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MATHEMATICS

V. V. POKORNYI

ON THE CONVERGENCE OF FORMAL
SOLUTIONS OF NONLINEAR INTEGRAL
EQUATIONS
(Presented by Academician P. S. Aleksandrov on 16 I 1958)

One of the basic methods for solving integral equations with analytic nonlin-
earities was proposed by A. I. Nekrasov (1). This method consists in finding
solutions in the form of series in integral or fractional powers of a small pa-
rameter. To construct these series, the method of undetermined coefficients is
applied, and then, to prove their convergence, majorant numerical series are
constructed. The principal difficulty, naturally, lies in constructing these majo-
rants. After the works of A. I. Nekrasov, such majorants for various cases were
constructed in the works of N. N. Nazarov (for example (2)), and then in the
works of other authors. In particular, a very general case was considered by P.
P. Rybin (3).
M. A. Krasnosel’skii advanced the hypothesis that, for integral equations of the
usual type (those considered in the Lyapunov—Schmidt theory), formal solutions
in the form of series are always true solutions for sufficiently small values of the
parameters. This hypothesis proved to be correct.

The present paper contains the corresponding theorems for the nonlinear inte-
gral equation of P. S. Uryson of general form

𝜑(𝑥) = ∫
1

0
𝐾[𝑥, 𝑦, 𝜑(𝑦); 𝛼] 𝑑𝑦. (1)

To prove the convergence of formal solutions, it was necessary to generalize
the theory of formal power series with numerical coefficients, developed by S.
Bochner and W. Martin (4), to the case of formal power series with functional
coefficients. The proof of the main theorem is based on the use of the ideas of
Lyapunov—Schmidt (5,6). From the principal result of the paper it follows that,
in order to construct all small solutions of equation (1), one must seek, by the
method of undetermined coefficients, formal series satisfying the equation: they
will be true solutions. Equation (1) can have no other small solutions (7).
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1. Consider the collection Φ𝑚 of expressions of the form

𝜑(𝑀; 𝛼) = 𝜑(𝑀; 𝛼1, … , 𝛼𝑚) = ∑
𝑘1+⋯+𝑘𝑚≥1

𝜑𝑘1…𝑘𝑚
(𝑀)𝛼𝑘1

1 ⋯ 𝛼𝑘𝑚𝑚 , (2)

where 𝑀 = 𝑀(𝑥1, … , 𝑥𝑛) is a point of the 𝑛-dimensional cube 𝐷; 𝜑𝑘1…𝑘𝑚
(𝑀)

are functions defined in 𝐷, and 𝛼1, … , 𝛼𝑚 are complex variables. Expression (2)
is called a formal power series with functional coefficients, and 𝜑(𝑀; 𝛼)
the formal sum of this series. Denote by Φ0

𝑚 the subset of Φ𝑚 containing
formal power series with numerical coefficients. By definition, the series (2)
vanishes if all 𝜑𝑘1…𝑘𝑚

(𝑀) ≡ 0 in 𝐷.

The notions of equality of two series 𝜑(𝑀; 𝛼) and 𝜓(𝑀; 𝛼), of the algebraic sum
𝑎(𝑀)𝜑(𝑀; 𝛼) + 𝑏(𝑀)𝜓(𝑀; 𝛼) with functional coefficients 𝑎(𝑀) and 𝑏(𝑀), of
the product 𝜑(𝑀; 𝛼) ⋅ 𝜓(𝑀; 𝛼), of the power [𝜑(𝑀; 𝛼)]𝑘, and of a double formal
series with formal sum 𝜑[𝑀; 𝜓(𝑀; 𝛼)], are extended to such series in the usual
way.

In what follows it is assumed that all functions 𝜑𝑘1…𝑘𝑚
(𝑀) are real and contin-

uous in 𝐷.

Integration of formal series is defined as termwise integration of their coefficients.
As a result of integration with respect to some of the variables (𝑥1, … , 𝑥𝑚),
one obtains a formal power series with functional coefficients depending on the
remaining variables, and, in particular, in the case of integration over the whole
domain 𝐷, a formal power series with numerical coefficients.

The basic propositions of the topology of formal power series with numerical
coefficients, considered by S. Bochner and W. Martin, can also be extended to
spaces of series with functional coefficients. It seems natural to apply topological
methods (9) to the study, as a whole, of the behavior of solutions of integral
equations with analytic nonlinearities.

