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Abstract
Full Text

MATHEMATICS
G. F. LAPTEV

A HYPERSURFACE IN A SPACE OF PRO-
JECTIVE CONNECTION

(Presented by Academician P. S. Aleksandrov, 25 11 1958)

1. In the present work a differential geometry is constructed for a hypersur-
face in a multidimensional space of projective connection with curvature
and torsion (1). Principal attention is given to those objects which general-
ize the basic concepts of the projective-differential geometry of an ordinary
surface (2, 3). The constructions are carried out by the group-theoretic

method (*) and have an invariant character. Owing to the latter circum-

stance they also apply to hypersurfaces in spaces of Riemannian, Weyl,
and affine connection.

2. A space of projective connection of N dimensions is defined () by a system
of (N +1)? Pfaffian forms wy,, subject to the structural equations

Dw'IJ( = [wf(wi] + R}](pQ[W(IJDw(C)Q]’ (1)

(J,K.L=0,1,...,N, P,Q=1,..,N).

The independent first integrals ul, ..., uV of the completely integrable system
wf = wl = 0, whose rank is assumed equal to N, are local coordinates of a

point M (u) of the base space B. With the current point M (u) of B there is asso-
ciated a local projective space Py (u) of N dimensions, in which a point M, (u),
conventionally identified with M (u), is fixed and which is referred to a frame of
N + 1 analytic points Mg (u), M, (u), ..., My(u). The forms wj, determine the
principal part of the mapping of the neighboring local space Py(u + du) onto
the original space Py (u) by means of the mapping of frames:

My (u+ du) — My (u,du) = My (u) + wi M, (u) + peg M, (u), (2)

where p = |w!| + - + [W], lim, g el = 0.

The structural equations (1) ensure the invariance of the principal part of this
mapping (2) with respect to transformations of the family of frames.
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Remark. A space of affine connection, referred to a moving vector frame
M(u),e;(u),...,ex(u), may be regarded as a space of projective connection
for which the connection forms wj. are subject to the additional condition
wY = 0. In this case the points M, (u),..., My(u) of the projective frame
determine the improper hyperplane in Py(u) and are identified with the vec-
tors e; (u),...,en(u). Under the mapping (2), the improper hyperplane of the
neighboring local space Py (u + du) is mapped to the improper hyperplane of
the original space Py (u).

3. The tangent plane to a surface at its given point M (u) is defined as the
plane of the local space Py (u) onto which, in the principal part, the surface
is mapped under the mapping (2).

If we assume that the origin M,(u) = M(u) of the moving frame is placed
on the hypersurface, and the vertices M, (u),..., My_;(u) are located in its
tangent hyperplane, then the differential equation of the hypersurface is written
as follows:

wN =0. (3)

Successive prolongations of this equation give

N _ J
w; fAijw ,

ANy — {Apwf — Ao + Aoy + i) = Agjh,

Ay, — Ayl — Ny — Ayl + Ay (W + 200)
= (AiApe + Ay + Ay )wly — (Agjwp + A + M) + Ay e,
(4)

(4,4, k, l,m,p,q,r,s =1,... N —1).
A sequence of fields of fundamental objects with relative components A, ;, A, ...
arises, and it is this sequence that underlies the differential geometry of the
hypersurface.
A

The field of the fundamental object of fourth order A,;;, A, . Ay s principal: it
encompasses fields with arbitrary generating elements. The field following it, the
fundamental object of fifth order, determines the hypersurface in a holonomic
frame up to 0o constants.
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4. All fields of differential-geometric objects intrinsically associated with the
hypersurface under study are encompassed by the fundamental fields. The
construction of the encompassed fields is carried out by algebraically elim-
inating from the fundamental systems (4) one or another connection form
according to the type of the object being encompassed. Below we give
only the final formulas, by means of which the most interesting differential-
geometric objects are determined successively.

A. First of all, the following relative tensors of second order are distinguished:

1 - 1 . _
A = §(Aij + Aji)» Q= §(Aij - Aji) = Ré\]jiv a = Det ”aij”'

In the general case, when a # 0, there is also determined a symmetric tensor
a* such that

ij, o i
a’ag, = 0.

B. Next, systems of quantities of third order are constructed successively:
M, = %(Aijk + Ajik), A = %(Mzkj + My + M),

_ A T id T i 7
bk =a injk’ bk =a ]Mkij’ bk: =a ]Mijk) — bkﬂ

~

bije = (N + DAy, — a;;b, — apb; — ajb

= qPlqTSh,
= a; b,; = aPla"%b,,,.b

ij © J iprjqs’

Generally speaking, each of these systems of quantities only together with the
components A;; of the fundamental object of second order determines an object
of third order. However, the systems of quantities b, and b;; themselves deter-
mine two relative tensors, while the quantities b, and b are relative invariants.

C. The objects of fourth order that interest us are encompassed by objects
arising from prolongations of the previously constructed objects of third order.

First, the differential prolongation of the invariant lnb, (in the general case
by # 0) leads to the quantities c;:

k

dInby = wl —wl + c,w”.

