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Abstract
Full Text

F. I. Kharshiladze
Saturation Classes for Certain Summation Processes
(Presented by Academician V. I. Smirnov on 19 V 1958)

1°. Let 𝐸 be a Banach space in which there is a closed system of elements
{𝑓𝑘} (𝑘 = 1, 2, …) and a complete sequence of functionals {𝑙𝑘(𝑓)} (𝑘 = 1, 2, …),
forming a biorthogonal system, i.e.

𝑙𝑘(𝑓𝑖) = {0 if 𝑖 ≠ 𝑘,
1 if 𝑖 = 𝑘.

To each element 𝑓 ∈ 𝐸 one can associate the expansion

𝑓 ∼
∞

∑
𝑘=1

𝑙𝑘(𝑓)𝑓𝑘. (1)

In the case of convergence of this series, its sum will be 𝑓 . The summation
process (Δ) of the series (1), consisting in the formation of the means

𝑢𝜆
𝑛(𝑓) =

∞
∑
𝑘=1

𝜆(𝑛)
𝑘 𝑙𝑘(𝑓)𝑓𝑘, (2)

where the multipliers 𝜆(𝑛)
𝑘 (𝑛 = 1, 2, … , 𝑘 = 1, 2, …) are prescribed numbers

(which may have as an upper index a continuous parameter ℎ), is called sat-
urated if the means (2) cannot approach 𝑓 too rapidly. More precisely, there
exist a positive function 𝜑(𝑛) monotonically tending to zero and a number 𝑚
such that the relation

‖𝑓 − 𝑢𝜆
𝑛(𝑓)‖ = 𝑜[𝜑(𝑛)]

is satisfied only for elements of the form 𝑓 = 𝑎1𝑓1 + 𝑎2𝑓2 + ⋯ + 𝑎𝑚𝑓𝑚, where
𝑎1, 𝑎2, … , 𝑎𝑚 are numbers.

If, in addition, there exists an element 𝑓 not expressible linearly in terms of
𝑓1, 𝑓2, … , 𝑓𝑚 and for which the relation

‖𝑓 − 𝑢𝜆
𝑛(𝑓)‖ = 𝑂[𝜑(𝑛)] (3)

holds, then the order of saturation of the process (Δ) is 𝜑(𝑛). The linear set
of elements satisfying relation (3) is called the saturation class of the process
(Δ).
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The saturation problem for the process (Δ) consists in finding the saturation
class of this process. To find the saturation class means to find the structural
properties of the functions satisfying relation (3).

The formulation of the problem in the form in which it is set forth here belongs
to Favard (1,2). The solution of this problem for certain summation processes

⋯mation was given by Zamansky (3). Butzer (4) characterized the classes of
saturation of some processes by means of the theory of semigroups.

In the present paper I find several classes of saturation by an elementary method,
which was indicated by Favard in (1).
2∘. Let 𝐸 be one of the spaces of periodic functions: 𝐶(−𝜋, 𝜋), 𝐿𝑝(−𝜋, 𝜋)
(𝑝 ≥ 1), and let the expansion (1) be the Fourier series

𝑓(𝑥) ∼ 𝑎0
2 +

∞
∑
𝑘=1

(𝑎𝑘 cos 𝑘𝑥 + 𝑏𝑘 sin 𝑘𝑥).

Theorem 1. If the numbers 𝜆(𝑛)
𝑘 (𝑘 = 0, 1, 2, … , 𝑛 = 1, 2, …) satisfy the

condition

lim
𝑛→∞

1 − 𝜆(𝑛)
𝑘

𝜑(𝑛) = 𝛾𝑘 < ∞,

then for every function 𝑓(𝑥) satisfying the relation

‖𝑓(𝑥) − 𝑢𝜆
𝑛(𝑓, 𝑥)‖ = 𝑂[𝜑(𝑛)], (4)

where

𝑢𝜆
𝑛(𝑓, 𝑥) = 𝑎0

2 𝜆(𝑛)
0 +

∞
∑
𝑘=1

𝜆(𝑛)
𝑘 (𝑎𝑘 cos 𝑘𝑥 + 𝑏𝑘 sin 𝑘𝑥),

the Fejér means of the series

𝑎0
2 𝛾0 +

∞
∑
𝑘=1

𝛾𝑘(𝑎𝑘 cos 𝑘𝑥 + 𝑏𝑘 sin 𝑘𝑥)

are bounded in norm in the space 𝐸.

