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Abstract
Full Text

Reports of the Academy of Sciences of the USSR
1958. Vol. 123, No. 2

MATHEMATICS
Yu. P. KRIVENKOV

REPRESENTATIONS OF SOLUTIONS OF
THE EULER–POISSON–DARBOUX EQUA-
TION WITH NEGATIVE COEFFICIENT
(Presented by Academician I. N. Vekua on 30 V 1958)

In papers (1,2), representations by means of analytic functions of one complex
variable were studied for solutions of the equation

𝜕2𝑤
𝜕𝑥2 + 𝜕2𝑤

𝜕𝑦2 + 𝑐
𝑦

𝜕𝑤
𝜕𝑦 = 0, 𝑐 = const (1)

for values 𝑐 > 0. In the present paper, for this same equation, representations
by means of analytic functions of solutions are investigated for 𝑐 < 0.

Let us denote by 𝑇 a simply connected domain lying in the half-plane 𝑦 > 0 and
adjoining an interval 𝑎𝑏 (or 𝐿) of the axis 𝑂𝑥, and by 𝑇 the domain symmetric to
it with respect to the axis 𝑂𝑥. We shall say that the domain 𝑇 (or 𝑇 ) belongs
to class 𝐵 if the domain 𝑇 ∪ 𝐿 ∪ 𝑇 contains entirely the segment joining any
two of its points that have the same abscissas.

Consider the classes 𝐸𝛼(𝑇 ) and 𝑁𝛼(𝑇 ) of solutions of equation (1). To the class
𝐸𝛼(𝑇 ) we assign every function continuous in 𝑇 ∪ 𝐿 and twice continuously
differentiable in 𝑇 , satisfying equation (1) for 𝑐 = 𝛼. To the class 𝑁𝛼(𝑇 ) we
assign those functions of the class 𝐸𝛼(𝑇 ) which on 𝐿 satisfy the condition

lim
𝑦→0

𝑦𝛼 𝜕𝑤
𝜕𝑦 = 0.

Correspondingly, we consider the classes 𝐸𝛼(𝑇 ) and 𝑁𝛼(𝑇 ) of solutions defined
in 𝑇 .

sovietrxiv.org/items/ru-195801.73971 Machine Translation

https://sovietrxiv.org/items/ru-195801.73971


Lemma 1. Every solution 𝑤(𝑥, 𝑦) ∈ 𝐸𝑐(𝑇 ) (𝑐 < 0), satisfying on 𝐿 the con-
dition 𝑤(𝑥, 0) = 0, in any closed domain 𝑇 ′ ⊂ 𝑇 ∪ 𝐿 adjoining 𝐿, can be
represented in the form

𝑤(𝑥, 𝑦) = 𝑦𝐴(𝑥, 𝑦), (2)

where 𝐴(𝑥, 𝑦) is bounded in 𝑇 ′.

Proof. For an arbitrary point (𝑥0, 0) belonging to 𝐿, construct the barrier
function

𝑣(𝑥, 𝑦) = 𝑦 [1 − 𝛼𝑒−𝑝/(𝑥−𝑥0)2] + 𝛽(𝑥 − 𝑥0)2.

Choose 𝛼, 𝛽, and 𝑝 so that in 𝑇 ′ one has 𝑣(𝑥, 𝑦) > 0 and

Δ𝑣+ 𝑐
𝑦 𝑣′

𝑦 = − 2𝛼𝑝𝑦
(𝑥 − 𝑥0)6 𝑒−𝑝/(𝑥−𝑥0)2 [2𝑝 − 3(𝑥 − 𝑥0)2]−−𝑐 − 2𝛽𝑦 + 𝑐𝛼𝑒−𝑝/(𝑥−𝑥0)2

𝑦 < 0.

Consider the functions 𝜑(𝑥, 𝑦) = 𝑘𝑣 − 𝑤 and 𝜓(𝑥, 𝑦) = −𝑘𝑣 − 𝑤; by the usual
arguments we find that in 𝑇 ′, 𝜑(𝑥, 𝑦) ≥ 0 and 𝜓(𝑥, 𝑦) ≤ 0. Formula (2) follows
from the latter expressions.

