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ON THE QUESTION OF THE INVERSE
PROBLEM OF POTENTIAL THEORY

(Presented by Academician S. L. Sobolev on June 27, 1957)

In the dissertation of V. K. Ivanov (!), an investigation was begun of the ques-
tion of the change in a region producing a given exterior potential when the
density of the matter filling it is increased. In the present note a qualitative
characterization of this change is given; namely, it is proved that under a mono-
tone increase of the density the region is monotonically compressed. The method
used by us was proposed by V. P. Simonov (?) for proving uniqueness theorems.

Theorem 1. Let the regions D, and D, star-shaped with respect to the pole
O, be filled with matter of constant densities p, and py, respectively, where
Wy > o > 0. If, moreover, the exterior potentials of the regions are identically
equal, then

D, C D,.

Proof. Let the boundaries of the regions D; and D, have, in polar coordinates
(r, ), the equations r = r{(p) and r = ry(p), respectively, and let

Ry () = min{r,(¢), () }; Ry () = max{r,(p),m2(p)}-

Suppose that the inclusion D; C D, is not satisfied (the impossibility of the
reverse inclusion is obvious). This means that on some set A C [0, 27| we have
ro(p) < 11(p). For the proof it is sufficient (2,3) to construct in the region
D, U D, such a harmonic function U that

//DlUulda—//D2Uu2da>O. (1)

Consider in the region D; U D,y a bounded harmonic function V(r, ¢) taking on
the boundary the values

1, peA,

V(Ry, o) =
(Rar0) {0, o€ B=10,2n]\ A.
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We show that the function

U= 2V—|—r8—v7
or

which is harmonic together with V, will satisfy inequality (1). The left-hand
side of this inequality is equal to

o[ Vs [ vt [ vde=
Di\D, Dy\D, D,UD,

= Ly + poly + (pg — po) I3

It is easy to verify that each of the integrals I, I,, I5 is positive. Indeed,

R,
11:// Udo’:// Urdrdgaz/[R%*R%V(Rla@”d‘P>Ov
Dy\D, AR, A
12:_// UdU:/R%V(RU@)dSO>Oa
D,y\D, B

27
I3:// UdJ:/ R2V(Ry, ) dp > 0.
D,UD, 0

The theorem is proved.

Remark. The formulation and proof of Theorem 1 carry over without changes
to the three-dimensional case.

Theorem 2. Let D, be a plane simply connected domain bounded by an analytic
curve and producing, when filled with masses of density p,(x,y) > 0, the exterior
potential V. Then there exists a domain G, containing D, such that for any
simply connected domain Dy C G, having, with positive density ps(x,y) <
wy(z,y), the same exterior potential V', we always have

D, C D,.

For the proof we again assume the contrary. Let G be the largest domain to
which the function w = f(z), mapping D; conformally onto the disk |w| < 1,
can be continued; let U(z,y) be a harmonic function, defined and positive in
the domain D; and equal to zero on those parts of its boundary that lie in
the closure of D,. From the conditions of the theorem it follows that U(z,y)
continues to the domain D,, and all its values in D5\ D, are negative. Therefore
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// U,ulda—// Upydo > 0,
Dl D2

which proves the theorem.
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