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Abstract
Full Text
HYDROMECHANICS
L. A. DORFMAN

THE THERMAL BOUNDARY LAYER ON A
ROTATING DISK
(Presented by Academician L. I. Sedov, 31 XII 1957)

1. Let us compare the equation of tangential velocities of the mean turbulent
motion of an incompressible fluid in the boundary layer of a rotating disk,

𝑣𝑟
𝜕𝑣𝜑
𝜕𝑟 + 𝑣𝑟𝑣𝜑

𝑟 + 𝑣𝑧
𝜕𝑣𝜑
𝜕𝑧 = 𝜕

𝜕𝑧 (𝜈 𝜕𝑣𝜑
𝜕𝑧 − 𝑣′𝑧𝑣′𝜑) (1)

with the energy equation without dissipative terms,

𝑣𝑟
𝜕𝑇
𝜕𝑟 + 𝑣𝑧

𝜕𝑇
𝜕𝑧 = 𝜕

𝜕𝑧 (𝑎𝜕𝑇
𝜕𝑧 − 𝑣′𝑧𝑇 ′) , (2)

where 𝑣𝑟, 𝑣𝜑, 𝑣𝑧, 𝑇 are the mean values of the velocity components and temper-
ature, and the primed quantities are the pulsation components (the overbar
denotes averaging); 𝜈 is the kinematic viscosity; 𝑎 = 𝜆/𝑐𝑝𝜌 is the thermal dif-
fusivity. We note that, for a quadratic temperature distribution on the wall
𝑇st = 𝑟2 and Pr = 𝜈/𝑎 = 1 (𝑇∞ = 0), the temperature profiles 𝜃(𝑧, 𝑟) = 𝑇 /𝑟2

and tangential-velocity profiles 𝐺(𝑧, 𝑟) = 𝑣𝜑/𝑟𝜔 coincide, since equations (1)
and (2) assume the same form,

𝑣𝑟
𝜕𝑅
𝜕𝑟 + 2𝑅 𝑣𝑟

𝑟 + 𝑣𝑧
𝜕𝑅
𝜕𝑧 = 𝜕

𝜕𝑧 (𝜈 𝜕𝑅
𝜕𝑧 − 𝑣′𝑧𝑅′) ; 𝑅 = 𝐺, 𝜃

and the boundary conditions are identical,

𝐺(0, 𝑟) = 𝜃(0, 𝑟) = 1; 𝐺(∞, 𝑟) = 𝜃(∞, 𝑟) = 0.

In doing so we assume that the relations between the pulsation and mean com-
ponents are the same for 𝑣𝜑 and 𝑇 .

Hence we obtain the following relation between the shear stress

𝜏𝜑 = 𝜇 𝜕𝑣𝜑/𝜕𝑧 − 𝜌𝑣′𝑧𝑣′𝜑
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and the heat flux

𝑞 = 𝜆 𝜕𝑇 /𝜕𝑧 − 𝜌𝑐𝑝𝑣′𝑧𝑇 ′ ∶

𝑞 = 𝑐𝑝𝜏𝜑
𝑇st
𝑟𝜔 . (3)

We note that the result obtained also includes the case of laminar flow (1), when
there are no pulsation components. Using Cochran’s solution for 𝜏𝜑 (2), we
obtain in this case

Nu = 𝑞𝑟
𝜆𝑇st

= 0.616 Re1/2, Re = 𝑟2𝜔
𝜈 . (4)

For the turbulent regime, according to the refined solution (3) and in agreement
with experimental data, the moment of resistance 𝑀 of one side of the disk may
be expressed, for Re = 105 ÷ 107, in the form

𝑀 = 0.157 Re−0.2 1
4𝜌𝜔2𝑟5,

which gives
Nu = 𝑑𝑀/𝑑𝑟

2𝜋𝜔𝑟2𝜇 = 0.0287 Re0.8 . (5)

In the presence of blowing of the disk by an axisymmetric flow perpendicular to
the disk surface, the additional velocity components

𝑣0
𝑟 = 𝛼𝑟, 𝑣0

𝜑 = 0, 𝑣0
𝑧 = −2𝛼𝑧

do not change the boundary conditions for 𝐺; therefore (3) is retained, i.e.,

Nu
Nu ∣𝛼=0

= 𝜏𝜑
𝜏𝜑∣𝛼=0

= Φ (𝛼
𝜔) . (6)

The function Φ(𝛼/𝜔) is determined in works (1,4).
2. To calculate heat transfer for an arbitrary temperature gradient, we set

up the heat balance for an annular element of the thermal boundary layer
of thickness 𝛿𝑇 and width 𝑑𝑟 at a given radius 𝑟. The secondary heat flux
in the radial direction through this element,
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𝑐𝑝𝜌𝑑 (∫
𝛿𝑇

0
2𝜋𝑟𝑣𝑟𝑇 𝑑𝑧) ,

is balanced by the heat transfer from the disk surface in an annular strip of area
2𝜋𝑟 𝑑𝑟 / 2𝜋𝑞𝑟 𝑑𝑟.

