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MATHEMATICS
Academician S. L. SOBOLEV

ON MIXED PROBLEMS FOR PARTIAL DIF-
FERENTIAL EQUATIONS WITH TWO INDE-
PENDENT VARIABLES

Consider an equation with constant coefficients

n k+l1

n k.l k l
ot ket Tem Otrkox

with two independent variables and one unknown function, satisfying Petrovskii’
s condition of uniform correctness of the Cauchy problem. The structure of this
equation was analyzed by us in the preceding note (*). We shall study this
equation in the domains:

a) —oo<x <400, 0<t< o0
b)0 <z <400, 0<t< +o0; (2)
c)0<x<1, 0<t< +oo.

under the initial conditions

"ty

c=
ot _,
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u’t:O ot

~0 (3)

t=0

and under certain homogeneous conditions on the boundaries:

:0’ 5:1727"'7q—7 (4)

for b) and ¢), and
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m—1

h

2 axl :07 s = 1’2""7q+7 (5)
for c).

We shall deal with the conditions for solvability of such a problem and with the
correctness of its formulation. Let us note that certain analogous formulations
occurred in the work of M. I. Vishik and L. A. Lyusternik (?) as one of the links
in their theory. We shall consider this question in general form, in its own right.

We shall seek the solution of the problems posed by means of the Laplace trans-
form. Let

iz, \) = /O h e Mu(z,t)dt,  flz,\) = /0 Y flx,t)dt. (6)

Formula (6) makes sense, for example, if |i| < eM! and |f| < eM!, where M is
some constant. The function @(z, \) will be a solution of the ordinary equation

- d u
L=+ Y Ay l)\ =f (7)
k<n,l<m
which may also be written as

dma d™ 1

) ot o 0, (N = . ®)

ag(A)

dx™

The solution of (7), with the aid of Green’ s function, is expressed in the form

() = / G,y N Flay, ) ey (9)

Let us write the differential equation for the Green’ s function. For case a) this
equation will be

LG = 0(x —y), (10)
where §(z — z) is the generalized Dirac function. Let
ero

T = A, ().

=0
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Extend the function GU by zero for negative 2. Computing L, G by the usual
method, we obtain the formula

m—1 m—k—1
LGV =>"CoW(z) +6(x—x,), where Cp= Y a; 4, , - (1

In exactly the same way, for the function GV, extended by zero outside the
interval 0 < z < 1, we obtain:

m—1 m—1

LyG0 =3 CoW@) + 3 DdW @ —1) +é@ =),  (12)

k=0 k=0

where C, is expressed by formula (11), and D,, by the formula

m—k—1 er(J
Dk = z; aij—kfj717 where dxr = BT()‘) (13)
J= x=1

Let us apply to the determination of G, in all cases, one more Laplace transfor-
mation with respect to the variable x. We have

~

+o0
L,G=A\o)G, where G = / e G(x)dz. (14)

Here by A(\, «) is denoted the polynomial

AN ) = A"+ ) Ay Akl

k<n
l<m

The expression L, G is easily computed by means of formulas (10), (11), or (12);
we shall have:

J— S

m—1
LG@ =eon, L[,G) = 4+ )" Chak,
k=0

. m—1

m—1
L,GU =e 2™ + Craf +e @ Z Dok (15)
k=0 k=0

Consequently:
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_ m—1
. 0Ty — e %1 Zk:o C’kak

(a) = 0=
“=apar € Ava)
—am; m—1 —_a m—1
¢ + 3, Craf +e >y Dot (16)
AN ) ’

The first formula (16) must express the Laplace transform of G'® and, conse-
quently, must represent a regular function in some strip M; < & < M,, where
a = &£+ in. Choosing different strips that do not contain roots of the denomina-
tor, we obtain different values for G(@. The Mellin integral makes it possible to
reconstruct G@ from its image, reducing it to residues at the roots of A(A, ).
The investigation shows that only one of the values obtained, namely the one
corresponding to the strip containing the imaginary axis, gives the desired solu-
tion of the problem, decreasing for large values of A\. Thus the Cauchy problem
is solved.

The function ab)(a) must be the image of a function G () equal to zero for
z < 0. Computing this latter function by means of the Mellin formula and
again taking into account the requirement of decrease for large values of A, we
are convinced that this is possible only in the case when G () is regular at
all roots 7, of the equation A(\ «) lying to the right of the imaginary axis «.

