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Abstract
Full Text
MATHEMATICS
M. A. EVGRAFOV

ON THE ASYMPTOTIC BEHAVIOR OF SO-
LUTIONS OF SYSTEMS OF LINEAR EQUA-
TIONS
(Presented by Academician M. V. Keldysh, 19 III 1958)

The main result of the present note concerns solutions of a system of the form

𝐴𝑌 = 𝐹,

where

𝐴 = (𝛼𝑖𝑗)∞
1 , 𝑌 = {𝑦1, 𝑦2, …}, 𝐹 = {𝑓1, 𝑓2, …},

and with respect to the matrix 𝐴 it is assumed only that its elements are compar-
atively smooth functions of the indices. We shall precede this result by several
others, which are more simply formulated and explain the path by which the
main result was obtained.

Let us introduce some notation. Denote by 𝑃(𝑧) the polynomial

𝑃(𝑧) =
𝑘2

∑
𝑚=−𝑘1

𝑎𝑚𝑧𝑚, 𝑎−𝑘1
≠ 0, 𝑎𝑘2

≠ 0,

and by 𝜆−𝑘1
, … , 𝜆−1, 𝜆1, … , 𝜆𝑘2

its zeros, arranged in order of decreasing mod-
uli (for symmetry of notation 𝜆0 is absent). We shall consider two types of
conditions on the zeros:

𝜆𝑖 ≠ 𝜆𝑗, 𝑖 ≠ 𝑗; |𝜆−1| > |𝜆1|; (1)

|𝜆−𝑘1
| > ⋯ > |𝜆−1| > |𝜆1| > ⋯ > |𝜆𝑘2

|. (2)

Denote by 𝐴𝑛 the matrix
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𝐴𝑛 = (𝛼𝑖𝑗)𝑛
1 , 𝛼𝑖𝑗 = {𝑎𝑖−𝑗, −𝑘1 ≤ 𝑖 − 𝑗 ≤ 𝑘2,

0, 𝑖 − 𝑗 < −𝑘1, 𝑖 − 𝑗 > 𝑘2,

and by 𝑌 (𝑛) = {𝑦(𝑛)
1 , … , 𝑦(𝑛)

𝑛 } the solution of the system

𝐴𝑛𝑌 (𝑛) = 𝑒1, 𝑒1 = {1, 0, … , 0}. (3)

Theorem 1. If 𝑃(𝑧) has no multiple zeros, then

𝑦(𝑛)
𝑚 = − 1

𝑎−𝑘1

𝑉 (𝜆−𝑘1
, … , 𝜆𝑘2

; 𝑚, −𝑘2 + 2, −𝑘2 + 3, … , 0, 𝑛 + 1, … , 𝑛 + 𝑘1)
𝑉 (𝜆−𝑘1

, … , 𝜆𝑘2
; −𝑘2 + 1, −𝑘2 + 2, … , 0, 𝑛 + 1, … , 𝑛 + 𝑘1) ,

where 𝑉 (𝛼1, … , 𝛼𝑠; 𝑛1, … , 𝑛𝑠) denotes the generalized Vandermonde determi-
nant

𝑉 (𝛼1, … , 𝛼𝑠; 𝑛1, … , 𝑛𝑠) = det(𝛼𝑚
𝑗 )𝑠

1.

Let us note two corollaries of this theorem.

Corollary 1. If condition (1) on the zeros of 𝑃(𝑧) is satisfied, then we have

lim
𝑛→∞

𝑦(𝑛)
𝑚 = 𝑏1𝜆𝑚

1 + ⋯ + 𝑏𝑘2
𝜆𝑚

𝑘2
,

where

𝑏𝑠 = − 1
𝑎−𝑘1

𝜆−𝑘2+1
𝑠

𝑘2

∏
𝑖=1

(𝑖≠𝑠)

(𝜆𝑠 − 𝜆𝑖)−1.

Corollary 2. If condition (2) is satisfied, then at the zeros of 𝑃(𝑧) we have, as
𝑛 → ∞,

det 𝐴𝑛 ∼ 𝑏 (
𝑎−𝑘1

𝜆1 ⋯ 𝜆𝑘2

)
𝑛

∼ 𝑏
2𝜋𝑖 ∫

|𝑧|=𝑟
[𝑃 (𝑧)]𝑛 𝑑𝑧

𝑧 ,

where

𝐶 =
𝑉 (𝜆−𝑘1

, … , 𝜆−1) 𝑉 (𝜆1, … , 𝜆𝑘2
)

𝑉 (𝜆−𝑘1
, … , 𝜆𝑘2

) .

sovietrxiv.org/items/ru-195801.70621 Machine Translation

https://sovietrxiv.org/items/ru-195801.70621


(Here 𝑉 (𝛼1, … , 𝛼𝑠) = det(𝛼𝑖−1
𝑗 )𝑠

1 is the Vandermonde determinant.)

