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Abstract
Full Text
MATHEMATICS

A. G. VITUSHKIN

SOME THEOREMS ON THE POSSIBIL-
ITY OF UNIFORM APPROXIMATION OF
CONTINUOUS FUNCTIONS BY ANALYTIC
FUNCTIONS
(Presented by Academician A. N. Kolmogorov, 8 X 1958)

In questions concerning the study of sets on which all continuous complex func-
tions can be uniformly approximated with arbitrary accuracy by rational func-
tions, the latest substantial results belong to S. N. Mergelyan (1). In order that
on a set every continuous function could be uniformly approximated by rational
functions, it is necessary that this set be nowhere dense and, moreover, in every
domain the complement of the set must be intensive in some sense.

S. N. Mergelyan proved, for example, that if the intersection of the complement
of a closed set with every circle of radius 𝑟 contains at least one component of
diameter not less than 𝑟3/2−𝜀 (𝜀 > 0 and does not depend on 𝑟), then every
function continuous on this set is approximated by rational functions. In this
note, in terms of analytic capacity of sets, some sufficient conditions are formu-
lated (and, in terms of harmonic capacity, some necessary conditions) on a set
under which every function continuous on this set is approximated by analytic
functions.

Notation: 𝜏 is the plane of the complex variable 𝑧 = 𝑥+𝑖𝑦; 𝐶𝑒 is the complement
of the set 𝑒 ⊂ 𝜏 in the whole plane 𝜏 ; 𝛾(𝑒) is the analytic capacity of the set 𝑒
(2); 𝐶(𝑒) is the harmonic capacity of the set 𝑒; 𝜎𝑟

𝑧 is the open circle of radius 𝑟
with center at the point 𝑧; 𝑃 𝑟

𝑧 (𝑒) = 1
𝑟 𝛾(𝑒 ∩ 𝜎𝑟

𝑧) is the mean analytic density of
the set 𝑒 in the circle 𝜎𝑟

𝑧; 𝑃𝑧(𝑒) = inf
𝑟→0

𝑃 𝑟
𝑧 (𝑒) is the analytic density of the set 𝑒 at

the point 𝑧; ̃𝑒 is the boundary of the set 𝑒; 𝑑(𝑒) is the one-dimensional diameter
of the set 𝑒; ̃𝑒𝑟 is the set of points of 𝜏 whose distance from ̃𝑒 is not more than
𝑟; ℎ1(𝑒) is the Hausdorff length of the set 𝑒.

§ 1. The basic lemma.
Lemma 1. Let 𝑒 be a subset of the circle 𝜎𝑟

𝑧 with radius 𝑟 < 1. Then for every
natural 𝑘 one can specify a function 𝑔𝑘(𝜉), analytic outside the set 𝑒, bounded
(in modulus) everywhere outside the set 𝑒 by the constant 𝐵′

𝑘/𝛾(𝑒), and such

sovietrxiv.org/items/ru-195801.69503 Machine Translation

https://sovietrxiv.org/items/ru-195801.69503


that, for |𝜉 − 𝑧| ⩾ 3𝑟, the inequality

∣ 1
𝜉 − 𝑧 − 𝑔𝑘(𝜉)∣ ⩽ 𝐵′

𝑘
𝑟𝑘

|𝜉 − 𝑧|𝑘+1 ,

holds, where 𝐵′
𝑘, 𝐵″

𝑘 are constants depending only on 𝑘.

Indeed, from the definition of analytic capacity it follows that there exists a
function 𝜑(𝜉), analytic outside the set 𝑒, bounded (in ⋯

modulo) a unit and such that lim𝜉→∞ 𝜉𝜑(𝜉) = 1
2 𝛾(𝑒). In a neighborhood of the

infinitely remote point 𝜑(𝜉) expands in the series

𝜑(𝜉) =
∞

∑
𝑘=1

𝑐𝑘
(𝜉 − 𝑧)𝑘 ,

and
|𝑐𝑘| ≤ 𝐴𝛾(𝑒)[𝑑(𝑒)]𝑘−1

(see Theorem 1 (2)). Taking, for example, for 𝑘 = 2

𝑔2(𝜉) = 2𝜑(𝜉)
𝛾(𝑒) − 4𝑐2 (𝜑(𝜉)

𝛾(𝑒) )
2

,

it is not difficult to verify that this function satisfies the conditions of Lemma
1.

