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Abstract
Full Text

MATHEMATICS
B. Ya. FALEVICH

A NEW METHOD OF PROVING INCOM-
PLETENESS THEOREMS FOR SYSTEMS
WITH CARNAP’S RULE AND ITS APPLI-
CATION TO THE QUESTION OF THE RE-
LATIONSHIP BETWEEN CLASSICAL AND
CONSTRUCTIVE ANALYSIS
(Presented by Academician P. S. Aleksandrov, 3 I 1958)

Rosser (1) transferred the incompleteness theorems proved by Gödel to systems
with a restricted Carnap rule of rank < 𝜔2. In § 1 of the present paper these
results are extended to systems containing a restricted Carnap rule of very
substantial transfinite ranks. In § 2 the possibility of constructing a constructive
model of classical analysis is considered.

§ 1. By transfinite induction on 𝜈 we define 𝑆𝜈—a system with a restricted
Carnap rule of rank 𝜈. 𝑆0 is a system consisting of the narrow predicate calculus,
considered over arithmetic, supplemented by quantifiers over predicates with
the corresponding* axioms and rules of inference (but without predicates of
predicates), and by the axiom of reducibility—for every formula in the system
there exists a predicate equivalent to it. If the system 𝑆𝜈 has been defined, then
a formula 𝔄 is regarded as derivable in the system 𝑆𝜈+1 if: 1) the formula 𝔄 is
derivable in the system 𝑆𝜈; 2) the formula 𝔄(𝑎) contains a free variable 𝑎 and
the formulas 𝔄(𝑛) are derivable in 𝑆𝜈 for every natural 𝑛 (Carnap’s rule); 3)
the formula is derivable from the formulas indicated in points 1), 2) by a finite
number of applications of the rules of inference of the system 𝑆0. If 𝜈 is of the
second kind, then

𝑆𝜈 = ∑
𝛽<𝜈

𝑆𝛽.

The results of the paragraph may be formulated as follows. Let 𝑥 < 𝑦 denote
a predicate of the system 𝑆𝜈 that well-orders the natural series according to
the transfinite type 𝜈. Suppose that 𝜈 is a complete** transfinite number and
that there exists a transfinite number 𝜏 , less than 𝜈, such that in the system
𝑆𝜏 : 1) it is provable that the predicate 𝑥 < 𝑦 well-orders the natural series;
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2) for any natural numbers 𝑛 and 𝑚 either the formula 𝑛 < 𝑚 or the formula
𝑛 < 𝑚 is derivable (the predicate 𝑥 < 𝑦 is decidable); 3) it is provable that 𝜈
is a complete transfinite number. Denote by 𝛿 the nearest complete transfinite
number greater than 𝜏 . Then, if the system 𝑆𝛼, 𝛿 ⩽ 𝛼 ⩽ 𝜈, is consistent, there
exists in it a formula such that neither it nor its negation is derivable, and a
formula expressing the consistency of the system 𝑆𝛼 can be constructed in it,
but is in the system 𝑆𝛼 an underivable formula.

The simplest and most important case is that in which 𝑥 < 𝑦 is a primitive-
recursive predicate and 𝜏 = 0. Then, proceeding only from the assumptions:

I. In 𝑆0 it is derivable that the predicate 𝑥 < 𝑦 well-orders the natural

* Analogous to the axioms and rules of inference for quantifiers in the narrow
calculus.

** A transfinite number 𝜈 is called complete if, for any 𝜎 < 𝜈, the set of trans-
finite numbers 𝛽, 𝜎 ⩽ 𝛽 < 𝜈, and the set of transfinite numbers less than 𝜈,
considered as well-ordered sets, are similar.

series, theorem (1) is proved for all systems 𝑆𝛼, 6 ≤ 𝛼 ≤ 𝜈. Below, for this
simpler case, a complete construction of the provability predicates of the systems
𝑆𝛼 is given, and the most important points of the proof are indicated. All
predicates and functions considered below are primitive recursive.