Proof. From (4) it follows that the norm of the function

𝐹(𝑥) = 1
𝜑(𝑛) [𝑓(𝑥) − 𝑢𝜆

𝑛(𝑓, 𝑥)]
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does not exceed some constant 𝐴. Write the expansion

𝐹(𝑥) ∼ 𝑎0
2

1 − 𝜆(𝑛)
0

𝜑(𝑛) +
∞

∑
𝑘=1

1 − 𝜆(𝑛)
𝑘

𝜑(𝑛) (𝑎𝑘 cos 𝑘𝑥 + 𝑏𝑘 sin 𝑘𝑥),

and consider the Fejér means for this series:

𝜎𝑚(𝐹 , 𝑥) = 𝑎0
2

1 − 𝜆(𝑛)
0

𝜑(𝑛) +
𝑚

∑
𝑘=1

(1 − 𝑘
𝑚) 1 − 𝜆(𝑛)

𝑘
𝜑(𝑛) (𝑎𝑘 cos 𝑘𝑥 + 𝑏𝑘 sin 𝑘𝑥).

It is known that for every 𝑚, ‖𝜎𝑚(𝐹 , 𝑥)‖ ≤ ‖𝐹‖. Consequently,

∥𝑎0
2

1 − 𝜆(𝑛)
0

𝜑(𝑛) +
𝑚

∑
𝑘=1

(1 − 𝑘
𝑚) 1 − 𝜆(𝑛)

𝑘
𝜑(𝑛) (𝑎𝑘 cos 𝑘𝑥 + 𝑏𝑘 sin 𝑘𝑥)∥ ≤ 𝐴.

Letting 𝑛 tend to infinity, we obtain from this

∥𝑎0
2 𝛾0 +

𝑚
∑
𝑘=1

(1 − 𝑘
𝑚) 𝛾𝑘(𝑎𝑘 cos 𝑘𝑥 + 𝑏𝑘 sin 𝑘𝑥)∥ ≤ 𝐴.

This proves the theorem.

Let us apply the theorem just proved to known summation processes.

3∘. For the Bernstein–Rogozinski process (𝐵𝑅, 𝜈),

𝜆(𝑛)
𝑘 = (cos 𝑘𝜋

2𝑛 − 1)
𝜈

for 𝑘 = 0, 1, … , 𝑛 and 𝜆(𝑛)
𝑘 = 0 for 𝑘 > 𝑛. The order of saturation of this process

is 1
𝑛2 , and 𝛾𝑘 = 𝜋2

8 𝜈𝑘2. Consequently, if for some function 𝑓 ∈ 𝐸

‖𝑓(𝑥) − 𝐵(𝜈)
𝑛 (𝑓, 𝑥)‖ = 𝑂 ( 1

𝑛2 ) ,

where

𝐵(𝜈)
𝑛 (𝑓, 𝑥) = 𝑎0

2 +
𝑛

∑
𝑘+1

(cos 𝑘𝜋
2𝑛 + 1)

𝜈
(𝑎𝑘 cos 𝑘𝑥 + 𝑏𝑘 sin 𝑘𝑥),

then
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∥𝑎0
2 +

𝑚
∑
𝑘=1

(1 − 𝑘
𝑚) 𝑘2(𝑎𝑘 cos 𝑘𝑥 + 𝑏𝑘 sin 𝑘𝑥)∥ = 𝑂(1). (5)

If (5) holds for the space 𝐶(−𝜋, 𝜋), then almost everywhere there exists a
bounded second derivative 𝑓″(𝑥), or, what is the same, 𝑓 ′(𝑥) satisfies a Lip-
schitz condition. The converse assertion is known in the case 𝜈 = 1 (5). The
general case is easily obtained from this by means of formula (4) from (6).
Thus, we have:

Theorem 2. In order that a continuous periodic function 𝑓(𝑥) satisfy the
relation

max
𝑥

|𝑓(𝑥) − 𝐵(𝜈)
𝑛 𝑓(𝑥)| = 𝑂 ( 1

𝑛2 ) ,

it is necessary and sufficient that 𝑓 ′(𝑥) ∈ Lip 1.