Lemma 2. Let 𝑒, 𝑒∗ be two sets from 𝜏 such that 𝑑( ̃𝑒) < 1, and for every 𝑧 ∈ ̃𝑒

𝑃 𝑟
𝑧 (𝑒∗) ≥ 𝛼𝑟,

and let 𝑓(𝑧) be a function defined in the whole plane, having modulus of con-
tinuity 𝜔(𝛿) and analytic at every point of the set 𝑒 ∩ 𝐶𝑒𝑟. Then there exists
a function 𝑓𝑟(𝑧), analytic in some neighborhood of the set 𝑒, which uniformly
approximates the function 𝑓(𝑧) on the set 𝑒 with accuracy up to

𝐶1𝜔(𝑟) (1 + 1
𝛼𝑟) ,

where 𝐶1 is an absolute constant.

Proof. Fix a system of points 𝑧𝑖 ∈ ̃𝑒 (𝑖 = 1, 2, … , 𝑛), which form an 𝜀-net
(𝜀 = 8𝑟) for the set ̃𝑒 and are mutually separated by at least 6𝑟. In the circle
𝜎𝑟

𝑧𝑖
fix a closed set 𝑓𝑖 ⊂ 𝑒∗ such that

𝛾(𝑓𝑖) = 𝑟𝑃 𝑟
𝑧𝑖

(𝑓𝑖) ≥ 1
2𝛼𝑟2.

Put
𝑔 = 𝑒 +

𝑛
∑
𝑖=1

(𝜎4𝑟
𝑧𝑖

− 𝑓𝑖) .
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Put
𝑔 = 𝑒 +

𝑛
∑
𝑖=1

𝜎4𝑟
𝑧𝑖

.

From the results of S. N. Mergelyan (1) it follows that there exists a function

𝑓∗(𝑧) = 𝑓1(𝑧) + 1
2𝜋 ∫

𝑔

𝜓𝑟(𝜉)
𝜉 − 𝑧 𝑑𝜗 𝑑𝜂 (𝜉 = 𝜗 + 𝑖𝜂),

having the following properties:

1. For 𝑧 ∈ 𝑔, |𝑓(𝑧) − 𝑓∗(𝑧)| ≤ 𝐶2𝜔(𝑟).
2. The function 𝑓1(𝑧) is analytic inside the domain 𝑔.
3. 𝜓𝑟(𝜉) is continuous and

max
𝜉∈𝑔

𝜓𝑟(𝜉) ≤ 𝐶3
𝜔(𝑟)

𝑟 .

4. If 𝑓(𝑧) is analytic in the circle 𝜎∗
𝑧, then 𝜓𝑟(𝑧) = 0.

Fix a system of pairwise disjoint sets 𝑔𝑖 (𝑖 = 1, 2, … , 𝑛) such that
𝑛

∑
𝑖=1

𝑔1 ⊂ 𝑒4𝑟, 𝑔𝑖 ⊂ 𝜎3𝑟
𝑧𝑖

and 𝑑(𝑔𝑖) ≤ 8𝑟 (𝑖 = 1, 2, … , 𝑛).

Denote by 𝜑𝑖(𝑧) the function 𝑔𝑘(𝑧) (𝑘 = 2) (see Lemma 1) corresponding to the
set 𝑓𝑖, and by 𝜑(𝜉, 𝑧) the function which, for 𝜉 ∈ 𝑔𝑖, is identically equal to 𝜑𝑖(𝑧).
Put

𝑓𝑟(𝑧) = 𝑓1(𝑧) + 1
2𝜋 ∫

𝑔
𝜓𝑟(𝜉)𝜑(𝜉, 𝑧) 𝑑𝜗 𝑑𝜂.

