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Abstract
Full Text
S. D. EIDELMAN

FUNDAMENTAL MATRICES OF SOLUTIONS
OF GENERAL PARABOLIC SYSTEMS
(Presented by Academician I. G. Petrovskii, 9 XII 1957)

In the author’s preceding papers (3,4), fundamental matrices of solutions (f.m.s.)
were constructed and studied for linear systems of first order in 𝑡 that are
parabolic in the sense of I. G. Petrovskii (the maximal order 𝑀 of differen-
tiation with respect to 𝑡 coincided with the parabolic weight 2𝑏). In the present
note f.m.s. are constructed for arbitrary linear systems, parabolic in the sense
of I. G. Petrovskii,*

𝜕𝑛𝑖𝑢𝑖
𝜕𝑡𝑛𝑖

= ∑
2𝑏𝑘0+|𝑘|≤2𝑏𝑛𝑗

𝐴(𝑘0𝑘)
𝑖𝑗 (𝑥, 𝑡) 𝜕𝑘0

𝜕𝑡𝑘0
𝐷𝑘

𝑥𝑢𝑗(𝑥, 𝑡) ≡ 𝑃𝑖 (𝑡, 𝑥; 1
𝑖 𝐷, 𝜕

𝜕𝑡) 𝑢,

𝑖 = 1, 2, … , 𝑁, (1)

and some of their applications are given.

1. By means of the method set forth in (4), the following theorem is estab-
lished:

Theorem 1. Suppose: 1) the coefficients of (1) are continuous with respect
to 𝑡; moreover, the continuity with respect to 𝑡 of those coefficients for which
2𝑏𝑘0+|𝑘| = 2𝑏𝑛𝑗 is uniform in 𝑥 from Π1{−∞ < 𝑥𝑠 < ∞, 𝑠 = 1, 2, … , 𝑛, 0 ≤ 𝑡 ≤
𝑇 }; 2) the coefficients of (1) are bounded and Hölder-continuous with respect
to 𝑥. Then the system (1) has in Π1, 𝑡 > 𝜏 , an f.m.s. 𝑍(𝑙)

𝑖 (𝑡, 𝜏 , 𝑥, 𝜉), satisfying
the inequalities

∣ 𝜕𝑘0

𝜕𝑡𝑘0
𝐷𝑘

𝑥𝑍(𝑙)
𝑖 (𝑡, 𝜏 , 𝑥, 𝜉)∣ ≤ 𝐶(𝑡 − 𝜏)−(𝑛+|𝑘|)/2𝑏+𝑛𝑖−1−𝑘0𝑒−𝑐𝜌; (2)

∣Δℎ
𝜕𝑘0

𝑑𝑡𝑘0
𝐷𝑘

𝑥𝑍(𝑙)
𝑖 (𝑡, 𝜏 , 𝑥, 𝜉)∣ ≤ 𝐶∗|ℎ|𝛼(𝑡 − 𝜏)−(𝑛+|𝑘|+𝛼)/2𝑏+𝑛𝑖−1−𝑘0𝑒−𝑐∗𝜌 (3)

(2𝑏𝑘0 +|𝑘| ≤ 2𝑏𝑛𝑖; |ℎ| < 𝑎(𝑡−𝜏)1/2𝑏; 𝑎 is an arbitrary positive number; 𝐶, 𝑐 are
positive numbers depending only on 𝑇 ; 𝐶∗, 𝑐∗ depend on 𝑇 and 𝑎; 0 < 𝛼 ≤ 1).
If, in addition to condition 1), the following condition is fulfilled: 3) 𝑛1 = 𝑛2 =
⋯ = 𝑛𝑁 , the 𝐴(𝑘0𝑘)

𝑖𝑗 (𝑥, 𝑡) have 𝑘0 + |𝑘| bounded derivatives, Hölder-continuous
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with respect to 𝑥, with respect to 𝑡, 𝑥, then 𝑍′(𝑡, 𝜏 , 𝑥, 𝜉), as a function of 𝜏, 𝜉,
is an f.m.s. of the system adjoint to (1). If, moreover, in addition to conditions
1), 2), the following condition is fulfilled:

∗ 𝐷𝑘
𝑥 = 𝜕 |𝑘|

𝜕𝑥𝑘1
1 𝜕𝑥𝑘2

2 ⋯ 𝜕𝑥𝑘𝑛𝑛
; |𝑘| =

𝑛
∑
𝑠=1

𝑘𝑠; 𝑧 = 𝑥+𝑖𝑦; 𝑥 = (𝑥1, 𝑥2, … , 𝑥𝑛); 𝜁 = 𝜉+𝑖𝜈;

𝑞 = 2𝑏
2𝑏 − 1; 𝜌 =

𝑛
∑
𝑠=1

|𝑥𝑠 − 𝜉𝑠|𝑞(𝑡 − 𝜏)−1/(2𝑏−1); 𝑓(𝑥 + ℎ) − 𝑓(𝑥) = Δℎ𝑓;

𝛿𝑖𝑙 is the Kronecker symbol; repetition of an index means that summation is
performed over it.

4) the coefficients (1) are defined in the domain 𝐺1{ |𝑍1 − 𝑥0
1| < 𝜌1, −∞ <

𝑥𝑠 < ∞, 𝑠 = 1, 2, … , 𝑛, 0 ≤ 𝑡1 ≤ 𝑡 ≤ 𝑡2 } and are in it analytic functions
of 𝑧1, bounded and continuous with respect to 𝑥1, 𝑥2, … , 𝑥𝑛, 𝑡, moreover
the continuity in 𝑡 of the coefficients for which 2𝑏𝑘0 +|𝑘| = 2𝑏𝑛𝑗 is uniform
with respect to (𝑧1, 𝑥2, … , 𝑥𝑛) from 𝐺1*, then the f. m. s. 𝑍(𝑡, 𝜏 , 𝑥, 𝜉) can
be continued into a complex domain 𝐺2 with respect to 𝑧1, 𝜁1 in such a way
that there it is analytic in the variables 𝑧1, 𝜁1. In this case the estimates

∣𝐷𝑘
𝑥

𝜕𝑘0

𝜕𝑡𝑘0
𝑍(𝑙)

𝑖 (𝑡, 𝜏 , 𝑥, 𝜉)∣ ≤ 𝐶0(𝑡 − 𝜏)−(𝑛+|𝑘|)/2𝑏+𝑛𝑖−1−𝑘0×

× exp{−𝑐0𝜌 + 𝑏0|𝑣1 − 𝑤1|𝑞(𝑡 − 𝜏)−1/(2𝑏−1)}, (4)

2𝑏𝑘0 + |𝑘| ≤ 2𝑏𝑛𝑖 − 1.
2. We shall present two lemmas characterizing integral operators whose ker-

nel is the f. m. s., in the spaces 𝐿𝑝 with a special weight, on which the
study of the Cauchy problem for parabolic systems is based.

Definition. The function 𝑢(𝑥, 𝑡) belongs to the space 𝐿𝑝,𝑘(𝑡), 1 ≤ 𝑝 < ∞, if the
𝑝-th power of the function

|𝑢(𝑥, 𝑡)|×

× exp{−𝑘(𝑡)
𝑛

∑
𝑠=1

|𝑥𝑠|𝑞}
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is summable,

‖𝑢(𝑥, 𝑡)‖𝐿𝑝,𝑘(𝑡)
= [∫ |𝑢(𝑥, 𝑡)|𝑝 exp{−𝑝𝑘(𝑡)

𝑟
∑
𝑠=1

|𝑥𝑠|𝑞} 𝑑𝑥]
1/𝑝

.

The function 𝑢(𝑥, 𝑡) belongs to the space 𝐿∞,𝑘(𝑡), if

𝑢(𝑥, 𝑡)×

× exp{−𝑘(𝑡)
𝑛

∑
𝑠=1

|𝑥𝑠|𝑞}

is measurable and essentially bounded,

‖𝑢(𝑥, 𝑡)‖𝐿∞,𝑘(𝑡)
= sup

𝑥
vrai[|𝑢(𝑥, 𝑡)| exp{−𝑘(𝑡)

𝑛
∑
𝑠=1

|𝑥𝑠|𝑞}] .

By 𝐿𝑝,𝑘(𝑡),𝑠 we shall denote the space of vector-functions with 𝑠 components,
each of which belongs to 𝐿𝑝,𝑘(𝑡);

‖𝑢(𝑥, 𝑡)‖𝐿𝑝,𝑘(𝑡),𝑠
=

𝑠
∑
𝑘=1

‖𝑢𝑘‖𝐿𝑝,𝑘(𝑡)
.