Theorem 1. If a solution 𝑤(𝑥, 𝑦) ∈ 𝐸𝑐(𝑇 ) (−2 < 𝑐 < 0) satisfies on 𝐿 the
condition 𝑤(𝑥, 0) = 0, then it is represented in 𝑇 in the form

𝑤(𝑥, 𝑦) = 𝛾 (1 − 𝑐
2) ( 𝑦

1 − 𝑐 )
1−𝑐

∫
1

0

𝜓[𝑥 + 𝑖𝑦(1 − 2𝜎)] 𝑑𝜎
[𝜎(1 − 𝜎)]𝑐/2 , (3)

where 𝛾(𝛼) = Γ(2𝛼)/Γ2(𝛼) and 𝜓(𝑧) is a function analytic in 𝑇 and satisfying
on 𝐿 the condition

lim
𝑦→0

( 𝑦
1 − 𝑐 )

𝑐 𝜕𝑤
𝜕𝑦 = 𝜓(𝑥). (4)

Proof. In a neighborhood 𝑇 ′ of the interval 𝐿, such that the domain 𝑇 ′ ∪𝐿∪𝑇 ′

is convex, consider the expression

𝑣(𝑥, 𝑦) = 𝑀
𝑐 [∫

𝑦

𝑦0

𝑦𝑐𝑤(𝑥, 𝑦) 𝑑𝑦 − 𝑦𝑐
0 ∫

𝑥

𝑥0

∫
𝑥1

𝑥0

𝑤′
𝑦(𝑥2, 𝑦0) 𝑑𝑥2𝑑𝑥1] ,

in which (𝑥0, 𝑦0) is some point of 𝑇 ′, and

sovietrxiv.org/items/ru-195801.73971 Machine Translation

https://sovietrxiv.org/items/ru-195801.73971


𝑀 = 4 𝛾(−𝑐/2)
𝛾(1 − 𝑐/2)(1 − 𝑐)1−𝑐.

We shall show that 𝑣(𝑥, 𝑦) ∈ 𝑁−𝑐(𝑇 ′). By virtue of Lemma 1, 𝑤(𝑥, 𝑦) = 𝑦𝐴(𝑥, 𝑦),
and therefore 𝑣(𝑥, 𝑦) is continuous on 𝐿. Moreover, 𝑣(𝑥, 𝑦) satisfies in 𝑇 ′ equa-
tion (1) with coefficient 𝑐 equal to −𝑐. Indeed:

𝑐
𝑀 (𝑣″

𝑥2 + 𝑣″
𝑦2 − 𝑐

𝑦 𝑣′
𝑦) = ∫

𝑦

𝑦0

𝑦𝑐𝑤″
𝑥2 𝑑𝑦 + ∫

𝑦

𝑦0

𝑑
𝑑𝑦 (𝑦𝑐𝑤′

𝑦) =

= ∫
𝑦

𝑦0

𝑦𝑐 (𝑤″
𝑥2 + 𝑤″

𝑦2 + 𝑐
𝑦 𝑤′

𝑦) 𝑑𝑦.

Next

lim
𝑦→0

𝑦−𝑐 𝜕𝑣
𝜕𝑦 = 𝑤(𝑥, 0) = 0.

Therefore 𝑣(𝑥, 𝑦) is represented in 𝑇 ′ (see (1,2 )) in the form

Π−𝑐/2Φ(𝑧) = 𝛾 (− 𝑐
2) ∫

1

0

Φ[𝑥 + 𝑖𝑦(1 − 2𝜎)] 𝑑𝜎
[𝜎(1 − 𝜎)]1+𝑐/2 ,

where Φ(𝑧) is a function analytic in 𝑇 ′. We perform the following transforma-
tions:

𝑀𝑦−1+𝑐𝑤(𝑥, 𝑦) = 𝑐
𝑦

𝜕
𝜕𝑦 Π−𝑐/2Φ(𝑧) − ( 𝜕

𝜕𝑥2 + 𝜕
𝜕𝑦2 ) Π−𝑐/2Φ(𝑧) =

= 𝛾 (− 𝑐
2) 4 𝜕2

𝜕𝑧 𝜕𝜁 ∫
1

0

Φ[𝑧(1 − 𝜎) + 𝜁𝜎] 𝑑𝜎
[𝜎(1 − 𝜎)]1+𝑐/2 ∣

𝜁= ̄𝑧
= 4 𝛾(−𝑐/2)

𝛾(1 − 𝑐/2)Π−𝑐/2+1Φ″(𝑧) =

= 𝑀(1 − 𝑐)𝑐−1Π−𝑐/2+1𝜓(𝑧),

where 𝜓(𝑧) = Φ″(𝑧).
We obtain that in 𝑇 ′ representation (3) is valid. Applying H. Heinrich’s theorem
II (3) to the expression

𝑤(𝑥, 𝑦) ( 𝑦
1 − 𝑐 )

𝑐−1
= 𝛾 (1 − 𝑐

2) ∫
1

0

𝜓[𝑥 + 𝑖𝑦(1 − 2𝜎)] 𝑑𝜎
[𝜎(1 − 𝜎)]𝑐/2 ,
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which is analytic in the domain 𝑇 ∪ 𝐿 ∪ 𝑇 , we obtain that 𝜓(𝑧) is analytic in
𝑇 , and therefore 𝑤(𝑥, 𝑦) is represented in the form (3) throughout the whole
domain 𝑇 .

