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Abstract

Full Text
S. D. EIDELMAN

FUNDAMENTAL MATRICES OF SOLUTIONS
OF GENERAL PARABOLIC SYSTEMS

(Presented by Academician I. G. Petrovskii, 9 XII 1957)

In the author’s preceding papers (*#), fundamental matrices of solutions (f.m.s.)
were constructed and studied for linear systems of first order in t that are
parabolic in the sense of I. G. Petrovskii (the maximal order M of differen-
tiation with respect to ¢ coincided with the parabolic weight 2b). In the present
note f.m.s. are constructed for arbitrary linear systems, parabolic in the sense
of I. G. Petrovskii,*

omiu, (kok) HFo 1 0
—i = Z Al (g, )TDk (x,t) = P, (t,x;fD,f>u
otns bk +[k|<2bn;; ! ot oot

i=1,2,..,N, (1)

and some of their applications are given.

1. By means of the method set forth in (%), the following theorem is estab-
lished:

Theorem 1. Suppose: 1) the coefficients of (1) are continuous with respect
to t; moreover, the continuity with respect to ¢ of those coefficients for which
2bkq+k| = 2bn; is uniform in x from I1; {—o0 <z, <00, s =1,2,...,n, 0 <t <
T}; 2) the coefficients of (1) are bounded and Holder-continuous with respect

to z. Then the system (1) has in II;, ¢t > 7, an f.m.s. ZE”(t,T,x,f), satisfying
the inequalities

‘atk DkZ (1) t T, E)‘ < C(t o 7_)—(n+\k|)/2b+n,i—l—k0e—cp; (2)

8 (1 * o —(n o n—1— e
AhWDkZ >(t,7,x,§)‘ < C*|h|*(t—T1) (ntlkl+a)/2b+n;—1—kq o—cp (3)

(2bky + k| < 2bn,; |h| < a(t—7)Y?*; @ is an arbitrary positive number; C, ¢ are
positive numbers depending only on T'; C*,¢* depend on T and a; 0 < o < 1).
If, in addition to condition 1), the following condition is fulfilled: 3) ny = ny, =
-« = ny, the Ai?”m (x,t) have ky + |k| bounded derivatives, Holder-continuous
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with respect to x, with respect to ¢, x, then Z’(t, 7, z,£), as a function of 7,¢,
is an f.m.s. of the system adjoint to (1). If, moreover, in addition to conditions
1), 2), the following condition is fulfilled:

‘ Dk o =Yk iy, o= )y =t
= ; = i z=atiy; = (T, Ty, .., T,); = {+iv;
! 01:]16183052 O p A b "

b n
1= Qb{ D = e =) h) = fle) = A f;
s=1

0;; is the Kronecker symbol; repetition of an index means that summation is
performed over it.

4) the coefficients (1) are defined in the domain G,{|Z; — 29| < p;, —oc0 <
x, <00, s=1,2,...,n, 0<t; <t<t,} and are in it analytic functions
of z;, bounded and continuous with respect to z,, x5, ..., ,,,t, moreover
the continuity in ¢ of the coefficients for which 2bk, + k| = 2bn; is uniform
with respect to (z1, Zg, ..., x,) from G;*, then the f. m. s. Z(¢,7,2,&) can
be continued into a complex domain G, with respect to z;, ¢; in such a way
that there it is analytic in the variables z;, (;. In this case the estimates

o —(n n,—1—
Dk 2 (8,7, 6)| < Gyt — )bt
x exp{—cop + bolvy — w, [9(t — 7)1/ -V, (4)

20k, + |k| < 2bn; — 1.

2. We shall present two lemmas characterizing integral operators whose ker-
nel is the f. m. s., in the spaces L, with a special weight, on which the
study of the Cauchy problem for parabolic systems is based.

Definition. The function u(z,t) belongs to the space L, ;), 1 < p < 0o, if the
p-th power of the function
lu(z, t)|x

< exp {k<t> ) |:cs|q}
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is summable,

1/p
Jue, O, ., = [/mtwexp{ kit Zw} ] .

The function u(z,t) belongs to the space L., j), if

u(x, t)x

X exp {—k(t) ) w}

is measurable and essentially bounded,

||u(z,t)||Loo=kU = bupvral l|u(x t)] exp{ Z |z |q}‘|

By L, it),s we shall denote the space of vector-functions with s components,
each of which belongs to L,

lu(z, Oz . . ZH kHLPk(t

Lemma 1. If u(z,t) € L, ) n; 1 < p < 003

k(t) = (c—e)k —;

(e =)t — k= (t 1) T

c—from inequality (2), 0 < € < ¢; k—an arbitrary positive number for all ¢ €

[thtl];
P 2b—1
t, = ( . ) , e<e <g,

then

Uiz, 1) = / 20,72, € uy (€, 7) dé

satisfies the estimate

8k
| Pt

< CE) R M B (e ), (5)
Ly ki)

20k, + [k| < 2bn;.
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* Tt is also assumed that in the domain G the system (1) is parabolic; t < t, < T.