Denote by 𝑥 <1 𝑦 a predicate that well-orders the natural-number series accord-
ing to the transfinite type 𝜇, for which condition (1) is fulfilled. We shall assume
that (𝑥)[0 ≤1 𝑥]. Put*:

𝜑(𝑥) = [ 𝑥 + 1
2exp0(𝑥+1) ] − 1,

𝑥 <2 𝑦 ≡ (𝐸𝑧1)𝑧1≤𝑥(𝐸𝑧2)𝑧2≤𝑦 {2𝑧1 = 𝑥 & 2𝑧2 = 𝑦 & [𝑥
2 ] <1 [𝑦

2]} ,

𝑥 <3 𝑦 = {𝜑(𝑥) <2 𝜑(𝑦) ∨ [𝜑(𝑥) = 𝜑(𝑦) & exp0(𝑥 + 1) < exp0(𝑦 + 1)]}.

The predicate 𝑥 <3 𝑦 well-orders the natural-number series according to the
transfinite type 𝜈 = 𝜔 × 𝜇, and assertion (1) holds for it; everywhere below the
initial system is taken to be 𝑆𝜈 and the predicate 𝑥 <3 𝑦.

𝑥 <4 𝑦 ≡ (𝐸𝑧1)𝑧1≤𝑥(𝐸𝑧2)𝑧2≤𝑦 {2𝑧1 = 𝑥 & 2𝑧2 = 𝑦 & [𝑥
2 ] <3 [𝑦

2]} .

We shall denote the even numbers, ordered by the predicate 𝑥 <4 𝑦 according
to the transfinite type 𝜈, by the letters 𝛼, 𝛽, 𝛾, …, and use them as indices for
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denoting systems, for example 𝑆𝛼, 𝑆𝛽. The function 𝛼 ⊕ 1 = 4𝛼/2 + 2 gives
the transfinite number 𝛼 ⊕ 1, immediately following 𝛼 in the ordering 𝛽 <4 𝛾.
𝑓(𝛼) = 𝛼 ⊕ 1, if 𝛼 <4 𝛼𝜔; 𝑓(𝛼) = 𝛼, if 𝛼𝜔 ≤4 𝛼, where 𝛼𝜔 is the even number
playing the role of the transfinite number 𝜔 in the ordering 𝛽 <4 𝛾.**

𝑥 <5 𝑦 = {𝜑(𝑥) <4 𝜑(𝑦) ∨ [𝜑(𝑥) = 𝜑(𝑦) & exp0(𝑥 + 1) < exp0(𝑦 + 1)]}.

The predicate 𝑥 <5 𝑦 well-orders the natural-number series according to the
transfinite type 𝜔 × 𝜈. The even numbers 𝛼, 𝛽, … play, in this ordering, the role
of transfinite numbers of the second kind. The function 𝜓(𝑥) = exp0[exp0(𝑥+1)]
will be a function of large span on each set of natural numbers 𝑀𝛼 = {𝑛}, 𝛼 ≤5
𝑛 <5 𝛼 ⊕ 1.
Let us proceed to the construction of the provability predicates of the systems 𝑆𝛼
and of the system 𝑆𝜈. Suppose that an arithmetization has been constructed
for the system 𝑆0. We take as known the following predicates and functions.
𝐴(𝑥) is the predicate: the number 𝑥 is the number of an axiom of the system
𝑆0; 𝐹(𝑥, 𝑦, 𝑧) is the predicate: the formula with number 𝑧 directly follows, by
the inference rules of the system 𝑆0, from the formulas with numbers 𝑥 and
𝑦; 𝑠(𝑥, 𝑗) is the function giving the number of the formula obtained from the
formula with number 𝑥 by replacing the free variable 𝑎 by the number 𝑗. Denote

Δ1(𝑦) ≡ 𝐴[𝜓(𝑦)];

Δ2(𝑦1, 𝑦2, 𝑦, 𝑇 ) ≡ [𝑦1 <5 𝑦 & 𝑦2 <5 𝑦 & 𝜑(𝑦1) = 𝜑(𝑦2) = 𝜑(𝑦) & 𝑇 (𝑦1) & 𝑇 (𝑦2) &

