Soviet-era science, translated into English

Mathematics

1958

SovietRxiv

View the original and related papers at https://sovietrxiv.org/items/ru-195801.77938

Source: Math-Net.Ru and CyberLeninka. Machine translation. Verify with the original.


https://sovietrxiv.org/items/ru-195801.77938

Abstract
Full Text

Mathematics

E. G. Reimers

Theorems on the Mean Value and Multiplication
of Summable Series

(Presented by Academician A. N. Kolmogorov on 13 II 1958)

1. Denote the set of convergent sequences™ & = {x,} by ¢, and that of absolutely
convergent sequences (Y |A, z,| < 00) by a.

Let a series Y a;, be given and let

x={xy}={§”jak}.
k=0

We shall say that the series > a; is A-summable (]A|-summable) by the tri-
angular method A = (a,,) to the sum A(x), if {A,(z)} € ¢ {4,,(x)} € a),

where

’I'LIJ)

An(m) = Za’nu‘ru’
v=0

and if

T}L}H()lo A, (z) = A(z).
The set of all A-summable (| A|-summable) series will be denoted by cA (aA).
We shall say that the method A is regular if it sums all convergent series with
preservation of sums, and that the method A is ac-regular (absolutely regular)
if it sums (]AJ-sums) all absolutely convergent series with preservation of sums.

Define, for the method A, the following estimates (where z = {z,} is an arbi-
trary sequence, K = const, and k’ is some integer):

k
Y anm,|<K|Ay()  (0<K <k<n); (1)
v=0
o B k
A apx | < KA ()] (0<K <k), (2)
n=k+1 v=0
a2, <KDY |A A, (). (3)
v=0 v=0
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Estimates (1) and (3) were first introduced by Jurkat and Peyerimhoff (1:2),
They applied them to the study of the problem of summability factors and
inclusion of summability methods. In the present note we formulate necessary
and sufficient conditions, obtained with the aid of estimates (1)—(3), for the
summability of the product of series.**

* If the limits of variation of the indices are not indicated, the indices take all
integer values 0,1, .... Below, everywhere,

o0

Z means Z, Ao, =a,—a, ; (a_,=0)

and
A«

nOp = 0p — Q4.

** Prof. Kangro pointed out to me the possibility of applying these estimates in
the study of the summability of products of series.

Sufficient conditions for the fulfillment of (1) are given in (). If A satisfies
estimate (1) and

— SM( ok F 0, In k1 OandM:const>,
Oy Ok, k+1

then A satisfies estimate (2); if A, |a,,| = |A,a,,|, then A satisfies estimate
(3). We shall say that A satisfies* MVT 1 (respectively MVT 2, MVT 3) if A
satisfies estimate (1) (respectively (2), (3)).

2. Let the methods A = (a,,,,) and B = (b,,,) be normal (i.e. triangular and
apn # 0, b, #0), let the method C = (c,,) be triangular, and let

n—v
= E bn,k+ua’n,n7k'
k=0

Consider the following conditions (in which all terms whose denominator is zero
are excluded; a,,;, # 0, b,,;, # 0):

n n—k k

ZZZ ‘AMAVan,uu| < M17 (4)
k=0 p=0 v=0

where

D o ycn,u—H/ an,nkaru bn,u-‘rk.

nkpv — )
d A bn—k,u

n,u+v v
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n—~k
Aucn,er < Ma:
—= 2

v
v=0 a’nkbnfk,u

Aycn,u+k

< Ms%

ankbnfk,u

n—=k

b
n,v+k
Al/

b < My;

v=0 n—k,v

A A bn,u+k

v

< M5§

n—k,v

< Mg (k<n);

An bnn

< M,
bnfk,nfk

00
n=~k

the method is regular and satisfies MVT 1;

the method is ac-regular and satisfies MVT 1;

the method is absolutely regular and satisfies MVT 2;

the method is absolutely regular and satisfies MVT 2 and 3**

(11)

(12)

(13)

(14)

3. Let the series > uy, and > v, be given. From these series form the product

series by Cauchy’ s rule, i.e. the series > w;,, where

k
Wy, = E Vi Uy,
v=0

The following theorems 1-4 can be proved (where the methods A and B are

normal, and C is triangular).

sovietrxiv.org/items/ru-195801.77938

Machine Translation


https://sovietrxiv.org/items/ru-195801.77938

* MVT —mean value theorem.
** Conditions (11), (12), (13), or (14) will in what follows be imposed on the
methods A and B.