Denote by M, ;.= M, the space of vector-functions u(x,t) belonging to
the space L, 1) s and such that the vector-function

u(z,) exp{ Z Ixsla}

is Bochner integrable (with respect to ¢, as an element of the space L, ,);

31
Jule, Bl = / u(a, Dz, ., . dt

0

Consider the integral equation

t
olat) = vt + [ dr [ Rt P (e, n) (6)
to
where
Z(t7 T’ z?f)
R(t,7,x,8) = oo , 2bky + |k| < m; < 2bn;, — 1,

o g
o DA, 6)

is a matrix having N columns and » = Ns rows, s being equal to the number of
derivatives with respect to ¢,z of order k, + |k|, 20k, + |k| < max; m;;* F(¢t,v)
is an operator defined in the space M, , with range belonging to Mp ~; the
integral with respect to 7 in (6) is understood in the Bochner sense. Denote

m= max {m; — (n; — 1)2b}.

Lemma 2. If
lvo(@, )L, ... < Colt —to)™™/2;
F(t,v) satisfies the conditions:

a)

dr < Eo(t —to) ™"

/ (t — 1) ™| F(r,0)[,

0

p,k(),N
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IE(t,01) = F(t,00)[ 1 < Alvy — vy,

p.k(t),N pk(t),r’
then the integral equation (6) has a unique solution v*(z,t) € M, ., satisfying
the inequality
[ (2, ), < B(Co + Ep).
3. We shall study the Cauchy problem for the parabolic system
o™iy, 10 ko
atnil =P, (t,:ﬁ; ZD, a) u+ F; (t,x, Uy ees s D"uy, ) , (7)
i:1727...,N7 2bk0+|k‘§mj,
. 8k0ui
tgfflto Dtko pi(z) kon;—1 =0, (8)

Definition. Let

, sN =r,

be a solution of equation (6) with

vl ) = / Ry de,

belonging to the space M, ,; we shall call the vector-function v, (z,t) a gener-

alized solution of problem (7), (8).

Lemma 2 means, in these terms, that if conditions 1), 2) of Theorem 1 and
conditions a), b) of Lemma 2 are satisfied, then problem (7), (8) has a unique
generalized solution.

* In the case where m; < maxm;, instead of the derivatives of Z; of order kq+|k|,
j
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2bkq + |k| > m;, zeros are written.

Theorem 2. Suppose that the following conditions are satisfied: c) the opera-
tor F(t,v) = V(z,t) maps all continuous vector-functions (satisfying a Holder
condition in z in any finite domain G {t, < 5 <t <y, |z[ < a}) into con-
tinuous vector-functions (satisfying a generalized Holder condition in z); d) for
the vector-functions described in condition ¢),

|[F'(t,v1) — F(t,v9)| < L|vy —v,l; |F(t,0)] < Eg(t —to)~™/2";

©(z) is bounded in every finite ball of the space x. Or suppose that the following
conditions are satisfied:

n

P> oz

t
) ) L —T7)" P = - B
[ VPO, o wlt=r) 05020 dr < Bty
to

and condition b) of Lemma 2. Then problem (7), (8) has a classical solution
u;(z, 1), belonging, together with all its derivatives of order kq+ |k|, 2bk, + |k| <
2bn; — 1, to the space M,,, and depending continuously (in the norm Mp) on
p(z) and F(t,0).

Remark. Under a certain additional smoothness of the coefficients
1 0
P (t,x,~-D, —
v ( v i 875)

the assertion of the theorem is valid for solutions of the Cauchy problem with
initial data

bkg,,
lim |2 ko) () =0, ky=0,1,..,n,—1, i=12 . N,
t—+to || Otko L)
(8")
(ko)

if ;"% (z), together with its derivatives with respect to « up to order (n; —ky—
1)2b, belongs to the space L, ;-

Theorem 3. Suppose that the coefficients of system (1) satisfy condition 1)

of Theorem 1 and condition: 3") AE?O’k)(x, t) have k) + |k| bounded derivatives
with respect to t,x, continuous in the Holder sense in x,

k§ = ko+ky, k* = k+k, 2bky+|k'| = (ny—n;)20, Ny >Ny > > ny.

Then problem (1), (8") has no more than one regular solution u,(z,t), belonging,
together with its derivatives up to order n, — 1 with respect to ¢, to the space
M,,, and for which all derivatives of the functions u,(x,t) with n; < n,, entering
into system (1), satisfy the generalized Holder condition.

The uniqueness theorem for problem (7), (8) is valid if F(¢, v) satisfies condition
b) of Lemma 3 in the class of functions w;(z,t) satisfying the requirements
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formulated above and belonging, together with all their derivatives of order
ko + |k| with respect to ¢, z,

2bky + k| < my,

to the space M,,.

4. From the analytic continuability of the matrix Z(¢,7,z,£) and estimates
(4) it follows that the regular solutions of system (1) are analytic in the
spatial coordinates, if the coefficients are analytic functions of these coordi-
nates. In the case of systems close to linear ones, it is additionally required

kO
2 DFuy, ..., 2bky + [k < m,

that F, as a vector-function of ¢, x,u, ...,
Otko

be analytic in all arguments except t.
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