With their aid the following linear objects are constructed:
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~ ~

1 1 z I e
hk:§ck+m(bk+bk% J Zak< bk_nhk>a

~ ~ ~

bqu = (N + 1)Mqu - a’pkbq - Cqubp - apq(bk + bk) - (N + 1)(apk\q =+ aqk\p)a

~

_ pq,TsT
ij = aP9a™ b, by

[wld

Moreover, in the general case, when the tensor b;; is nondegenerate, a tensor
b* is determined such that bl-jbjk = ok,

Secondly, prolongation of the quantities ?)i leads to the quantities ;;:

db; = Bk — b + (N + 1) (el —o?) + ;0

With their aid the following linear objects are constructed (aij,zi, 0, 1t k;, iLj,

VAR

. ~ ~ 1 ~ 1
I"= bZlaPTaQSbipq {lrs - mbrbs - §(ZAT’S + lars) - arklkbs - ;— arsakljkjl} )

1 = ’ ~ N

Moreover, linear objects {n'(7),n(r)}, {m;(r),m(7)}, depending on the invari-
ant parameter 7, are constructed:

. ) ~ 1 1
n'(r) =10"+ 77", n(r) = l

~ 1 .
_ kp Za..nind
ANt 1) N1 Tt

2 J

m;(T) = k; + Tilj, m(7) = n(7r) + nk(1)m, (7).

. Prolongation of the object m,(7) leads to the quantities p;;(7):

dm;(1) = my,(T)wf —m,(T)w) — w) +pij(7')wj-

With their aid a tensor 0,;(7), depending on the parameter 7, is constructed:
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0;;(1) = pi (1) — My (T)m;(7) + Ayym(7).

5. We shall now give a geometric interpretation of the differential-geometric
objects constructed, indicating those geometric images which are deter-
mined by them in the local spaces. For these images we shall retain
the names that they acquire when the enveloping space becomes three-
dimensional projective space.

. First of all, two relatively invariant forms are determined: aijwioﬂ and
b;jrw'wlw”. Their vanishing singles out in the tangent hyperplane, respectively,

the cone of asymptotic directions and the cone of Darboux directions.

. The ratio of the forms bijkwiw-jwk / aijwiwj is absolutely invariant and is the
generalized linear element of Fubini.

. The forms hyw*, 9;;(T)w'w’ are absolutely invariant. The equations é,w* =

0 and 5‘1-j(0)wiwj = 0 determine in the tangent hyperplane, respectively, the
canonical tangent plane and the cone of Fubini directions.

. In the local space Py(u), associated with the current point M(u) of the
hypersurface, a pencil of invariant Darboux hyperquadrics is determined:

oo 2 o~ 1
ar'e + mbix%]\’ — 220N + (ml + 5bo> aNaN = 0.

In this equation of the pencil, z°, ..., 2"V are the coordinates of the current point
relative-
respectively, the frame My(u), ..., My(u), and o is an invariant parameter of

the pencil. For 0 = 0, Li’ s hyperquadric is distinguished from the pencil.

D. With the current point M (u) of the hypersurface there is associated a one-
parameter family of invariant points

Q(7) = n(7) My —n* (1) M, + My,

where 7 is an invariant parameter. This family, together with the initial point
My(u), determines the canonical pencil of projective normals. For 7 = 0, the
Wilczynski directrix is singled out from the pencil, and for 7 = 1, the Fubini
projective normal.

E. In the local space Py (u) there is also defined a one-parameter family of
invariant hyperplanes

20 —my(7)z* —m(r)zN = 0.

Together with the tangent hyperplane they determine a one-parameter family
of second normals.
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6. A hypersurface in an N-dimensional space of projective connection may
be regarded as the base of an (N — 1)-dimensional space of projective
connection, whose local spaces are the tangent hyperplanes, while the
connection-defining mapping is obtained by carrying out mapping (2) and
projecting the image of the neighboring tangent hyperplane onto the orig-
inal one from some fixed point of the original local space. Each such con-
nection is determined by the forms w?, (:); = wj» + Hékwk, @8 = w)+ Hgkwk,
CJ? = w? + H?kw’c , in which the coefficients H;k, Hgk, H?k are components

of an object of projective connection. A two-parameter family of such con-

nections, invariantly attached to the hypersurface, is determined by the

formulas

H;k = Ajkni(T), Hgk = phy, H?k = —Ajkn(T) — pmj(T)hk.

A hypersurface in a space of projective connection also carries an infinite set of
affine connections, determined by the forms w’, &% = w} +1I% wwF —5;w8, in which
the coefficients F;k are components of an object of affine connection. Setting

F;’k = Aypn*(7) + 0kmy(p) 4 0pmy (o),

we obtain a three-parameter family of affine connections intrinsically attached
to the hypersurface.

Remark. All the objects obtained and the formulas defining them are pre-
served also for a hypersurface of a space of affine connection; in this case only
their differential equations are simplified because of the condition w? = 0. In
particular, owing to this condition, in a space of affine connection the system of
quantities b;a’* is a system of components of the linear object determining the
vector of the generalized affine Blaschke normal:

E.aik
N+1

n=

ey (u) +ey(u).
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