& 𝐹(𝜓(𝑦1), 𝜓(𝑦2), 𝜓(𝑦))];

Δ3(𝑦′, 𝑦, 𝑗, 𝑇 ) ≡ [𝜑(𝑦′) <5 𝜑(𝑦) & 𝑇 (𝑦′) & 𝜓(𝑦″) = 𝑠(𝜓(𝑦), 𝑗)];

𝑈(𝑥, 𝑇 ) ≡ (𝑦) [𝑦 ≤5 𝑥 → {𝑇 (𝑦) ∼ [Δ1(𝑦) ∨ (𝐸𝑦1)(𝐸𝑦2)Δ2(𝑦1, 𝑦2, 𝑦, 𝑇 )∨

∨(𝑗)(𝐸𝑦″)Δ3(𝑦″, 𝑦, 𝑗, 𝑇 )]}];

𝐵(𝑥) ≡ (𝐸𝑇 ) 𝑈(𝑥, 𝑇 ) & 𝑇 (𝑥); 𝐵(𝑥, 𝑧) ≡ 𝜓(𝑥) = 𝑧 & 𝐵(𝑥);

𝐵(𝑥, 𝑧) is the provability predicate of the system 𝑆𝜈: the number 𝑥 is a proof
in 𝑆𝜈 of the formula with number 𝑧.
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* For the functions 𝑥/𝑦, exp𝑛(𝑥), and long(𝑦), see (4).

** For odd numbers 𝑥 one may take 𝑓(𝑥) = 0.
We define, by transfinite induction on 𝛼, the provability predicates of the sys-
tems 𝑆𝛼, 𝐵𝛼(𝑥, 𝑧). Put:

𝐷0(𝑦) ≡ (𝑖)𝑖≤long(𝑦){[Δ1(exp𝑖(𝑦))∨(𝐸𝑛)𝑛<𝑖(𝐸𝑚)𝑚<𝑖𝐹(𝜓[exp𝑛(𝑦)], 𝜓[exp𝑚(𝑦)], ∨[exp𝑖(𝑦)])] &

& exp𝑖(𝑦) <5 𝑓(0)} & (𝑛)𝑛≤long(𝑦)(𝑚)𝑚≤long(𝑦)[𝑛 < 𝑚 → exp𝑛(𝑦) <5 exp𝑚(𝑦)];

𝐵0(𝑥) ≡ (𝐸𝑦)𝑦≤𝜁(𝑥)[𝐷0(𝑦) & explong(𝑦)(𝑦) = 𝑥],

where 𝜁(𝑥) is a certain definite function bounding the quantifier;

𝐵0(𝑥, 𝑧) ≡ 𝜓(𝑥) = 𝑧 & 𝐵0(𝑥).

If the predicates 𝐷𝛼(𝑦), 𝐵𝛼(𝑥), and 𝐵𝛼(𝑥, 𝑧) have been constructed, then

𝐷𝛼⊕1(𝑦) ≡

≡ (𝑖)𝑖≤long(𝑦){[Δ1(exp𝑖(𝑦))∨(𝐸𝑛)𝑛<𝑖(𝐸𝑚)𝑚<𝑖𝐹(𝜓[exp𝑛(𝑦)], 𝜓[exp𝑚(𝑦)], 𝜓[exp𝑖(𝑦)])∨

∨(𝑗)(𝐸𝑦′)Δ3(𝑦′, exp𝑖(𝑦), 𝑗, 𝐵𝛼)] & 𝑓(𝛼) ≤5 exp𝑖(𝑦) <5 𝑓(𝛼 ⊕ 1)} &

& (𝑛)𝑛≤long(𝑦)(𝑚)𝑚≤long(𝑦)[𝑛 < 𝑚 → exp𝑛(𝑦) <5 exp𝑚(𝑦)];

𝐵𝛼⊕1(𝑥) ≡ 𝐵𝛼(𝑥) ∨ (𝐸𝑦)𝑦≤𝜁(𝑥)[𝐷𝛼⊕1(𝑦) & explong(𝑦)(𝑦) = 𝑥];

𝐵𝛼⊕1(𝑥, 𝑧) ≡ 𝜓(𝑥) = 𝑧 & 𝐵𝛼⊕1(𝑥).