Lemma 1. If 𝑢(𝑥, 𝑡) ∈ 𝐿𝑝,𝑘(𝑡),𝑁 ; 1 ≤ 𝑝 ≤ ∞;

𝑘(𝑡) = (𝑐 − 𝜀)𝑘
[(𝑐 − 𝜀)2𝑏−1 − 𝑘2𝑏−1(𝑡 − 𝑡0)]

1
2𝑏−1

;

𝑐—from inequality (2), 0 < 𝜀 < 𝑐; 𝑘—an arbitrary positive number for all 𝑡 ∈
[𝑡0, 𝑡1];

𝑡1 = (𝑐 − 𝜀′

𝑘 )
2𝑏−1

, 𝜀 < 𝜀′ < 𝑐,

then
𝑈𝑖(𝑥, 𝑡) = ∫ 𝑍(𝑙)

𝑖 (𝑡, 𝜏 , 𝑥, 𝜉)𝑢𝑙(𝜉, 𝜏) 𝑑𝜉

satisfies the estimate

∥ 𝜕𝑘0

𝜕𝑡𝑘0
𝐷𝑘

𝑥𝑈𝑖(𝑥, 𝑡)∥
𝐿𝑝,𝑘(𝑡)

≤ 𝐶(𝜀)(𝑡 − 𝜏)𝑛𝑖−𝑘0−1−|𝑘|/2𝑏‖𝑢(𝑥, 𝜏)‖𝐿𝑝,𝑘(𝜏),𝑁
, (5)

2𝑏𝑘0 + |𝑘| ≤ 2𝑏𝑛𝑗.
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* It is also assumed that in the domain 𝐺1 the system (1) is parabolic; 𝑡 < 𝑡2 ≤ 𝑇 .

Denote by 𝑀𝑝,[𝑡0,𝑡1],𝑠 = 𝑀𝑝,𝑠 the space of vector-functions 𝑢(𝑥, 𝑡) belonging to
the space 𝐿𝑝,𝑘(𝑡),𝑠 and such that the vector-function

𝑢(𝑥, 𝑡) exp{−𝑘(𝑡)
𝑛

∑
𝑠=1

|𝑥𝑠|𝑎}

is Bochner integrable (with respect to 𝑡, as an element of the space 𝐿𝑝,𝑠);

‖𝑢(𝑥, 𝑡)‖𝑀𝑝,𝑠
= ∫

𝑡1

𝑡0

‖𝑢(𝑥, 𝑡)‖𝐿𝑝,𝑘(𝑡),𝑠
𝑑𝑡.

Consider the integral equation

𝑣(𝑥, 𝑡) = 𝑣0(𝑥, 𝑡) + ∫
𝑡

𝑡0

𝑑𝜏 ∫ 𝑅(𝑡, 𝜏, 𝑥, 𝜉)𝐹(𝜏, 𝑢(𝜉, 𝜏)) 𝑑𝜉, (6)

where

𝑅(𝑡, 𝜏, 𝑥, 𝜉) =
∥
∥
∥
∥

𝑍(𝑡, 𝜏 , 𝑥, 𝜉)
⋅ ⋅ ⋅ ⋅ ⋅ ⋅

𝜕𝑘0

𝜕𝑡𝑘0
𝐷𝑘𝑍(𝑡, 𝜏 , 𝑥, 𝜉)

∥
∥
∥
∥

, 2𝑏𝑘0 + |𝑘| ≤ 𝑚𝑖 ≤ 2𝑏𝑛𝑖 − 1,

is a matrix having 𝑁 columns and 𝑟 = 𝑁𝑠 rows, 𝑠 being equal to the number of
derivatives with respect to 𝑡, 𝑥 of order 𝑘0 + |𝑘|, 2𝑏𝑘0 + |𝑘| ≤ max𝑖 𝑚𝑖;* 𝐹(𝑡, 𝑣)
is an operator defined in the space 𝑀𝑝,𝑟 with range belonging to 𝑀𝑝,𝑁 ; the
integral with respect to 𝜏 in (6) is understood in the Bochner sense. Denote

𝑚 = max
𝑖=1,2,…,𝑁

{𝑚𝑖 − (𝑛𝑖 − 1)2𝑏}.

