝑝, then for 𝑡 > 0 formula (3) defines a function
𝑢(𝑡) ∈ 𝐷(𝐴𝛼) (𝛼 < 1 − 1/𝑝), and the function 𝐴𝛼𝑢(𝑡) is strongly continuous for
𝑡 > 0.
Let us pass to the study of the equation

𝑑𝑢
𝑑𝑡 + 𝐴𝑢 + 𝐵(𝑡)𝑢 = 𝑓(𝑡), (11)

where 𝐵(𝑡) is an operator in some sense subordinate to 𝐴. Such equations (with
bounded 𝐵(𝑡)) were considered by Phillips (2). The case when the operator 𝐴
itself may depend on 𝑡 was studied by Kato (5,6 ) under different assumptions on
the properties of 𝐴. In the case of a Hilbert space, in (3), for operators satisfying
Kato’s conditions, estimates generalizing (4) were obtained. However, we have
not succeeded in obtaining analogous results in the case of an arbitrary Banach
space.

Theorem 6. Let 𝑢0 ∈ 𝔛, let 𝑓(𝑡) satisfy the conditions of Theorem 2, and
suppose that there exist constants 𝛼 and 𝛿 (𝛼 > 0, 𝛿 > 0, 𝛼 + 𝛿 < 1) such that
the inequalities

‖𝐴−𝛼𝐵(𝑡)‖ ⩽ 𝑀, ‖𝐴𝛿𝐵(𝑡)𝐴−(𝛼+𝛿)‖ ⩽ 𝑀,

hold, and moreover the operator function 𝐴𝛿𝐵(𝑡)𝐴−(𝛼+𝛿) is uniformly continuous
in 𝑡. Then the classical solution of problem (11)—(2) exists, is unique, and can
be determined by the method of successive approximations, if 𝐵(𝑡)𝑢 is regarded
as a perturbation.

Also of interest is the case when the operator 𝐵 does not depend on 𝑡 and is
connected with 𝐴 by the following relation: for any 𝜀 > 0 there exists a number
𝐾(𝜀) such that for all 𝑢 ∈ 𝐷(𝐴) the inequality
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‖𝐵𝑢‖ ⩽ 𝜀‖𝐴𝑢‖ + 𝐾(𝜀)‖𝑢‖ (12)

holds.

Theorem 7. If the operator 𝐴 satisfies the conditions of Theorem 1, and 𝐵
satisfies condition (12), then all points 𝜆 of the sector Σ lying outside a certain
circle with center at the origin belong to the resolvent set of the operator 𝐴+𝐵,
and at these points the inequality

‖𝑅(𝜆; 𝐴 + 𝐵)‖ ≤ 𝐶
|𝜆|

holds.

This theorem shows that all the results proved for equations with the operator
𝐴 extend to equations with the operator 𝐴 + 𝐵.

The results obtained can be applied to the study of equations of parabolic type
in the spaces 𝐿𝑝. For this it is necessary to establish that the elliptic operator
entering the equation satisfies the conditions of Theorem 1.

Let Ω be a finite domain of 𝑛-dimensional Euclidean space with twice continu-
ously differentiable boundary 𝑆. In the domain Ω consider the equation

𝜆𝑢 − 𝐴𝑢 = 𝑓(𝑥) (13)

with the boundary condition

𝑢∣𝑆 = 0. (14)

Here

𝐴𝑢 = −
𝑛

∑
𝑖,𝑗=1

𝑎𝑖𝑗(𝑥) 𝜕2𝑢
𝜕𝑥𝑖𝜕𝑥𝑗

+
𝑛

∑
𝑘=1

𝑏𝑘(𝑥) 𝜕𝑢
𝜕𝑥𝑘

+ 𝑐(𝑥)𝑢

is a nondegenerate differential expression of elliptic type; the coefficients 𝑎𝑖𝑗(𝑥)
are assumed to be continuously differentiable, and 𝑏𝑘(𝑥) and 𝑐(𝑥) bounded.

Theorem 8. Whatever sector Σ of the complex plane not containing the pos-
itive real half-axis may be, for all points 𝜆 ∈ Σ lying outside a certain circle
with center at the origin, the problem (13)—(14), for any 𝑓(𝑥) ∈ 𝐿𝑝(Ω), has a
generalized solution 𝑢(𝑥) ∈ 𝑊 2

𝑝 (Ω), and for it the estimate

‖𝑢‖𝐿𝑝
≤ 𝐶

|𝜆|‖𝑓‖𝐿𝑝
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holds.

The method of proof is analogous to that used by A. I. Koshelev in [7].

We also note that if 𝐴 is a strongly elliptic operator of order 2𝑚, whose leading
coefficients are 𝑚 times continuously differentiable, then under the boundary
conditions

𝑢∣𝑆 = 𝜕𝑢
𝜕𝑛∣

𝑆
= ⋯ = 𝜕𝑚−1𝑢

𝜕𝑛𝑚−1 ∣
𝑆

= 0,

its spectrum is contained in some sector with opening < 𝜋, and for points 𝜆
situated outside this sector the inequality (5) holds. We have succeeded in
proving this estimate only for the space 𝐿2, but apparently it is also true in any
𝐿𝑝 (𝑝 > 1).
Leningrad Shipbuilding Institute

Received
28 V 1958
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