If 𝛼 is of the second kind, then
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𝐵𝛼(𝑥, 𝑧) ≡ 𝜓(𝑥) = 𝑧 & 𝐵(𝑥) & 𝑥 <5 𝑓(𝛼).

The proof of the theorem is based on the following lemmas:

Lemma 1. In 𝑆′
0 the following formulas are derivable:

1)
𝑈(𝑥, 𝑇1) & 𝑈(𝑥, 𝑇2) → (𝑦){𝑦 <5 𝑥 → [𝑇1(𝑦) ∼ 𝑇2(𝑦)]};

2)
𝑈(𝑥, 𝐵);

3)
𝑥 <5 𝑓(𝛼) → 𝑈(𝑥, 𝐵𝛼);

4)
𝐵𝛼(𝑥) ∼ 𝐵(𝑥) & 𝑥 <5 𝑓(𝛼).

Lemma 2. The formula 𝐵𝛼(𝑥, 𝑧) (𝐵(𝑥, 𝑧)) is decidable in the system 𝑆𝛼 (𝑆𝜈).
Lemma 3. If from the formula with number 𝑛 in 𝑆𝛼 (in 𝑆𝜈) without application
of Carnap’s rule a formula with number 𝑚 is derivable, then in 𝑆0 the formula

(𝐸𝑥)𝐵𝛼(𝑥, 𝑛) → (𝐸𝑥)𝐵𝛼(𝑥, 𝑚) ((𝐸𝑥)𝐵(𝑥, 𝑛) → (𝐸𝑥)𝐵(𝑥, 𝑚))

is derivable.

Lemma 4. If the number 𝑟 is the number of a formula; 𝑒(𝑧) is a function giving
the number of the formula that is the negation of the formula with number 𝑧,
then in 𝑆0⊕1 the formulas

(𝐸𝑥)𝐵𝛼(𝑥, 𝑒(𝑟)) → (𝐸𝑥)𝐵𝛼(𝑥, 𝑒[𝑠(𝑟, 𝑦)]),

(𝐸𝑥)𝐵(𝑥, 𝑒(𝑟)) → (𝐸𝑥)𝐵(𝑥, 𝑒[𝑠(𝑟, 𝑦)])

are derivable.

Lemma 5. In the system 𝑆0⊕6 (putting 0 ⊕ (𝑘 + 1) = (0 ⊕ 𝑘) ⊕ 1) for every
number 𝑞 the formulas

𝐵𝛼(𝑥, 𝑞) → (𝐸𝑢)𝐵𝛼(𝑢, 𝑠(𝑟𝛼, 𝑥)), where 𝑟𝛼 is the number of the formula 𝐵𝛼(𝑎, 𝑞);

𝐵(𝑥, 𝑞) → (𝐸𝑢)𝐵(𝑢, 𝑠(𝑟, 𝑥)), where 𝑟 is the number of the formula 𝐵(𝑎, 𝑞).
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are derivable.

Lemmas 3, 4, and 5 are, respectively, the 1st, 2nd, and 3rd conditions of ap-
plicability of Gödel’s second theorem, indicated by Hilbert and Bernays in (2).
The principal method of proof of the lemmas is transfinite induction.

The proof of the incompleteness theorems themselves for the systems 𝑆𝛼, 0⊕6 ≤5
𝛼, and the system 𝑆𝜈, is carried out according to the schemes given by Hilbert
and Bernays in (2).
§ 2. In the present work, as a formalization of classical analysis, the system
𝑆0 described above has been chosen. Such a choice is justified, since, on the
one hand, the theory of the continuum can be constructed quite simply in this
system by coding real numbers by predicates; on the other hand, set theory
is considerably broader than the system 𝑆0. As an example of constructive
analysis the system B of Ackermann (3) is taken. The principal result is the
following theorem.