Hence we obtain the integral relation

𝑐𝑝𝜌 𝑑
𝑑𝑟 (∫

𝛿𝑇

0
𝑟𝑣𝑟𝑇 𝑑𝑧) = 𝑟𝑞. (7)

Here the dissipative terms are absent, and also, as in (2), the term associated
with thermal conductivity in the radial direction is negligibly small for large
Reynolds numbers.

Introducing the conditional thickness of loss of heat content

𝛿∗∗
𝑇 = ∫

𝛿𝑇

𝑢
𝑣𝑟𝑇 𝑑𝑧/𝑟𝜔𝑇st,

we can represent (7) in the form

𝑑𝛿∗∗
𝑇

𝑑𝑟 + 𝛿∗∗
𝑇 𝜂 = Nu

Pr Re , 𝜂 = 𝑑𝑇st/𝑑𝑟
𝑇st

+ 2
𝑟 ; (8)

𝑑
𝑑𝑟 (Re∗∗

𝑇 𝑟𝑇st) = Nu 𝑇st
Pr , Re∗∗

𝑇 = 𝛿∗∗
𝑇 𝑟𝜔
𝜈 . (9)

We shall now apply, by analogy with the dynamic boundary layer, the one-
parameter method of L. G. Loitsyansky (5).
We assume that the form parameter 𝑓𝑇 can be represented as

𝑓𝑇 = 𝜂𝛿∗∗
𝑇 𝐺 (Re∗∗

𝑇 ) , (10)

where 𝐺(Re∗∗
𝑇 ) is a universal (independent of 𝜂) power-law function of the form

𝐺 = 𝐴 (Re∗∗
𝑇 )𝑚 . (11)

Multiplying both parts of (8) by 𝐺 and carrying out the known transformations
(5), we obtain

𝑑𝑓𝑇
𝑑𝑟 = 𝑓𝑇 (𝜂′

𝜂 + 𝑚
𝑟 ) + 𝐹𝑇 𝜂 (𝜂′ = 𝑑𝜂

𝑑𝑟 ) , (12)
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where 𝐹𝜏 = (𝑚 + 1)(𝜒 − 𝑓𝜏),

𝜒 = Nu 𝐺
𝐹𝜏 Re (13)

is the function 𝑓𝜏 . If 𝜒 is normalized so that 𝜒 = 1 for 𝑇st = 𝑟2, then, by analogy
with the dynamic boundary layer, one may assume that the function

𝐹𝜏 = (𝑚 + 1)(1 − 𝑓𝜏) (14)

will retain its form for a broad class of distributions 𝑇st(𝑟). Then

𝑓𝜏 = 𝜂𝑇 −(𝑚+1)
st 𝑟−(𝑚+2) [(𝑚 + 1) ∫

𝑟

0
𝑇 𝑚+1

st 𝑟𝑚+2 𝑑𝑟 + 𝐶] , (15)

where 𝐶 = 0 from the condition of finiteness of 𝑓𝜏 for 𝑇st = 𝑟2 and 𝑟 = 0. As a
result, for Re∗∗

𝜏 we obtain the formula

(Re∗∗
𝜏 )𝑚+1 = 𝑚 + 1

𝐴 Re 𝑇 −(𝑚+1)
st 𝑟−(𝑚+3) ∫

𝑟

0
𝑇 𝑚+1

st 𝑟𝑚+2 𝑑𝑟. (16)

In this case, from the condition 𝜒 = 1 for 𝑇st = 𝑟2, by formulas (4) and (5) we
obtain, for Pr = 1, in the laminar regime (Re < 3 ⋅ 105) 𝑚 = 1, 𝐴 = 10.52, and
for the turbulent regime 𝑚 = 1/4, 𝐴 = 124.2. Thus the problem is solved. In
particular, for 𝑇st = 𝑟𝑛 we obtain, at Pr = 1, for the laminar regime

Nu = 0.308√(𝑛 + 2) Re; (17)

for the turbulent regime

Nu = 0.0212 (𝑛 + 2.6)0.2Re0.8. (18)

Let us compare solution (17) for power-law distributions 𝑇st = 𝑟𝑛 with the exact
solution of equation (2), which in the laminar regime takes the form

𝜃″(𝜁) = 𝐻(𝜁)𝜃′(𝜁) + 𝑛𝐹(𝜁)𝜃(𝜁), (19)

where 𝐹(𝜁) = 𝑣𝑟/𝑟𝜔, 𝐺(𝜁) = 𝑣𝜑/𝑟𝜔, 𝐻(𝜁) = 𝑣𝑧/√𝜈𝜔, 𝜃(𝜁) = 𝑇 /𝑟𝑛, 𝜁 =
𝑧√𝜔/𝜈.

Solving equation (19) by the method of successive approximations gives, for
the coefficient Nu/

√
Re = −𝜃′(0), the values −0.02; 0.399; 0.52; 0.616; 0.67,

respectively, for 𝑛 = −2; 0; 1; 2; 3. Formula (17) gives rather close values
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0; 0.436; 0.547; 0.616; 0.688, which testifies to the effectiveness of the approx-
imate method.

It is obvious that, for an arbitrary temperature gradient, the effect of blowing
will likewise be expressed by formula (6).

Received
23 V 1957
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