Lemma 2. If

‖𝑣0(𝑥, 𝑡)‖𝐿𝑝,𝑘(𝑡),𝑟
≤ 𝐶0(𝑡 − 𝑡0)−𝑚/2𝑏;

𝐹 (𝑡, 𝑣) satisfies the conditions:

a)

∫
𝑡

𝑡0

(𝑡 − 𝜏)−𝑚/2𝑏‖𝐹(𝜏, 0)‖𝐿𝑝,𝑘(𝜏),𝑁
𝑑𝜏 ≤ 𝐸0(𝑡 − 𝑡0)−𝑚/2𝑏;
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b)

‖𝐹(𝑡, 𝑣1) − 𝐹(𝑡, 𝑣2)‖𝐿𝑝,𝑘(𝑡),𝑁
≤ 𝐴‖𝑣1 − 𝑣2‖𝐿𝑝,𝑘(𝑡),𝑟

,

then the integral equation (6) has a unique solution 𝑣∗(𝑥, 𝑡) ∈ 𝑀𝑝,𝑟, satisfying
the inequality

‖𝑣∗(𝑥, 𝑡)‖𝑀𝑝,𝑟
≤ 𝐵(𝐶0 + 𝐸0).

3. We shall study the Cauchy problem for the parabolic system

𝜕𝑛𝑖𝑢𝑖
𝜕𝑡𝑛𝑖

= 𝑃𝑖 (𝑡, 𝑥; 1
𝑖 𝐷, 𝜕

𝜕𝑡) 𝑢 + 𝐹𝑖 (𝑡, 𝑥, 𝑢, … , 𝜕𝑘0

𝜕𝑡𝑘0
𝐷𝑘𝑢𝑗, …) , (7)

𝑖 = 1, 2, … , 𝑁, 2𝑏𝑘0 + |𝑘| ≤ 𝑚𝑗,

lim
𝑡→+𝑡0

∥𝜕𝑘0𝑢𝑖
𝜕𝑡𝑘0

− 𝜑𝑖(𝑥)𝛿𝑘0𝑛𝑖−1∥
𝐿𝑝,𝑘(𝑡)

= 0, (8)

𝑘0 = 0, 1, … , 𝑛𝑖 − 1, 𝜑𝑖(𝑥) ∈ 𝐿𝑝,𝑘(𝑡0).

Definition. Let

⎛⎜⎜⎜
⎝

𝑣1
𝑣2
⋮

𝑣𝑠

⎞⎟⎟⎟
⎠

, 𝑠𝑁 = 𝑟,

be a solution of equation (6) with

𝑣0(𝑥, 𝑡) = ∫ 𝑅𝜑 𝑑𝜉,

belonging to the space 𝑀𝑝,𝑟; we shall call the vector-function 𝑣1(𝑥, 𝑡) a gener-
alized solution of problem (7), (8).

Lemma 2 means, in these terms, that if conditions 1), 2) of Theorem 1 and
conditions a), b) of Lemma 2 are satisfied, then problem (7), (8) has a unique
generalized solution.

* In the case where 𝑚𝑖 < max
𝑗

𝑚𝑗, instead of the derivatives of 𝑍𝑖 of order 𝑘0+|𝑘|,
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2𝑏𝑘0 + |𝑘| > 𝑚𝑖, zeros are written.

Theorem 2. Suppose that the following conditions are satisfied: c) the opera-
tor 𝐹(𝑡, 𝑣) = 𝑉 (𝑥, 𝑡) maps all continuous vector-functions (satisfying a Hölder
condition in 𝑥 in any finite domain 𝐺𝑎𝑡∗

0
{𝑡0 < 𝑡∗

0 ≤ 𝑡 ≤ 𝑡1, |𝑥| ≤ 𝑎}) into con-
tinuous vector-functions (satisfying a generalized Hölder condition in 𝑥); d) for
the vector-functions described in condition c),

|𝐹 (𝑡, 𝑣1) − 𝐹(𝑡, 𝑣2)| ≤ 𝐿|𝑣1 − 𝑣2|; |𝐹 (𝑡, 0)| ≤ 𝐸0(𝑡 − 𝑡0)−𝑚/2𝑏;