Theorem 1 and its corollaries play in what follows the same role as equations
with constant coefficients in the theory of linear equations.

Let us now have a sequence of polynomials

𝑃𝑠(𝑧) =
𝑘2

∑
𝑚=−𝑘1

𝑎(𝑠)
𝑚 𝑧𝑚, 𝑎(𝑠)

−𝑘1
≠ 0, 𝑎(𝑠)

𝑘2
≠ 0, 𝑠 = 1, 2, … ,

with zeros 𝜆(𝑠)
−𝑘1

, … , 𝜆(𝑠)
−1, 𝜆(𝑠)

1 , … , 𝜆(𝑠)
𝑘2

. Suppose these polynomials satisfy the con-
ditions

∞
∑
𝑠=1

∣𝑎(𝑠+1)
𝑚 − 𝑎(𝑠)

𝑚 ∣ < ∞, −𝑘1 ≤ 𝑚 ≤ 𝑘2. (4)

In this case 𝑃𝑠(𝑧), 𝑎(𝑠)
𝑚 , 𝜆(𝑠)

𝑚 tend to limits as 𝑠 → ∞. Put

lim
𝑠→∞

𝑃𝑠(𝑧) = 𝑃(𝑧), lim
𝑠→∞

𝜆(𝑠)
𝑚 = 𝜆𝑚, lim

𝑠→∞
𝑎(𝑠)

𝑚 = 𝑎𝑚, 𝑎−𝑘1
≠ 0, 𝑎𝑘2

= 0.

Denote by 𝐴 the matrix

𝐴 = (𝛼𝑖𝑗)∞
1 , 𝛼𝑖𝑗 = {𝑎(𝑖)

𝑖−𝑗, −𝑘1 ≤ 𝑖 − 𝑗 ≤ 𝑘2,
0, 𝑖 − 𝑗 < −𝑘1, 𝑖 − 𝑗 > 𝑘2,

and by 𝐴𝑛 the matrix 𝐴𝑛 = (𝛼𝑖𝑗)𝑛
1 . Finally, let 𝑌 (𝑛) = {𝑦(𝑛)

1 , … , 𝑦(𝑛)
𝑛 } denote

the solution of the system

𝐴𝑛𝑌 (𝑛) = 𝐹𝑛, 𝐹𝑛 = {𝑓1, 𝑓2, … , 𝑓𝑛}, 𝑓𝑛 = 0, 𝑛 > 𝑛0.

In this notation the following assertion holds.

Theorem 2. If the 𝜆𝑗 satisfy conditions (1), then

lim
𝑛→∞

𝑦(𝑛)
𝑚 = 𝑏1𝑦1𝑚 + … + 𝑏𝑘2

𝑦𝑘2𝑚,

where the 𝑏𝑠 depend on 𝐹𝑛, and 𝑦𝑠𝑚 ∼ 𝜆(1)
𝑠 𝜆(2)

𝑠 ⋯ 𝜆(𝑚)
𝑠 , 𝑚 → ∞.

If, moreover, the 𝜆𝑗 satisfy conditions (2), then also
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det 𝐴𝑛 ∼ 𝑏
2𝜋𝑖 ∫

|𝑧|=𝑟
𝑃1(𝑧) ⋯ 𝑃𝑛(𝑧) 𝑑𝑧

𝑧 .

Let us now proceed to the formulation of the main result. Suppose we have a
sequence of functions

𝑃𝑛(𝑧) =
∞

∑
𝑚=−𝑛+1

𝑎(𝑛)
𝑚 𝑧𝑚, 0 < |𝑧| < 𝑑𝑛, 𝑛 = 1, 2, …

We shall assume that the functions 𝑃𝑛(𝑧) satisfy the following four conditions:

1. There exist two sequences 𝜌𝑛 and 𝑅𝑛, 𝜌𝑛 < 𝑅𝑛, such that

lim
𝑛→∞

max
|𝑧|=1

∣
∣
∣
∣

𝑃𝑛+1 ( 𝑧
𝑅𝑛+1

)

𝑃𝑛 ( 𝑧
𝑅𝑛

)

∣
∣
∣
∣

= lim
𝑛→∞

max
|𝑧|=1

∣
∣
∣
∣

𝑃𝑛+1 ( 𝑧
𝜌𝑛+1

)

𝑃𝑛 ( 𝑧
𝜌𝑛

)

∣
∣
∣
∣

= 1.