We shall denote the classes 𝐸𝛼(𝑇 ) and 𝑁𝛼(𝑇 ) with an asterisk if, for solutions
of these classes, the condition

𝜕2𝑤
𝜕𝑥2 = 𝑂(𝑦−1−𝑐+𝜀), 𝜀 > 0. (5)

Lemma 2. Any solution 𝑤(𝑥, 𝑦) ∈ 𝑁 ∗
𝑐 (𝑇 ) (−1 < 𝑐 < 0, 𝑇 ∈ 𝐵) is represented

in 𝑇 in the form

𝑤(𝑥, 𝑦) = 1
1 + 𝑐 𝑦−𝑐 𝜕

𝜕𝑦 𝑦𝑐+1𝑣0(𝑥, 𝑦),

where

𝑣0(𝑥, 𝑦) = 𝛾 (1 + 𝑐
2) ∫

1

0

𝜑[𝑥 + 𝑖𝑦(1 − 2𝜎)] 𝑑𝜎
[𝜎(1 − 𝜎)]−𝑐/2 , (6)

and 𝜑(𝑧) is a function analytic in 𝑇 , satisfying on 𝐿 the condition

𝜑(𝑥) = 𝑤(𝑥, 0). (7)

Proof. Consider the function

𝑣0(𝑥, 𝑦) = 2𝛽 − 1
𝑦2𝛽−1 ∫

𝑦

0

𝑤(𝑥, 𝑦) 𝑑𝑦
𝑦2−2𝛽 , 𝛽 = − 𝑐

2 + 1 (1
2 < 𝛽 < 1) (8)

and prove that 𝑣0(𝑥, 𝑦) belongs to the class 𝑁2𝛽(𝑇 ).
Indeed, 𝑣0(𝑥, 𝑦) is continuous on 𝐿, since as 𝑦 → 0

𝑦2𝛽−1 → 0, ∫
𝑦

0

𝑤(𝑥, 𝑦) 𝑑𝑦
𝑦2−2𝛽 → 0, lim

𝑦→0
𝑣0(𝑥, 𝑦) = 𝑤(𝑥, 0).

Next, 𝑣0(𝑥, 𝑦) satisfies condition (1) for 𝑐 = 2𝛽:

𝜕2𝑣0
𝜕𝑥2 + 𝜕2𝑣0

𝜕𝑦2 + 2𝛽
𝑦

𝜕𝑣0
𝜕𝑦 = (2𝛽 − 1) [𝑦1−2𝛽 ∫

𝑦

0
𝑦2𝛽−2𝑤″

𝑥2 𝑑𝑦 + 𝑦−1𝑤′
𝑦] =

= (2𝛽 − 1)𝑦1−2𝛽 ∫
𝑦

0
𝑦2𝛽−2 (𝑤″

𝑥2 + 𝑤″
𝑦2 + 2𝛽 − 2

𝑦 𝑤′
𝑦) 𝑑𝑦 = 0.
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On the basis of estimate (5) and equation (1), this integral is meaningful. Fi-
nally:

lim
𝑦→0

𝑦2𝛽 𝜕𝑣0
𝜕𝑦 = (2𝛽 − 1) lim

𝑦→0
[(1 − 2𝛽) ∫

𝑦

0
𝑦2𝛽−2𝑤(𝑥, 𝑦) 𝑑𝑦 + 𝑦2𝛽−1𝑤(𝑥, 𝑦)] = 0,

therefore 𝑣0(𝑥, 𝑦), according to paper (1), is represented in 𝑇 in the form (6).
Differentiating expression (8), we obtain the required result.

Two solutions 𝑤(𝑥, 𝑦) and 𝑤∗(𝑥, 𝑦), defined in 𝑇 , will be called conjugate if
they belong to the class 𝐸𝑐(𝑇 ) and on 𝐿 satisfy the relations

𝑤(𝑥, 0) = 𝑤∗(𝑥, 0), lim
𝑦→0

𝑦𝑐 𝜕𝑤
𝜕𝑦 = − lim

𝑦→0
𝑦𝑐 𝜕𝑤∗

𝜕𝑦 .