For definiteness, assuming that 𝑧 ∈ 𝑔𝑖, we have

|𝑓(𝑧) − 𝑓𝑟(𝑧)| ≤ 𝐶2𝜔(𝑟) + 1
2𝜋 ∫

𝑔
∣𝜓𝑟(𝜉) [ 1

𝜉 − 𝑧 − 𝜑(𝜉, 𝑧)]∣ 𝑑𝜗 𝑑𝜂 ≤

≤ 𝐶2𝜔(𝑟) + 𝐶3𝜔(𝑟)
2𝜋𝑟 ∫

𝑔∩𝑒4𝑟

∣ 1
𝜉 − 𝑧 − 𝜑(𝜉, 𝑧)∣ 𝑑𝜗 𝑑𝜂 ≤

≤ 𝐶2𝜔(𝑟) + 𝐶3𝜔(𝑟)
2𝜋𝑟

𝑛
∑
𝑖=1

∫
𝑔𝑖−𝑓𝑖

∣ 1
𝜉 − 𝑧 − 𝜑(𝜉, 𝑧)∣ 𝑑𝜗 𝑑𝜂 ≤

≪ 𝐶2𝜔(𝑟)+𝐶3𝜔(𝑟)
2𝜋𝑟 [𝐵′

2(8𝑟)2

𝛾(𝑙1) + 𝐶4 ∫
|𝜉−𝑧|⩾3𝑟

𝐵″
2 𝑟23𝑟

|𝜉 − 𝑧|3 𝑑𝜗 𝑑𝜂] ≪ 𝐶1𝜔(𝑟) (1 + 1
𝑎𝑟) .

If, however, 𝑧 ∈ 𝑔−∑𝑛
𝑖=1 𝑔𝑖, then the assertion of the lemma is proved still more

simply.

sovietrxiv.org/items/ru-195801.69503 Machine Translation

https://sovietrxiv.org/items/ru-195801.69503


From this lemma, for example, it follows:

Theorem 1. If the set 𝑒0 contains no condensation points (2), then for all 𝑧
and 𝑟

𝑃 𝑟
𝑧 (𝐶𝑒0) = 1.

For the proof of the theorem it is enough to use Lemma 2 and Theorem 2 (2),
taking

𝑒 = 𝜏 − 𝜎𝑟
𝑧 ∩ 𝐶𝑒0, 𝑒∗ = 𝐶𝑒0 ∩ 𝜎𝑟

𝑧,
and as 𝑓(𝑧) any function 𝑓𝑟−𝜀

𝑧 (𝜉), bounded in the whole plane by the constant

1
𝑟 − 𝜀

and equal, for |𝜉 − 𝑧| ⩾ 𝑟 − 𝜀, to the function

1
𝜉 − 𝑧 .

§ 2. Approximation of continuous functions by analytic
functions.
From Theorem 1 and Lemma 2 we obtain:

Theorem 2. If the set 𝑒 has no condensation points, then every function uni-
formly continuous on this set can be uniformly approximated, with any prescribed
accuracy, by a function analytic in some neighborhood of the set 𝑒.

Theorem 3. If a function 𝑓(𝑧) satisfies a Lipschitz condition on the set 𝑒 and
has a derivative with respect to 𝑑𝑧 at every condensation point of the set 𝑒, then
it can be expanded on the set 𝑒 into a uniformly convergent series of analytic
functions.

Theorem 4. If the set 𝑒 is closed and at each of its boundary points the
analytic density 𝑃𝑧(𝐶𝑒) ⩾ 𝜀 (𝜀 > 0 does not depend on 𝑧 ∈ ̇𝑒), then, in order
that a function 𝑓(𝑧) be expandable into a uniformly convergent series of rational
functions, it is necessary and sufficient that this function be continuous on 𝑒
and have a derivative at every interior point of the set 𝑒.

Let us single out one special case of Theorem 2. If the set 𝑒 is closed and, for
all 𝑧 and 𝑟, the set 𝐶𝑒 ∩ 𝜎𝑟

𝑧 contains at least one component with diameter

𝑑 ⩾ 𝐵𝑟2

1 + | lg 𝑟|

(𝐵 does not depend on 𝑟), then the set 𝑒 contains no condensation points and,
consequently, every function continuous on this set is expandable into a series
of rational functions. On the other hand, for every 𝜀 > 0 one can indicate a
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continuum 𝑒 such that, for all 𝑧 and 𝑟, the set 𝐶𝑒 ∩ 𝜎𝑟
𝑧 has components with

diameter
𝑑𝜀(𝑟) ⩾ 𝐵𝜀𝑟2

1 + | lg 𝑟|1+𝜀

(𝐵𝜀 > 0 does not depend either on 𝑧 or on 𝑟), on which the function 𝑓(𝑧) = 𝑥
is not representable in the form of a series of rational functions.