2. There exists an 𝑟𝑛, 𝜌𝑛 < 𝑟𝑛 < 𝑅𝑛, such that 𝑃𝑛(𝑧) ≠ 0 for |𝑧| = 𝑟𝑛 and

var
|𝑧|=𝑟𝑛

arg 𝑃𝑛(𝑧) = 0.

3. For sufficiently large 𝑛, the function 𝑃𝑛(𝑧) has in the ring 𝑟𝑛 ≤ |𝑧| ≤ 𝑅𝑛
exactly 𝑘1 zeros, say 𝜆(𝑛)

−1 , … , 𝜆(𝑛)
−𝑘1

, and in the ring 𝜌𝑛 ≤ |𝑧| ≤ 𝑟𝑛 exactly
𝑘2 zeros, say 𝜆(𝑛)

1 , … , 𝜆(𝑛)
𝑘2

, with 𝜆𝑖 ≠ 𝜆𝑗 for 𝑖 ≠ 𝑗.

4. Put 𝑃𝑛,𝑚(𝑧) = 𝑃𝑛(𝑧)
𝑧 − 𝜆(𝑛)

𝑚
. Let

lim
𝑛→∞

𝑃𝑛+1,𝑖(𝜆(𝑛)
𝑖 )

𝑃𝑛+1,𝑖(𝜆(𝑛+1)
𝑖 )

= 1,
∞

∑
𝑛=1

∣𝛽𝑖𝑗(𝑛 + 1) − 𝛽𝑖𝑗(𝑛)∣ < ∞,

∞
∑
𝑛=1

|𝛾𝑖𝑗(𝑛)| < ∞, 𝑖 ≠ 𝑗;

𝛽𝑖𝑗(𝑛) =
𝑃𝑛+1,𝑗(𝜆(𝑛)

𝑗 )
𝜆(𝑛)

𝑗 𝑃𝑛+1,𝑖(𝜆(𝑛)
𝑗 )

, 𝛾𝑖𝑗(𝑛) = 𝜆𝑗(𝑛)𝛽𝑖𝑗(𝑛)𝛽𝑗𝑖(𝑛).

Denote by 𝐴 the matrix

𝐴 = (𝛼𝑖𝑗)∞
1 , 𝛼𝑖𝑗 = 𝑎(𝑖)

𝑗−𝑖,
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and by 𝑌 = {𝑦1, 𝑦2, …} a solution of the system

𝐴𝑌 = 𝐹, 𝐹 = {𝑓1, 𝑓2, …}, 𝑓𝑛 = 0, 𝑛 > 𝑛1. (5)

Concerning the system (5), we shall assume, in addition, that it has a solution
for every right-hand side of the indicated form.

Under the enumerated conditions the following assertion holds.

Theorem 3. Let 𝜀 > 0 be arbitrarily small. Any solution of the system (5)
satisfying the condition

𝑦𝑛 = 𝑂((1 − 𝜀)𝑛𝑅1 ⋯ 𝑅𝑛)

has the form

𝑦𝑛 = 𝐶−1𝑦−1,𝑛 + ⋯ + 𝐶−𝑘1
𝑦−𝑘1,𝑛 + 𝑏1𝑦1,𝑛 + ⋯ + 𝑏𝑘2

𝑦𝑘2,𝑛 + 𝑂((1 + 𝜀)𝑛𝜌1 ⋯ 𝜌𝑛),

where 𝐶−1, … , 𝐶−𝑘1
are arbitrary constants; 𝑏1, … , 𝑏𝑘2

are constants determined
by 𝐹 ;

𝑦𝑚,𝑛 ∼ 𝜇(1)
𝑚 𝜇(2)

𝑚 ⋯ 𝜇(𝑛)
𝑚 , 𝜇(𝑛)

𝑚 = 𝜆(𝑛)
𝑚

𝑃𝑛+1,𝑚(𝜆(𝑛)
𝑚 )

𝑃𝑛+1,𝑚(𝜆(𝑛+1)
𝑚 )

.

