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This article is a natural continuation of work (1); here the notation and concepts
introduced in (1) will be used. We consider the operator

0 0
Alz. 2=\ . B -
(4 (e 57) 2 (0 77))
of the type indicated in (1), and prove:
Theorem. The index of the operator
0 0
A —|,B —
( (m, 81:) ’ <y7 aa:))
does not change under arbitrary changes of the leading coefficients of the oper-
ators

0 0
A (x, a—) and B (y, a—), if in the course of these changes the following four
x x

0
conditions are not violated: the ellipticity condition [of the operator A <:1c7 a—) ;
x

the condition

4t Bun) £0 (v S)

v(y) = (11 (y), ..., v, (y)) is the unit vector of the inward normal to the surface
S, bounding the domain V in which the boundary-value problem corresponding
to the operator
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0 0
A —|,B —
( (m aa:)’ (y 83:))
is considered; and the conditions of reducibility of the boundary-value problems
corresponding to the operators

(4(n57)-2 (05)) ot
(A* (az a%) , B* (y %))

to regular integral equations (3).
Proof. It is based on the properties of the matrix I'(z, z), described in (1).

Let first the number [ of linearly independent solutions of the boundary-value
problem

A (m, (,%) u(z) =0 (x € V), (1)

im B (v )u =0 (es) (11,)

be not less than the number m of linearly independent solutions of the problem

A a%) @) =0  (zeV); ()
lim B° (y %) w@)=0  (yes) (IT)

* The definition of the operator (A* (az, g) , B* (y, Q)) see in (2).
ox Ox

Then the matrix

Ty(z,2) =D(x,2) + > u(z)vp(z) (2,2€VUS, 2+ 2) (1)

has all the properties of the matrix I'(x, ), except for the properties (2) in (1),
which are replaced by the following:

i i _ vi(x> (Z: 1,...,m),
/Sui(z)FO(z,x)sz {0 (i=m+1,..,0);

/I‘O(x, 2)v;(2) d S = u,;(x) (i=1,..,m).

S
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Here, as in (1), wuy(2),...;u(z); wuy(x),...,u(x) and wv,(z),...,0,,(1),
vy(x),...,0,,(x) are pairs of complete biorthogonal on S systems of lin-
early independent solutions of the problems (1), (II,) and (I§), (II§),
respectively. For non-operator matrices, by A* one means the transposed

matrix A.

Let A”(m) (i, = 1,...,n) be matrices of order p, twice continuously differen-

tiable in V' U S, and let Bl(y) (¢ =1,...,n) be matrices of order p, continuously
differentiable along S, such that for the operator
0
3

the first two conditions of the theorem are satisfied. Then, without loss of
generality, one may assume that

o n . 82 o n
(A (x, %> + Z Aij('r>axi oz’ B (Z/a %> + ;Bi(y)

ij=1

n

zn: Aij(y)’/i@)%‘(y) = B;(y)v;(y) =0 (y € 9).

i=1

Therefore the solutions of the boundary-value problems

A(r2) i) +3 4, a;ggj 0 @evy (7o)
i (B (5o )i+ BT =0 wesy (01
i=1 ?
. i . QA3 (x) 9 92 Ay(x)
A ( ) ZA 8x 8:v Z xj)+i7j—1 B 0z, o(x)=0 (zeV)
(5)
lim {B* (v 5) 720+ 2 23" At - B:@)] s }
n(0Ay(y) 0 [(Zhl, Anwve(y) — Bi () v;(v)]
Jri;l{ dy; : dy;
0 A v B v
> jk<>g<yy> 1) viy)] }y](y)@(y)— 0 es)

(ITy)
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by the formulas

i) = /V ro(m,z)A(z,%) () det /S Fo(x,z)B(z,%> i(2) dzs+k§:uk<x) /S i (2)a(z) dg,

(x) = /‘/F6(27$>F(2)d2+/SPE(Z,x)f(Z) d,g (xeVUS)

are mapped from the solutions of the corresponding two pairs of singular integral
equations; moreover, the first formula gives a one-to-one mapping, while by
means of the second, in view of (2), exactly [—m linearly independent solutions
of the corresponding pair of singular equations pass into the trivial solutions of
the problem (1), (I1}). For small matrices A”(ac) (t,7=1,...,n; x € VUS),
Bl(y) (i=1,...,n; y €9), the singular part of the kernel has a resolvent, and
both pairs of singular integral equations are equivalently reduced to two adjoint
pairs of regular equations.

Hence, under sufficient smoothness of the matrices /L-j(x) and B, (y), and also
under fulfillment, for the operator (3) and its adjoint, of the remaining two
conditions of the theorem, its assertion is obtained easily. If [ < m, instead of
the matrix (1) one takes the matrix

Ty(z,z) zl"(x,z)—i-Zuk(x)vZ(z) (x,z€e VUS; x +# 2).

Similarly one can show that the index of the operator

(1(55) 2(+32))

does not change under a change of the surface S of the domain V, if in the
course of this change the four conditions stated in the theorem are not violated.

Using this assertion, it is easy to verify that the index of the operator

(4G5)- 2(+32))

is equal to zero if the coefficients A, (i,j = 1,...,n) of the operator A(%) are
constant, while the coefficients
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(=Loom). ety Buww#0  Wes)

where all B;; are constant (obviously, as in (1)), and here it is assumed that the
boundary-value problems corresponding to the operators

(1Ge) 2(032)) (e (GE) 7 (035))

are reducible to the regular integral equations of Ya. B. Lopatinskii).
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