By analogy with Theorem 2 one proves:

Theorem 5. If the set 𝑒 is such that for all 𝑟 and 𝑧 the harmonic capacity

𝐶(𝐶𝑒 ∩ 𝜎𝑟
𝑧) ⩾ 𝜀𝑟

(𝜀 does not depend either on 𝑧 or on 𝑟), then every real function uniformly
continuous on the set 𝑒 can be uniformly approximated, with any prescribed
accuracy, by a function harmonic in some neighborhood of the set 𝑒.

§ 3. Some necessary conditions for the possibility of ap-
proximating continuous functions by analytic functions.
Lemma 3. If the boundary of a domain 𝑔 consists of two continuously differ-
entiable components 𝛼 and 𝛽, and 𝑓(𝑥, 𝑦) is a function harmonic in the domain
𝑔 and constant on 𝛼 and 𝛽, 𝑓(𝛼) = 0, 𝑓(𝛽) = ℎ, then

∫
𝑔

| grad 𝑓(𝑥, 𝑦)| 𝑑𝑥 𝑑𝑦 ⩽ mes2 𝑔 + |ℎ| ∫
𝛽

𝑑
𝑑𝑛𝑓(𝑥, 𝑦) 𝑑𝑠.

Lemma 4. If 𝑔 is a domain bounded by two level lines of the Green function
𝑔𝑒(∞, 𝑧) of a certain set 𝑒, then

∫
𝑔

| grad 𝑔𝑒(∞, 𝑧)| 𝑑𝑥 𝑑𝑦 ≤ mes2 𝑔 + 2𝜋|𝑔𝑒(∞, 𝛼) − 𝑔𝑒(∞, 𝛽)|

and, when 𝑔𝑒(∞, 𝛼) = 0 and 𝑔𝑒(∞, 𝛽) = 1, the inequality holds:

∫
𝑔

| grad 𝑔𝑒(∞, 𝑧)| 𝑑𝑥 𝑑𝑦 ≤ 𝐶5𝐶(𝑒)

(where 𝐶5 > 0 is an absolute constant).

Taking Lemma 4 into account, from A. S. Kronrod’s formula 3 for computing
the plane variation

𝑉2[𝑔, 𝑓(𝑥, 𝑦)] = ∫
max 𝑓(𝑥,𝑦)

min 𝑓(𝑥,𝑦)
ℎ1{𝑓(𝑥, 𝑦) = 𝑡} 𝑑𝑡 = ∫

𝑔
| grad 𝑓(𝑥, 𝑦)| 𝑑𝑥 𝑑𝑦
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and from the fact that every set of zero harmonic capacity has zero length, we
obtain:

Lemma 5. For every bounded closed set 𝑒 and every 𝜀 > 0 one can specify an
open set 𝑔 ⊃ 𝑒, whose boundary 𝛾𝜀(𝑒) consists of a finite number of analytic
curves with total length not exceeding 𝜀 + 𝐶6𝐶(𝑒), where 𝐶6 > 0 is an absolute
constant.

Theorem 6. If on the set 𝑒 every complex uniformly continuous function can
be represented by a uniformly convergent series of analytic functions, then for
all 𝑧 and 𝑟

𝐶(𝜎𝑟
𝑧 ∩ 𝐶𝑒) ≥ 𝐶7𝑟,

where 𝐶7 is an absolute constant.

The idea of the proof is as follows. Since 𝑓𝑟−𝜀
𝑧 (𝜉) (see the explanation to Theorem

1) is close to 1
𝜉 − 𝑧 near 𝜎̃𝑟

𝑧, the integral over a contour close to this circle is
close to 1; on the other hand, by the condition of the theorem this integral must
be approximately equal to the integral of the same function over the contour
𝛾𝜀(𝐶𝑒∩𝜎𝑟

𝑧), whose length is commensurable with 𝐶(𝜎𝑟
𝑧 ∩𝐶𝑒); therefore the case

𝐶(𝜎𝑟
𝑧 ∩ 𝐶𝑒) = 𝑜(𝑟) is impossible.

Theorem 7. If on the set 𝑒 every real function with uniformly continuous
partial derivatives can be approximated (in the 𝐶1 metric) with any prescribed
accuracy by a harmonic function, then for all 𝑧 and 𝑟

𝐶(𝜎𝑟
𝑧 ∩ 𝐶𝑒) ≥ 𝐶8𝑟,

where 𝐶8 is an absolute constant.
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