Theorem 1. Let A and B satisfy condition (11), and C'—condition (4). The
series ) wy, for arbitrary series ) u;, € cA and ) v, € ¢B, is C-summable to
the sum C(W) = A(U)B(V) if and only if C is regular.

Theorem 2. Let A satisfy condition (14), B—condition (11), and C'—condition
(5). The series > wy, for arbitrary > u; € ad and > v, € ¢B, is C-summable
to the sum C(W) = A(U)B(V) if and only if C' is regular.

Theorem 3. Let A and B satisfy condition (14), and C'—condition (6). The
series Y wy, for arbitrary Y u, € aA and Y v, € aB, is C-summable to the
sum C(W) = A(U)B(V) if and only if C is ac-regular.

Theorem 4. Let B satisfy conditions (7) and (12), ((8) and (13)). The series
> wy, for all > uy, € a, is B-summable (|B|-summable) to the sum

B(W)=B(V)> u,

if and only if > v, is B-summable (| B|-summable).

The proof of these theorems is based on the application of properties possessed
by summability methods satisfying TC3, which allow one, from the boundedness
of the sequence {C, (W)}, to conclude its convergence. A similar method, as
applied to the study of inclusion of summability methods, is described in detail
in (1). The proof of Theorem 4 can be reduced to the application of necessary
and sufficient conditions for ac-regularity and absolute regularity. For example,
in applying estimate (2), the following property of the method A is used: if A
is absolutely regular and satisfies TC3 2, then A is absolutely perfect, i.e. such
that for any ¢ > 0 and = € a4 with A(x) = 0 there exists a g = {g,} (g, =0,
if v > 1), such that

le =gl =) 18,4, (@ —g)l <e.

4. For certain summability methods in Theorems 1 and 4 the requirement of
satisfying TC3 turns out to be superfluous. These include methods A, B,
and C satisfying the conditions

A c

A, =Y — 0 (v <), (15)
dm/
Uy vtk bn v+k
AR g AR ) (y < — k). (16)
Ya )
n—k,v n—k,v

Then, for example, instead of Theorem 1 the following is proved:
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Theorem 5. Let A, B, and C satisfy conditions (15) and (16). The series
> wy, for arbitrary Y u, € cA, > v, € ¢B, is C-summable to the sum C(W) =
A(U)B(V) if and only if the methods T = (t,,;,) and T’ = (¢ ) are regular,
where tnk = Cnn/akkbn—k,n—k'

n,n—k

Remark. If the method B is ac-regular (absolutely regular) and satisfies the
second condition (16), then in Theorem 4 the conditions (7) and (11) may be
replaced by (9) ((8) and (13) may be replaced by (10)).

5. For the application of Theorems 1-4 in the case of Riesz methods, we
indicate that the Riesz method (R, a,) (i.e. the method A = (a,,,), where
a,, =a,/A,,ifv<n

(Anfjaﬂéo, aﬂéo>7

v=0
and a,, = 0, if v > n) satisfies: a) estimate (1) if and only if |A;] < K|A,]
(k < n); b) estimate (2)
a’nAk

A A

n—1

then and only then, when Z <« K; ) the estimate (3) then and

n=k+1

n
only then, when Z la,| < K|A,|.
v=0

These conditions are satisfied if the method (R,a,,) is: a) ac-regular; b) ab-
solutely regular; c) regular. Thus, in the case of the Riesz method, under
conditions (11)—(14), the requirement that the method satisfy TC3 1 or TC3 2
proves to be superfluous, and instead of TC3 3 we may require that the method
be regular. It is now not difficult to write down Theorems 1—4 for the case in
which A and B are Riesz methods.

The Voronoi—Nérlund method (WN,a,,) (i.e. the method A = (a,,), where
apy = G, /A, if v <n, and a,, =0, if v > n) satisfies the estimates (1)—
(3) only under very narrow conditions. However, (W N, a,,) always satisfies the
first condition (16). If another method (WN,b,) is also given, then the method
(WN,c,), where

¢y = au—kBkv
k=0

satisfies condition (15), and from Theorem 5 we obtain one well-known theorem
of Mears (3, Theorem 2). From Theorem 4, taking the remark into account, we
can also obtain Theorems 10" and 11" of Mears from (*).

Tartu StateUniversity
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