We decompose A(), «) into two factors

T T,

A()‘7a) - Al()‘aa)A2<>‘7O‘>7 Al(AaO‘) - (O‘*Bs), AQ(/\va) - (aiys);
=1 s=1

V)

(17)

Bs(A) are the roots of A(A, a) situated in the left half-plane, and 7,(\) are the
roots of this polynomial situated in the right half-plane a. We shall call the
number of roots B,(\) the number of left influences, and the number of roots
~5(A) the number of right influences for equation (1). Let us construct the
remainder upon division of G(®) by A, (A, ). For this it is enough to consider
a contour C, enclosing all roots 7, and containing no 3, and to compute the
function

~ G0 (o) do
R, = Ay(\ @) (G(b) _ L/ G(a)da) ) (18)
0'7

211 o —«a

This function will be a polynomial of degree r, in «, which serves as the re-
quired remainder. The coefficients R, are linear functions of Cy, Cy, ..., C,,_.
Equating them to zero, we obtain a system of linear equations for C;. These
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equations are independent, since each of the first coefficients C, Cy, ..., C’T+ en-
ters into one and only one of these equations with coefficient equal to unity. In
order that our problem have a solution, one must have still »_ linear relations
independent of the preceding ones. Such relations are obtained from (4) in the

form

m—1

3 994, =0, s=1,2,..,q. (19)

1=

The quantities C; found from the resulting system will decrease exponentially
for large A\. Examples show that it is possible that equations (19), in different
cases, will turn out to be either dependent or independent of the rest. We obtain
the main theorem.

Theorem. The mixed problem in domain b), generally speaking, is solvable
and has a unique regular solution if the number of conditions ¢_ is equal to the
number of left influences r_. It is solvable, in particular, if the conditions have
the form:

oFu
ww :O7 k:O71,...,7‘.

_ (20)
-0

Another particular case of solvability is the case when Lu is an elementary
Petrovskii operator.

We pass to case c). It is easy to see that the function @ZC)(a) can serve as a
prototype for G(C)(Jc)7 equal to zero outside (0, 1), only in the case when it is
regular in the whole a-plane. The formula

R=A(Ma) (é’<6><a) . i/ G do/) (21)
C

271 o —«

gives the remainder upon division of ac>(a) by A(\, ), which is a polynomial
of degree m — 1. All coeflicients of this polynomial must be equal to zero; hence
we obtain m relations for determining the constants C}, and D,,. Equations (4)
and (5) give another m relations. If these relations are independent, then all the
required constants can be found. It remains to consider the conditions under
which the quantities C;, and D, thus found will decrease in the right half-plane
for large values of .

Let C be the vector with components Cy,C,...,C,,_;, and D the vector with
components Dy, D, ..., D, ;. The equations obtained by setting R equal to
zero can be represented in another form, by reducing them to equations express-
ing the vanishing at infinity of G at each of the roots of A(), «) separately.

Writing separately the terms corresponding to 3, and +,, we obtain the system
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Z c£s>CZ + Z d£s>e’58Di = Fye Ps?s, s=1,2,...,7r; (22)
=1 i—1

ZCES)CZ» + Zdﬁe"ysDi = F,e "%, s=r_+1,r . +2,...,m. (23)

i=1

Multiplying each of equations (23) by e~ 7s*1 and adjoining to (22) and (23) the
equations obtained from (4) and (5), we put this system in the form

X,C+Y,D=F, Y,C + X,D =F,, (24)

where the matrix X, consists of m columns and r, + ¢g_ rows, the matrix X,
of m columns and r_ + ¢, rows; moreover, the elements of X; and X,, as A
increases, remain finite. The matrices Y; and Y5, as well as the matrices F; and
F,, decrease exponentially for large A such that o > 0. It is easy to verify that,
ifg =r_,q. =r,,and X7, X5 do not tend to zero, then system (24) has
a solution that converges for large A\ and satisfies all the imposed conditions,
representable in the form

C=X'F,— X7V X5 'F) + XT'WY X5 'Yo X P Fy — -
D =X3'F, — Xy VX7 Fy + Xy Vo X7 Y X5y + oo

If ¢_ # r_ and, consequently, ¢, # r, then the solution of system (24) gives,
generally speaking, C' and D growing exponentially together with \. We obtain
the theorem:

Theorem. Problem c), generally speaking, is solvable if the number of con-
ditions at the left end q_ is equal to the number r_ of left influences, and the
number of conditions g, at the right end is equal to the number v of right
influences.

In particular, as in the case of problem b), the problem is always solvable for
the case of the simplest conditions of the form (20), and also for elementary
Petrovskii operators.
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