2. Let 𝐾(𝑥, 𝑦; 𝑧, 𝛼) be the formal power series

𝐾(𝑥, 𝑦; 𝑧, 𝛼) = ∑
𝑘0+𝑘1+⋯+𝑘𝑚⩾1

𝐾𝑘0𝑘1…𝑘𝑚
(𝑥, 𝑦)𝑧𝑘0𝛼𝑘1

1 ⋯ 𝛼𝑘𝑚𝑚 ,

where 𝑧 ∈ Φ𝑚.

Introduce the notation: 𝐾100…0(𝑥, 𝑦) = 𝐾(𝑥, 𝑦), 𝐾010…0(𝑥, 𝑦) = 𝐾1(𝑥, 𝑦), …

… , 𝐾000…01(𝑥, 𝑦) = 𝐾𝑚(𝑥, 𝑦), ∑
𝑘0+𝑘1+⋯+𝑘𝑚⩾2

𝐾𝑘0𝑘1…𝑘𝑚
(𝑥, 𝑦)𝑧𝑘0𝛼𝑘1

1 ⋯ 𝛼𝑘𝑚𝑚 =

= Γ(𝑥, 𝑦; 𝑧, 𝛼)
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and consider the nonlinear integral equation

𝜑(𝑥; 𝛼) = ∫
1

0
𝐾(𝑥, 𝑦)𝜑(𝑦; 𝛼) 𝑑𝑦 +

𝑚
∑
𝑖=1

𝛼𝑖 ∫
1

0
𝐾𝑖(𝑥, 𝑦) 𝑑𝑦+

+ ∫
1

0
Γ[𝑥, 𝑦; 𝜑(𝑦; 𝛼), 𝛼] 𝑑𝑦. (3)

By a formal solution of this equation we shall mean such a formal power series
𝜑(𝑥; 𝛼) with functional coefficients that substitution of it into (3) leads to the
coincidence of the formal power series standing on the right- and left-hand sides
of (3), i.e., to the identity of the coefficients of like terms 𝛼𝑘1

1 ⋯ 𝛼𝑘𝑚𝑚 .

Theorem 1. If 1 is not an eigenvalue of the kernel 𝐾(𝑥, 𝑦), then equation (3)
has a unique solution in the class of formal power series.

In the case where 1 is an eigenvalue of the kernel 𝐾(𝑥, 𝑦) of rank 𝑟, let us
consider the auxiliary equation

𝜓(𝑥; 𝛼, 𝛽) = ∫
1

0
𝐿(𝑥, 𝑦)𝜓(𝑦; 𝛼, 𝛽) 𝑑𝑦 +

𝑚
∑
𝑖=1

𝛼𝑖 ∫
1

0
𝐾𝑖(𝑥, 𝑦) 𝑑𝑦+

+ ∫
1

0
Γ [𝑥, 𝑦; 𝜓(𝑦; 𝛼, 𝛽) +

𝑟
∑
𝑗=1

𝛽𝑗𝜔𝑗(𝑦), 𝛼] 𝑑𝑦, (4)

in which {𝜔𝑗(𝑥)} and {𝜔∗
𝑗(𝑥)}, respectively, are a system of 𝑟 linearly indepen-

dent eigenfunctions of the kernel 𝐾(𝑥, 𝑦) and of the transposed kernel

𝐾(𝑦, 𝑥), corresponding to the eigenvalue 1; 𝛽1, … , 𝛽𝑟 are complex numerical
parameters, and, finally,

𝐿(𝑥, 𝑦) = 𝐾(𝑥, 𝑦) −
𝑟

∑
𝑗=1

𝜔𝑗(𝑦)𝜔∗
𝑗(𝑥).

The kernel 𝐿(𝑥, 𝑦) does not have 1 as an eigenvalue and, by Theorem 1, equation
(4) has a unique formal solution of the form

𝜓(𝑥; 𝛼, 𝛽) = ∑
(𝑘,𝑙)

𝜓(𝑘,𝑙)(𝑥)𝛼𝑘1
1 … 𝛼𝑘𝑚𝑚 𝛽𝑙1

1 … 𝛽𝑙𝑟𝑟 , (5)

where (𝑘, 𝑙) denotes the totality of 𝑚+𝑟 nonnegative integers (𝑘1, … , 𝑘𝑚, 𝑙1, … , 𝑙𝑟),
for which
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𝑚
∑
𝑖=1

𝑘𝑖 +
𝑟

∑
𝑗=1

𝑙𝑗 ≥ 1.

