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Abstract

Full Text
PHYSICS
S. V. TYABLIKOV

ON A VARIATIONAL PRINCIPLE IN THE
MANY-BODY PROBLEM

(Presented by Academician N. N. Bogolyubov, 12 IIT 1958)

In the work of N. N. Bogolyubov (1), a variational principle in the many-body
problem was formulated. Below we formulate the condition under which a
given solution of the generalized method gives a minimum of the ground-state
energy; this reduces to the condition of positivity of the second variation of
the expression for the ground-state energy. Since among the solutions of the
generalized method there are always also solutions of the ordinary Fock method,
we thereby obtain a criterion for when the ordinary Fock method does not
give an energy minimum and the latter should be sought in a broader class of
solutions of the generalized method.

Let the Hamiltonian of a system of N interacting Fermi particles in the second-
quantization representation have the form

1
H =Y (A(f, )~ ad; ;) atay + 5 > B(fi, foi f5. f) afafagag, (1)

where A(f, f') and B(f, fa; f5, fi) are the matrix elements of the operators
of the proper energy of the particles and of the interaction energy; « is the
chemical potential, introduced so as not to take explicitly into account the
condition of constancy of the number of particles in the system; f is the set of
indices characterizing the state of a particle. To determine o we have the usual
condition

Za;af:N. (2)
(f)

For the matrix elements of the operators A, B, the obvious conditions hold:

AL ) =AU )y B fas o, 1) = BUAL o3 fos 1) = B(fs, 1 f17f22~)
3

We perform a canonical transformation of the operators a:
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Ay = Z(ufl/all—i_vfl/a;—)’ (4)
)

where the functions wu, v satisfy the following orthogonality and normalization
conditions:

Eppr = Z(u*}yuf,l, F V) = Opps Mgy = Z(ufl,vf/l, +ugp,vyp,) =0. (5)
() (v)

We now compute the mean value of H (1) with respect to the vacuum function
in the new variables a,:

a,cy=0. (6)

Assuming the function ¢, to be normalized, we shall have:

H= Z f f _O‘(Sff’> (fvf/)_‘_%ZG(flaf2;févf{)F(f17f1) (f27f2 ZBf17f27f2afl)(I)*(f17f2)
(7)

G(flva?fé?f{) = B(f17f2§fé7f{) _B<f17f2§f{>fé>; (8)

fl’fQ val’/uf2’/’ fl’f2 ZvﬁvazV’ f17f2 Zuflyule’
(9)

We determine u, v from the condition that the form (7) have a minimum, under
the additional conditions (5):

E=H+Y_Mf1, ) (F(f1, f)+Fo(f1, f2))+ D mlf1, f2)O(frs o)+ m*((fll(3 )fg><1>*(f1, f2)=> A, f) = mir

where A\, m are undetermined Lagrange multipliers, and, by virtue of the second

of conditions (5), m(fy, f3) = m(fs, f1)-

From the condition that the first variation of £ vanish, we obtain equations for
determining the functions u, v:

D QU1 o) + Ao f2))vpp + D (R (for fr) +m" (fo, fi))u5, = 0;
(f2) (f2)
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S M fug,, + > (R (fr, fo) +m*(fr, f2))vf,, =0 (11)
(f2) (f2)

(and also two equations conjugate to these), where the following notation has
been introduced:

Q(f1, f2) = A(f1, f2) _a6f1f2 + Z G(f1,913 925 f2)F (915 92);

(91,92)

R(f1, f2) = Z B(g1, 995 f1: f2)®7 (91, 92)- (12)

(91 92)

Equation (2) for determining the chemical potential «, taking into account (4),
(6), (9), assumes the form

S F(f.f)=N. (13)
(f)

It is clear that equations (11) may be regarded as a generalization of Fock’ s
equations, to which they reduce under the following choice of the functions w, v:

ufl/:07 'Ufl,:wfy, VGF,

ufl/:wfw UfV:O’ V%F, m(f17f2):Oa (14)

where wy, is a system of functions orthonormalized in the usual sense; F' is the
“Fermi sphere,” which is defined as the set of N indices v (NN is the number of
particles). Below we shall call the solution (14) the ordinary one.

Equations (11) always have a solution of the form (14), where wy, are chosen
by Fock’ s method. Consequently, the limits of applicability of the new method
cannot be narrower than the limits of applicability of the ordinary Fock method.

Solutions of equations (11) will be stable if they minimize the expression (10)
for the energy of the system &, i.e., if the second variation of &£

will be positive. The expression for the latter is brought to the form
026 =2 E(6v},0vp, + 0u,duy,) (15)
(f:v)

where F, dv, du are the eigenvalues and eigenfunctions of the equations in
variations:
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D QU fa) + Afrs f2))6vs, + > (R (for £1) +m* (fo, f1))0u5,
(f2) (f2)

+ Z G(flygl;QQv f2) (6vg1uvi:72,u, + Uzl;t(svgzu) UfQI/

(91,92 f2,1)

1
T3 Z B*(91, 923 f2, 1) (5U91uuyzu + U91u5ugzu> Uty = Bovy,;

(91:92,f2,1) (16)

S A fo)Sup,, + Y (R (fry fo) +m* (f1, f2))005,
(f2) (f2)

Z B(91: 923 J1: f2) (61}91“”92” + U91N6u92u) Uty = Eduy,,.
(91:92,f2,1)

+

N =

(and two more equations conjugate to these). It is evident that expression (15)
will be positive if the system of equations (16) has no negative eigenvalues.

Tt follows from this that the usual Fock solution (14) will be stable, i.e. will give a
minimum of the ground-state energy, not under all conditions. The instability of
the ordinary solution (14) is naturally interpreted as a criterion for the existence
in the system of some other state.

Thus, in the particular case

Alfrs f2) = A(f)ds g, (f = (g,9));

B(f1, fo; f5, f1) = B(@151; @152 45855 4551)(1 =34 ¢.)s

where ¢ is the momentum, and s is the totality of the coordinates of the ordinary
and isotopic spins, from (16) there follows N. N. Bogolyubov’ s criterion for the
condition of existence of superfluidity in nuclear matter (3).

The new method is also very convenient for investigating various questions in
the electron theory of solids with allowance for the crystal lattice, for example
in establishing a criterion for superconductivity with allowance for the lattice.

The present work was carried out at the suggestion of Acad. N. N. Bogolyubov,
to whom the author takes this opportunity to express gratitude also for discus-
sion of the work.
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