𝜑(𝑥) is bounded in every finite ball of the space 𝑥. Or suppose that the following
conditions are satisfied:

𝑝 > 𝑛
2𝑏 − 𝑚, ∫

𝑡

𝑡0

‖𝐹(𝜏, 0)‖𝐿𝑝,ℎ(𝜏),𝑁(𝑡−𝜏)−(𝑚𝑝+𝑛)/2𝑏𝑝 𝑑𝜏 ≤ 𝐸0(𝑡−𝑡0)−(𝑚𝑝+𝑛)/2𝑏𝑝

and condition b) of Lemma 2. Then problem (7), (8) has a classical solution
𝑢𝑖(𝑥, 𝑡), belonging, together with all its derivatives of order 𝑘0 +|𝑘|, 2𝑏𝑘0 +|𝑘| ≤
2𝑏𝑛𝑖 − 1, to the space 𝑀𝑝, and depending continuously (in the norm 𝑀𝑝) on
𝜑(𝑥) and 𝐹(𝑡, 0).
Remark. Under a certain additional smoothness of the coefficients

𝑃𝑖 (𝑡, 𝑥, 1
𝑖 𝐷, 𝜕

𝜕𝑡)

the assertion of the theorem is valid for solutions of the Cauchy problem with
initial data

lim
𝑡→+𝑡0

∥𝜕𝑏𝑘0𝑢𝑖
𝜕𝑡𝑘0

− 𝜑(𝑘0)
𝑖 (𝑥)∥

𝐿𝑝,ℎ(𝑡)
= 0, 𝑘0 = 0, 1, … , 𝑛𝑖 − 1, 𝑖 = 1, 2, … , 𝑁,

(8’)
if 𝜑(𝑘0)

𝑖 (𝑥), together with its derivatives with respect to 𝑥 up to order (𝑛𝑖 − 𝑘0 −
1)2𝑏, belongs to the space 𝐿𝑝,ℎ(𝑡0).

Theorem 3. Suppose that the coefficients of system (1) satisfy condition 1)
of Theorem 1 and condition: 3′) 𝐴(𝑘0,𝑘)

𝑖𝑗 (𝑥, 𝑡) have 𝑘∗
0 + |𝑘| bounded derivatives

with respect to 𝑡, 𝑥, continuous in the Hölder sense in 𝑥,

𝑘∗
0 = 𝑘0+𝑘′

0, 𝑘∗ = 𝑘+𝑘′, 2𝑏𝑘′
0+|𝑘′| = (𝑛1−𝑛𝑖)2𝑏, 𝑛1 ≥ 𝑛2 ≥ ⋯ ≥ 𝑛𝑁 .

Then problem (1), (8′) has no more than one regular solution 𝑢𝑖(𝑥, 𝑡), belonging,
together with its derivatives up to order 𝑛𝑖 − 1 with respect to 𝑡, to the space
𝑀𝑝, and for which all derivatives of the functions 𝑢𝑖(𝑥, 𝑡) with 𝑛𝑖 < 𝑛1, entering
into system (1), satisfy the generalized Hölder condition.

The uniqueness theorem for problem (7), (8) is valid if 𝐹(𝑡, 𝑣) satisfies condition
b) of Lemma 3 in the class of functions 𝑢𝑖(𝑥, 𝑡) satisfying the requirements
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formulated above and belonging, together with all their derivatives of order
𝑘0 + |𝑘| with respect to 𝑡, 𝑥,

2𝑏𝑘0 + |𝑘| ≤ 𝑚𝑖,

to the space 𝑀𝑝.

4. From the analytic continuability of the matrix 𝑍(𝑡, 𝜏 , 𝑥, 𝜉) and estimates
(4) it follows that the regular solutions of system (1) are analytic in the
spatial coordinates, if the coefficients are analytic functions of these coordi-
nates. In the case of systems close to linear ones, it is additionally required

that 𝐹 , as a vector-function of 𝑡, 𝑥, 𝑢, … , 𝜕𝑘0

𝜕𝑡𝑘0
𝐷𝑘𝑢𝑗, …, 2𝑏𝑘0 + |𝑘| ≤ 𝑚𝑗,

be analytic in all arguments except 𝑡.
Chernivtsi State University

Received
4 XI 1957
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