Theorem. In Ackermann’s constructive analysis a proper model of the system
𝑆0 cannot be constructed.

Below we formulate the notion of a proper model and indicate the method of
proof of the theorem.

We shall call an axiomatic system 𝑆 a subsystem of the axiomatic system 𝐴
if the sets of terms and formulas of the system 𝑆 are, respectively, subsets of the
sets of terms and formulas of the system 𝐴. We shall call a subsystem 𝑆 of the
axiomatic system 𝐴 a model of the axiomatic system 𝑆 in the system 𝐴, if:
1) between the sets of terms and formulas of the system 𝑆 and, respectively, the
sets of terms and formulas of the system 𝑆, 2) between the axioms and rules of
inference of the systems 𝑆 and 𝑆, one can establish a one-to-one correspondence
which is an isomorphism with respect to the rules of inference of the systems 𝑆
and 𝑆.
Suppose that in the system 𝑆 there have been constructed: 1) an arithmetization
of the system 𝑆 and the provability predicate of this system 𝐵(𝑥, 𝑧); 2) an
arithmetization of the system 𝐴 and the provability predicate of the system 𝐴,
𝐵𝐴(𝑥, 𝑧); 3) a function 𝑒𝐴(𝑛𝐴), which, from the number 𝑛𝐴 of a formula of the
system 𝐴, gives the number of the formula that is (in the sense of the system
𝐴) its negation.

A model 𝑆 of the system 𝑆 in the system 𝐴 is called proper if the following
four conditions are fulfilled: 1) in the system 𝑆 one can construct the provability
predicate of the system 𝑆, 𝐵(𝑥, 𝑧), and, for every natural number 𝑛, derive the
formula (𝐸𝑥)𝐵(𝑥, 𝑛) → (𝐸𝑥)𝐵𝐴(𝑥, 𝑛); 2) if 𝑥 is the number of a formula of the
system 𝑆, and ̃𝑥 is the number of the formula corresponding to this formula
in the model 𝑆, then in the system 𝑆 there exists a function 𝑓(𝑥) such that
𝑓(𝑥) = ̃𝑥; 3) in the system 𝑆 there exists a formula with number 𝑟, and in the
system 𝐴 there exists a derivable formula with number 𝑡𝐴, such that in 𝑆 the
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formulas (𝐸𝑥)𝐵𝐴(𝑥, 𝑡𝐴) and 𝑓(𝑟) = 𝑒𝐴(𝑡𝐴) are provable; 4) if in the system 𝑆,
for the number 𝑛, the formula (𝐸𝑥)𝐵(𝑥, 𝑓(𝑛)) is derivable, then the formula
(𝐸𝑥)𝐵(𝑥, 𝑛) is also derivable.

The proof of the theorem relies only on conditions 1)—4) of the propriety of the
model. First of all, in the system 𝑆0 the provability predicate of Ackermann’
s system is constructed. Since Ackermann’s constructive analysis is a system
with a restricted Carnap rule of a certain transfinite rank, this can be done by
the same method by which provability predicates were constructed above for
the systems 𝑆𝜈. It is then shown that Ackermann’s proof of consistency, given
for his system of constructive analysis, can be formally carried out in the system
𝑆0, i.e. that in 𝑆0 a formula expressing the consistency of Ackermann’s system
is derivable.

The final stage of the proof is carried out by contradiction. Suppose that there
exists a proper model 𝑆0 of the system 𝑆0 in Ackermann’s constructive analysis.
Then, by the properties of a proper model, from the formula expressing the
consistency of Ackermann’s system in 𝑆0, a formula is derivable expressing
the consistency of the proper model 𝑆0, and from this latter formula a formula
is derivable expressing the consistency of the system 𝑆0 itself; and we arrive
at a contradiction with the second incompleteness theorem for the system 𝑆0,
which asserts that the formula expressing the consistency of the system 𝑆0 is
not derivable within this system.

Rybinsk Evening
Institute of Aviation Technology
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