Let us also note the continuous analogue of this theorem. Consider the integral
equation

𝑦(𝑥) + ∫
∞

0
𝐾(𝑥, 𝑥 − 𝑡)𝑦(𝑡) 𝑑𝑡 = 𝑓(𝑥), 𝑥 ≥ 0, (6)

whose kernel satisfies the following four conditions:

1. There exist two functions 𝜌(𝑥) and 𝑅(𝑥), 𝜌(𝑥) < 𝑅(𝑥), such that the
integral entering the formula

𝑃(𝑥, 𝑧) = 1 + ∫
∞

−𝑥
𝐾(𝑥, 𝑡)𝑒−𝑡𝑧 𝑑𝑡,

converges in the strip 𝜌(𝑥) ⩽ Re 𝑧 ⩽ 𝑅(𝑥), and

lim
𝑥→∞

max
Re 𝑧=1

∣ 𝑑
𝑑𝑥 ln 𝑃 (𝑥, 𝑧

𝑅(𝑥))∣ = lim
𝑥→∞

max
Re 𝑧=1

∣ 𝑑
𝑑𝑥 ln 𝑃 (𝑥, 𝑧

𝜌(𝑥))∣ = 0.
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2. There exists a function 𝑟(𝑥), 𝜌(𝑥) < 𝑟(𝑥) < 𝑅(𝑥), such that 𝑃(𝑥, 𝑧) ≠ 0
for Re 𝑧 = 𝑟(𝑥), and

var
Re 𝑧=𝑟(𝑥)

arg 𝑃(𝑥, 𝑧) = 0.

3. For sufficiently large 𝑥, the function 𝑃(𝑥, 𝑧) has in the strip 𝑟(𝑥) ⩽ Re 𝑧 ⩽
𝑅(𝑥) exactly 𝑘1 zeros, say 𝜆−1(𝑥), … , 𝜆−𝑘1

(𝑥), and in the strip 𝜌(𝑥) ⩽
Re 𝑧 ⩽ 𝑟(𝑥) exactly 𝑘2 zeros, say 𝜆1(𝑥), … , 𝜆𝑘2

(𝑥), with 𝜆𝑖(𝑥) ≠ 𝜆𝑗(𝑥) for
𝑖 ≠ 𝑗.

4. Put 𝑃𝑚(𝑥, 𝑧) = 𝑃(𝑥, 𝑧)
𝑧 − 𝜆𝑚(𝑥) . Let

∫
∞

0
|𝛽′

𝑖𝑗(𝑥)| 𝑑𝑥 < ∞, ∫
∞

0
|𝛾𝑖𝑗(𝑥)| 𝑑𝑥 < ∞, 𝑖 ≠ 𝑗;

𝛽𝑖𝑗(𝑥) = 𝜆′
𝑗(𝑥)

𝜆𝑗(𝑥) − 𝑃 ′
𝑖𝑧(𝑥, 𝜆𝑗(𝑥))

𝑃𝑖(𝑥, 𝜆𝑖(𝑥)) , 𝛾𝑖𝑗(𝑥) = 𝜆𝑗(𝑥)𝛽𝑖𝑗(𝑥)𝛽𝑗𝑖(𝑥).

In addition, suppose that 𝑓(𝑥) is different from zero only on a finite interval and
that, for every such 𝑓(𝑥), the integral equation has a solution.

Under these assumptions the following assertion holds.

Theorem 4. Let 𝜀 > 0 be arbitrarily small. Every solution of equation (6)
satisfying the condition

𝑦(𝑥) = 𝑂 (exp {(1 − 𝜀) ∫
𝑥

0
𝑅(𝑡) 𝑑𝑡})

has the form

𝑦(𝑥) = 𝐶−1𝑦−1(𝑥) + ⋯ + 𝐶−𝑘1
𝑦−𝑘1

(𝑥) + 𝑏1𝑦1(𝑥) + ⋯ + 𝑏𝑘2
𝑦𝑘2

(𝑥)+

+𝑂 (exp {(1 + 𝜀) ∫
∞

0
𝜌(𝑡) 𝑑𝑡}) ,

where 𝐶−1, … , 𝐶−𝑘1
are arbitrary constants; 𝑏1, … , 𝑏𝑘2

are constants determined
by 𝑓(𝑥); 𝑦𝑚(𝑥) ∼ exp {∫𝑥

0 𝜇𝑚(𝑡) 𝑑𝑡}, 𝜇𝑚(𝑥) =

= 𝜆𝑚(𝑥) − 𝜆′
𝑚(𝑥)𝑃 ′

𝑚𝑧(𝑥, 𝜆𝑚(𝑥))
𝑃𝑚(𝑥, 𝜆𝑚(𝑥)) .

Received
15 III 1958
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Note: Figure translations are in progress. See original paper for figures.
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