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1. The case of outflow with subcritical velocity.

In Fig. 1, Oz is the trace of the plane of symmetry; BB’, AA’ are the walls
of the vessel; B’B”, A’A” are the jet. ¢ and 9 are, respectively, the velocity
potential and the stream function; ¢¥» = 0 on Oz, while in the region of outflow
1 varies from —Q/2 to Q/2, where p,Q is the discharge per 1 sec.

The problem posed can be solved analogously to Chaplygin’ s problem (1).

For the stream function ¢ and the velocity potential ¢, the following formulas
hold:

- o 1 - kn Y,
61/, = —k6H — Z p () kg, 8 sin 2knd),

n=1 To Ykn,O
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(1)

where k = 7/20,; 0 is the angle of inclination of the velocity; 7 = w?/w? ,.;

is the modulus of the flow velocity; w,,,, is the outflow velocity into vacuum.
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Using these formulas, one can find the equation of the jet boundary on which
T =T,. We have
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where x,,(7) is an auxiliary function introduced by Chaplygin. At the outlet
0 =0y, y = —a. Consequently:

> —1 n—1 2
wo(l—T)B%a:kSineo—‘rZ( ) hn

Y (14 2knzy,)sinb,. (3)

n=1

Taking into account that Q = 2b(1 — 7)) w,, we obtain

Ta . > (_1)n—1 2kn .
33 = ksinf, + nZ:l T T (1 + 2knxy,,) sin 6. (4)

Let us consider the sum in (4):

(=Dt 2kn ( 1 1 )
= Z n 4k2n2 —1 1+ 4k2n2 + 16kint + (1+ 2knzy,).  (5)

Guderley and Light-hill showed that, for Mach number M < 1, there exists an
asymptotic expansion of the form

zO(r) 2P 2B(r)
kn k2n? k3n3

zy, ~ o0 (1) +

(6)

Applying Chaplygin’ s method, F. I. Frankl found the recurrence formulas:
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z
1

P = — o [s(UF 9) o B + 2002,
z

1 T 1

, 5= = —M?2. Substituting s and 3, we obtain expres-
-1 1—7 28

sions for 9 in terms of M:

where § =
K

20 = V1 - M2,
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Substituting the value of x;,, into equation (5), we obtain

(-t 1 1 ©) 1)
I=>Y" ( + +m+~-~)(1+2knx + 22(M+

—~ n 2kn ' 8k2n?
2203 220
R )

1/2 1)
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(2) 4 1,00 1/8 + ix@) 4203

x 1
+0.901 —— +0.951 5

Substituting this sum into (4), we obtain
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+sin 6, l0.693x<0) +0.822
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Finally we have
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Fig. 2

Figure 2: Fig. 2

+[0.017 4 0.055x M) — 0.003x® — 0.882x(?) (0.232x® — 0.015x(?)) +

1011 D% 0.128X(0>2X<1)] o2 + .. 9)
In order to determine b/a for a diatomic ideal gas, we substitute its value 1.4
for x in formulas (8) and (9).

The same formulas with x = 2 apply to the flow of water in a shallow channel
(), and also to an ultrarelativistic gas and to a photon gas (). In Table 1 and
in Fig. 2 the values of b/a are given.

2. Case of outflow of a liquid with critical velocity

In this case Chaplygin’ s auxiliary function is given by the asymptotic formula
of F. I. Frankl (%)

Co & Gy

Tan ™ T ™ gy ¥ gy T smgen T (10
Fig. 2
Table 1
X:147 X:141 X:14a X:27 X:27 X:27
M 0y=5 60,=10° 0,=15 0,=5 0, =10° 0, =15
0.1 0.9640 0.9293 0.8964 0.964 0.9293 0.8964
0.2 0.9642 0.9303 0.898 0.9642 0.9303 0.898

0.3 0.9653 0.9316 0.9016 0.9652 0.9316 0.9016
0.4 0.9664 0.9343 0.9043 0.9665 0.9342 0.9043

0.5 0.9682 0.9377 0.909 0.9682 0.9378 0.9091
0.6 0.9706 0.9424 0.9155 0.9706 0.9427 0.9158
0.7 0.9738 0.9487 0.9222 0.9741 0.949 0.925

0.8 0.9785 0.9575 0.9366 0.9787 0.9581 0.9376

Substituting z},, into formula (4), we obtain

ra k'9+'«9§:(_1)n_1 ! (1+ L L1 +)><
—— ~ in in -7 [ [
ab SHtPo 7 St Po = n 2kn 4k2n2  16n%kt
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x{lJrle( Co +1/2+Cl+ Cs Jr)} =

nl/3k1/3 nk no/315/3

. . 2 (=1t Cy 172+ C, Cy
= ksinf, + sin b, Z - SYEYRVE — T 4o

n=1

After summation we obtain

g% = ksiny +sinf, [0.6C0° +0.523(0.5 + )8, +0.649C,05°] . (11)

By means of transformations analogous to those carried out in the preceding
paragraph, we obtain

a

1.2 1.04(1.5+C
—~1 + 70093/3 + |:(+1)
b T T

1.2
— 0.1666 93+—9029§/3. (12)
™

In the case of an ideal diatomic gas (» = 1.4), C, = 0.7745, C; = —0.3901,
C, = 0.2053 (*). Substituting these values of C; into formula (12), we obtain

% ~ 14 0.29500"% — 0.1362 + 0.08465° + - (13)

whence

b
Sl 0.29505% +0.1362 — 0.17165% + -.- (14)

In the case of the outflow of water and a photon gas (»# = 2) we have C; = 0.834,
Cy = 0.450, so that, according to (12):

% ~140.31800> — 01562 + -,

whence

b
—~ 105186, +0.1563 + -,

Consequently, for M =1, » = 1.4,

b b b
- = 0.9880, - =0.9737, - =0.9547.
als. alyg alys
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If » = 2, then

b b
| =0.9882, | =0.9739,
als alyge
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