Consequently, the saturation classes of all processes (𝐵𝑃 , 𝜈) coincide. Applying
the known results (7) on classes of trigonometric series and relation (5), we
obtain the following theorems.

Theorem 3. The saturation class of the process (𝐵𝑃 , 𝜈) in the space 𝐿𝑝, for
any 𝜈, coincides with the class of functions equivalent to absolutely continuous
functions having second derivatives belonging to the space 𝐿𝑝.

Theorem 4. The saturation class of the process (𝐵𝑃 , 𝜈) in the space 𝐿1, for
any 𝜈, coincides with the class of functions equivalent to absolutely continuous
functions whose first-order derivatives have bounded variation.

4∘. Let us consider the process of summing a Fourier series by the so-called
typical means:

𝑋(𝜈)
𝑛 (𝑥) = 𝑎0

2 +
𝑛

∑
𝑘=1

(1 − 𝑘𝜈

𝑛𝜈 ) (𝑎𝑘 cos 𝑘𝑥 + 𝑏𝑘 sin 𝑘𝑥).

Here 𝜆(𝑛)
𝑘 = 1 − 𝑘𝜈

𝑛𝜈 for 𝑘 = 0, 1, … , 𝑛 and 𝜆(𝑛)
𝑘 = 0 for 𝑘 > 𝑛. The order of

saturation is 1
𝑛𝜈 and 𝛾𝑘 = 𝑘𝜈. Consequently, according to Theorem 1, if for a

continuous function 𝑓(𝑥)

max
𝑥

|𝑓(𝑥) − 𝑋(𝜈)
𝑛 (𝑥)| = 𝑂 ( 1

𝑛𝜈 ) , (6)

then
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max
𝑥

∣𝑎0
2 +

𝑚
∑
𝑘=1

(1 − 𝑘
𝑚) 𝑘𝜈(𝑎𝑘 cos 𝑘𝑥 + 𝑏𝑘 sin 𝑘𝑥)∣ = 𝑂(1).

From this condition, for even 𝜈 it follows that a bounded 𝑓 (𝜈)(𝑥) exists almost
everywhere. For odd 𝜈, the conjugate function ̄𝑓(𝑥) has a bounded derivative of
order 𝜈 almost everywhere. The converse assertions were proved by Zygmund
(5).
Thus we have:

Theorem 5. In order that a continuous periodic function 𝑓(𝑥) satisfy relation
(6), it is necessary and sufficient that there exist a bounded derivative 𝑓 (𝜈)(𝑥)
for even 𝜈, and a bounded derivative ̄𝑓 (𝜈)(𝑥) for odd 𝜈.

For 𝜈 = 1 the process under consideration coincides with the process (𝐶, 1), and
Theorem 5 reduces to the theorem of Alexits—Zamansky (8,3 ).
Analogous theorems are also valid for the space 𝐿𝑝 (𝑝 ⩾ 1).
5∘. Finally, let us consider the Lebesgue summation process, defined by the
multipliers 𝜆ℎ

𝑘 = sin 𝑘ℎ
𝑘ℎ . For a summable function, the Lebesgue means coincide

with the Steklov functions (7, p. 269):

𝑓ℎ(𝑥) = 1
2ℎ ∫

𝑥+ℎ

𝑥−ℎ
𝑓(𝑡) 𝑑𝑡 = 𝑎0

2 +
∞

∑
𝑘=1

sin 𝑘ℎ
𝑘ℎ (𝑎𝑘 cos 𝑘𝑥 + 𝑏𝑘 sin 𝑘𝑥).

It is easy to see that this process is saturated and that the order of saturation
is ℎ2. Moreover,

𝛾𝑘 = lim
ℎ→∞

1
ℎ2 (1 − sin 𝑘ℎ

𝑘ℎ ) = 𝑘2

6 .

Consequently, according to Theorem 1, if ‖𝑓ℎ(𝑥) − 𝑓(𝑥)‖ = 𝑂(ℎ2), then (5) is
fulfilled.

Thus we have:

Theorem 6. The saturation class of the Lebesgue process (or of the process of
approximation by Steklov means) in the space 𝐺 or 𝐿𝑝 (𝑝 ⩾ 1) coincides with
the saturation class of the process (��, 1) in the corresponding space.
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