Theorem 2. In order for a solution 𝑤(𝑥, 𝑦) ∈ 𝐸∗
𝑐(𝑇 ) (−1 < 𝑐 < 0, 𝑇 ∈ 𝐵) to

be representable in 𝑇 in the form

𝑤(𝑥, 𝑦) = 𝛾(1 + 𝑐/2)
𝑐 + 1 𝑦−𝑐 𝜕

𝜕𝑦 𝑦𝑐+1 ∫
1

0

𝜑[𝑥 + 𝑖𝑦(1 − 2𝜎)] 𝑑𝜎
[𝜎(1 − 𝜎)]−𝑐/2 +

+𝛾 (1 − 𝑐
2) ( 𝑦

1 − 𝑐 )
1−𝑐

∫
1

0

𝜓[𝑥 + 𝑖𝑦(1 − 2𝜎)] 𝑑𝜎
[𝜎(1 − 𝜎)]𝑐/2 , (9)

where 𝜑(𝑧) and 𝜓(𝑧) are functions analytic in 𝑇 , satisfying on 𝐿, respectively,
relations (7) and (4), it is necessary and sufficient that at least one of the
following conditions be fulfilled:

a) the existence in 𝑇 of a conjugate solution;

b) the existence of a function analytic in 𝑇 , satisfying condition (7) on the
interval 𝐿;

c) the existence of a function analytic in 𝑇 and satisfying condition (4) on
the interval 𝐿.

Proof. In case b) of the theorem, by means of an analytic function 𝜑(𝑧) sat-
isfying condition (7) on 𝐿, we construct the first term 𝑤1(𝑥, 𝑦) ∈ 𝐸𝑐(𝑇 ) of
expression (9), satisfying on 𝐿 the condition 𝑤1(𝑥, 0) = 𝑤(𝑥, 0). Therefore the
difference 𝑤(𝑥, 𝑦) − 𝑤1(𝑥, 𝑦), according to Lemma 2, is represented in 𝑇 in the
form of the second term of expression (9), which is what is required for this
case.

Case c) is considered analogously.

In case a), considering the sum and the difference of conjugate solutions, we
reduce the proof to cases b) and c). The theorem is proved.
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In the domain 𝐷 = 𝑇 ∪𝐿∪𝑇 , where 𝑇 ∈ 𝐵, consider the class of solutions 𝐸∗
𝑐(𝐷)

of equation (1). To it we assign every pair of solutions belonging respectively to
the classes 𝐸∗

𝑐(𝑇 ) and 𝐸∗
𝑐(𝑇 ), forming in 𝐷 a single function continuous together

with the expression |𝑦|𝑐 𝜕𝑤
𝜕𝑦 .

Theorem 3. Any solution 𝑤(𝑥, 𝑦) ∈ 𝐸∗
𝑐(𝐷) (−1 < 𝑐 < 0) is represented in 𝐷

in the form

𝑤(𝑥, 𝑦) = 𝛾(1 + 𝑐/2)
𝑐 + 1 |𝑦|1−𝑐 1

𝑦
𝜕
𝜕𝑦 |𝑦|1+𝑐 ∫

1

0

𝜑[𝑥 + 𝑖𝑦(1 − 2𝜎)] 𝑑𝜎
[𝜎(1 − 𝜎)]−𝑐/2 +

+ sgn 𝑦 ⋅ 𝛾(1 − 𝑐
2) ( |𝑦|

1 − 𝑐 )
1−𝑐

∫
1

0

𝜓[𝑥 + 𝑖𝑦(1 − 2𝜎)] 𝑑𝜎
[𝜎(1 − 𝜎)]𝑐/2 , (10)

where 𝜑(𝑧) and 𝜓(𝑧) are functions analytic in 𝐷, satisfying on 𝐿, respectively,
condition (7) and the condition

𝜓(𝑥) = lim
𝑦→0

( |𝑦|
1 − 𝑐 )

𝑐 𝜕𝑤
𝜕𝑦 . (11)

The proof of this theorem completely repeats the proof of the analogous theorem
in paper (2).

Remark. All representations considered in the present paper are unique.

On the basis of the preceding, the following is true:

Theorem 4. If for 𝑤(𝑥, 𝑦) ∈ 𝐸∗
𝑐(𝑇 ) (−1 < 𝑐 < 0, 𝑇 ∈ 𝐵) there exists in 𝑇 a

conjugate solution or one of the functions 𝑤(𝑥, 0) or lim
𝑦→0

|𝑦|𝑐 𝜕𝑤
𝜕𝑦 is analytically

extendable with respect to 𝑥 to the domain 𝑇 , then 𝑤(𝑥, 𝑦) is extended in the
form

𝑢(𝑧, 𝜁) = 𝑤(𝑧 + 𝜁
2 , 𝑧 − 𝜁

2𝑖 )

to the domain

{𝑧 × 𝜁 ∈ 𝑇 ∪ 𝐿 ∪ 𝑇 × 𝑇 ∪ 𝐿 ∪ 𝑇 , Im 𝑧 > Im 𝜁}.
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