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The principal problem in the theory of strong electrolytes is the calculation of
the correction AF to the free energy arising from the interaction of ions with one
another. A substantial advance in this field was made by Debye, who correctly
treated the electrostatic interaction of ions and obtained for AF' the expression

NO v

AF =20V
127 73

(1)

where NV is the number of ions; 8 = kT'; v is the volume per ion; r,; is the Debye
radius:

-1

N,

r2 = Dfv (471'271&3) ; n, = Wa, (2)
(@)

where N, and e, are the number of ions and the charge of each of them for
species a; D is the dielectric constant of the solvent.

Debye and Hiickel (V) obtained a correction to (1) for the finite radius of the
ions 7q:

N6 3r
AF=———v[1-S2 4. ). 3
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By comparing (3) with experimental data, values of r, were obtained that agree
well with other estimates of ry in the case of large ionic radii. In the case of
small ionic radii, this agreement is violated.

Bjerrum (@ found another correction to (1), which, for small concentrations of
pairs of ions of opposite signs situated close to one another, has the form:
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where Na/2 is the number of pairs of ions of opposite signs situated at distances
from one another smaller than ¢ = e2/D0);

1 q
a= / e?* /PO 47y2 dr. (5)
To

The essence of this correction is that, in Bjerrum’ s opinion, Debye’ s theory may
be applied only to those ions that are sufficiently far apart from one another.
Pairs of ions of opposite signs should rather be considered similarly to neutral
molecules than treated by Debye’s theory. We note that in Bjerrum’s expression
for AF there are correction terms of the Debye-Hiickel type, which are omitted
in (4).

In the present note we investigate the question of the statistical justification of
the Debye—Hiickel and Bjerrum corrections by N. N. Bogoliubov’ s method of
correlation functions (3)*.

The chain of equations for the correlation functions has the form: ()

8Fa1...a Fal a a[Ja1 a
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U‘al...aS = Z (I) |q7, - q]‘) (7)

(1<i<j<s)

As in (), we shall assume that

and moreover

(1<a<M)

Following the basic idea of (*), we seek the solution of (6) in the form
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ﬁal.“as - Z Eaiaj (|q1, - q_]|) (9)

(1<i<j<s)

Instead of C, introduce new correlation functions g, , :
ety

ay)

Ca, = Ya,» (10)
Caiay = 90,90, + V94,0,

Corayay = 9a, 9ay9as + 0 (9a, Jagay + GayGaray T JayTayay) + V200, agay:
and make the substitution:
1 1— _
—-® = v —® = .
R L R

Then, seeking g,  , in the form of a series in powers of v,

aS

Yay.ay = ggl.“as + Ugclzl.“as + oy (11)

we obtain for g¥, the following equation:

9o (laD) + Yap(lal) — Py, (la))+

+ Y )nc/%c(qq’){g&(lq’l)wbc(lq’)}dq’—ﬂ (12)

(1<e<M

(by virtue of the spatial homogeneity of the problem, 9o, = 1).

From the requirement that g2, vanish, equation (12) can be used to find v, (|¢|)
from the known ,,(|g|). In the case where the ions are assigned one and the
same radius r,, we obtain for the binary correlation function:

e.ep 1

exp {_ eIQ/Td} , |q‘ > ,
Fo(lgl) ~ 0 gl 0 (13)
Oa |Q‘ S TO
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(with accuracy up to and including terms of first order in the plasma parameter).
Such a form for F,;, was natural to expect in advance.

* On the question of the statistical justification of the results of Debye’ s theory, see also works (7:8).

For the part of the free energy AF arising from the interaction of ions, we use
the general formula (5)

1
AP =g 30 mam [ [ #atad Eatia vy daar.

(1<a,b<M

Substituting (13) into (14), we shall have:

2 _L T
AF:N*D NaMp€q eb/ / exp{ ~ eb "‘d‘ﬁ}—l)rdrdr
Y <apenn)
(15)

In the case where the ionic radii are sufficiently large, i.e.

o > max

(a,

“wal_, (15)

the exponential in the integrand of (15) may be expanded in a series. In this
way we arrive at the results of the Debye—Hiickel theory (3).

We shall now show that expression (15) contains, at least for small concentra-
tions of pairs of ions of opposite signs that are close to one another, Bjerrum’
s correction. For simplicity, let us consider the special case of an electrolyte
consisting of two kinds of ions with charges equal in absolute value. In this case
formula (15) assumes the simpler form:

Dw Dor

/ / eXp{Te 7 }Td?“dT
e? e? e
+N5;/ / (exp{ TD—QTe d }—1>rdrd7
E/ / <exp {Te %ﬁ}l)rdrdr,
v
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where, for convenience of consideration, the integral with respect to r has been
divided into two parts: from r, to ¢ and from ¢ to co.

Replacing the exponential by unity in the first term of (17), one can verify that
it will be smaller than N6 multiplied by the square of the plasma parameter
v/r?l. In the second term we expand the exponential factor standing in the
exponent of the integrand; then:

@t Te? _ r @t Te?
/T/Oexp{Deremﬁ}rdrdT/T /0 eXp{DHr}TdrdT
[9) 0
e? ¢ Te? | 4
— — 2y drd
oo, |, | oo T i

In the case of electrolytes, the quantity e/D6r, cannot be regarded as small
in comparison with unity; therefore the principal contribution to the integrals
with respect to r is given by the regions where r ~ ;. Consequently, from the
integrals with respect to 7 only their asymptotic behavior for r ~ ry is required,
which is easily found, in view of

that

/1 far =G /1 S (35
erdr ~ —; eTPT T~ — > 1).
0 g o e

Thus,

2 a pl 2
_ror 1
_NeDZ/TU /0 exp{;zre Tdf}TdeT=—2N90l+

2
1
+—Nba = + Nba O [”3] :
8w Ty ]
where « is determined by formula (5).

The third and fourth terms in (17) are readily estimated by expanding the
exponential in the integrand, which gives

1 v 3q
——NO— [1—-—+-].
120 " r3 ( dr, * )

Neglecting terms of the order of the square of the plasma parameter, we finally
obtain:
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1 1 v 1 v
AF = —_Nfa— —Nf = + —Nfa = 18
2 T E T (18)

which, for small «, agrees exactly with expression (4) of Bjerrum’ s theory.

A more detailed comparison of expression (17) with the corresponding expression
of Bjerrum’ s theory can be carried out only after numerical calculation of the
integrals.

Doubts have repeatedly been expressed regarding the justification of Bjerrum’
s theory (see, for example, the discussion of this question in ©). It seems to
us that our results clarify to a sufficient extent the basic points of Bjerrum’ s
theory.

In conclusion, the authors take the opportunity to express their gratitude to
Academician N. N. Bogolyubov for discussion of the work.
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