Subjecting solution (5) to the conditions

∫
1

0
𝜓(𝑥; 𝛼, 𝛽)𝜔𝑗(𝑥) 𝑑𝑥 = 0 (𝑗 = 1, … , 𝑟),

we arrive at a system of formal equations of connection of the form

∑
(𝑘,𝑙)

𝑎(𝑗)
(𝑘,𝑙)𝛼

𝑘1
1 … 𝛼𝑘𝑚𝑚 𝛽𝑙1

1 … 𝛽𝑙𝑟𝑟 = 0 (𝑗 = 1, … , 𝑟), (6)

in which

𝑎(𝑗)
(𝑘,𝑙) = ∫

1

0
𝜓(𝑘,𝑙)(𝑥)𝜔𝑗(𝑥) 𝑑𝑥.

We shall call system (6) the formal system of branching equations for the
integral equation (3).

Theorem 2. If 1 is an eigenvalue of the kernel 𝐾(𝑥, 𝑦) of rank 𝑟, then the
number of formal solutions of equation (3) is equal to the number of formal
solutions of system (6), regarded as a system defining formal implicit functions
𝛽1, … , 𝛽𝑟 of the variables 𝛼1, … , 𝛼𝑚.

Let us note that the coefficients 𝑎(𝑗)
(𝑘,𝑙) of system (6) can be effectively computed

from equation (3).

3. Restricting ourselves to the particular case 𝑚 = 1, 𝑟 = 1, let us now
turn to the main fact. Let 𝜑(𝑥; 𝛼) be a formal solution of equation (3).
Represent 𝜑(𝑥; 𝛼) in the form 𝜓(𝑥; 𝛼) + 𝑎(𝛼)𝜔(𝑥), where 𝜓(𝑥, 𝛼) is a for-
mal sum of a series, orthogonal (with respect to the coefficients) to the
function 𝜔(𝑥), and 𝑎(𝛼) ∈ Φ0

1. It can be shown that 𝑎(𝛼) satisfies an equa-
tion of the form 𝑃(𝛼, 𝛽) = 0 (where 𝑃(𝛼, 𝛽) is a normalized irreducible
pseudopolynomial), which has a unique solution 𝛽 = 𝑎(𝛼), representable
for small values of the parameter 𝛼 by a convergent power series in 𝛼.
It further turns out that the formal sum 𝜓(𝑥; 𝛼) satisfies a nonlinear in-
tegral equation of the form (4), for which 1 is not an eigenvalue of the
kernel 𝐿(𝑥, 𝑦), which, by Theorem 1, has a unique solution. This solution,
for small values of the parameters 𝛼 and 𝑎(𝛼), is at the same time the
true solution of this equation. Thus, under simplifying assumptions, the
following holds:

sovietrxiv.org/items/ru-195801.72105 Machine Translation

https://sovietrxiv.org/items/ru-195801.72105


Theorem 3. If for all 𝐾𝑘0𝑘1
(𝑥, 𝑦) the condition

|𝐾𝑘0𝑘1
(𝑥, 𝑦)| ≤ 𝐴 < ∞ (𝐴 = const)

is satisfied, and 1 is a simple eigenvalue of the kernel 𝐾(𝑥, 𝑦), then every formal
solution

𝜑(𝑥; 𝛼) =
∞

∑
𝑘=1

𝜑𝑘(𝑥)𝛼𝑘

is a true solution of this equation for sufficiently small 𝛼.

When carrying out the method of undetermined coefficients for finding formal
solutions of equation (3), there also appear series arranged in fractional powers
of the small parameter 𝛼, of the form

𝜑(𝑥; 𝛼) =
∞

∑
𝑘=1

𝜑𝑘(𝑥)𝛼𝑘/𝑠 (𝑠 is an integer, 𝑠 ⩾ 1). (7)

This case is covered by the considerations indicated above, since it is sufficient
in the series (7) and in equation (3) to put 𝛼 = 𝛼𝑎′𝑠.

Let us note, finally, that the application of a theorem of N. P. Erugin 8 makes
it possible to extend Theorem 3 to the case when 𝑟 > 1.

Voronezh State
University

Received
1 XII 1957
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Note: Figure translations are in progress. See original paper for figures.
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