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M. F. TIMAN

INVERSE THEOREMS OF THE CONSTRUC-
TIVE THEORY OF FUNCTIONS OF SEV-
ERAL VARIABLES

(Presented by Academician A. N. Kolmogorov, 13 II 1958)

The purpose of the present note is to generalize to the case of functions of several
variables the following result:

Theorem. Let f(z) be a periodic function of period 27. Then

A} f(a) =0 {n fjleE“(f)} . h=0(3). (1
k=1

where E, = E, (f) is the best approximation of the function f(z) by trigono-
metric polynomials of order < n in the metric of the corresponding space (C or

L,);

A f) = SO i), o= D 02D

=0

il
Inequality (1) was first obtained in (*) for the metric L, and was then extended

(%5) to the case of the uniform metric.

For a function f(z,y) periodic of period 27 in each variable, an analogous the-
orem holds:

r r O m n T171 i
87 a3 el < S 2Dk B, (2)
where
. 1 1
Epi=E(f) = I%fo(iU’y) = Tia(z, s hy =0 (E) , hy=0 (E) ,
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T, »(z,y) is a trigonometric polynomial of order m in x, of order n in y;
Ty T2
AN fla,y) =) > (1) iICE OF, f(w + by, y + jhy).

i=0 j=0

Considering the special case r; = ry = 2 under the assumption that

Em,n =0 (i> )

mn
Dzhvarseishvili (3) proved that

A2 A2 f(z,y) = Olhy + hy). (3)
From inequality (2), under the same assumptions, it follows that

AR AR f(z,y) = O(hy - hy).

However, it should be noted that if

By o(f)=0 ((m—i—l)l(n+l)) ’

then the function f(z,y) = const (m,n =0,1,2,...).

Proof of inequality (2). Let {7,,,,(z,y)} be a sequence of trigonometric polyno-
mials giving, for each m and n, the best approximation to the function f(zx,y).
Suppose that 27 < m < 2PF! 29 < n < 2971; then, obviously,

T T T T
HAhll Ahz flzy) — Ahll Ahzz Topi1 gann

< 2mitrs Eop 24 (4)

To prove inequality (2), we estimate:
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oritra +rg)
— T1TT2
o™ 6yT2 T2P+1, 2q+1 (337 y) - HT2p+1 2g+1

T+ } : ri+r (’l“ +7ry)
HT2 1 2 |‘T2k41r122 - 2k12 2

+ZHT(7’;;:71’2 . 2(T;l+7”2)

H T1+7“2 _ T(T1+7’2)

2p+1 2q+1 210 249

p—1 g—

E E (ry+r3) (ry+73) (ry+r3) (ry+r3)
+ HT2k+1 2U+1 7T2k+1 2l TQk 2l+1 + T2k721 .

—1 =

Using the well-known inequality of S. N. Bernstein for derivatives of trigonomet-
ric polynomials and the obvious inequalities

2k
[Torin o — Tor of| < 2Egn 5 < 22matl. o=kt N yn=lp, o0 (5)
i=2k-141

2k 2!
E E i —1,ry—1
1 J 2 EZ]

i=2k-141 j=21-141
||T2k+1721+1 - T2k+172l - T2k72l+1 + T2k72l|| S 4E2k721 < 22T1+2T2+2

2(k+1)ry . Q(l+1)ry

(6)

we obtain
p—1 2k
T147s) ri+ry+1 2ry+ry+1 i —1
[T 5| < 2rra By 4 22 T E
k=1 j=2k-141
¢—1 2!
2ry+ry+1 iro—1 .
+2 E E J E, ;
=1 j=21-141

2P 24
+ 22r1+2r2+1 E E krlfllr271Ek .

k=2Pp-141[=2a-141
p—1qg-1 2k

2271+272+QZZ Z Z _1.7.7‘2_1Ei,j

k=1 l=1 j=2k-141 j=21-141

Inequality (7) gives
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HT ri47s)

2p+1 2q+1

= { Zkrl_ll”_lEkLll} . (8)

k=1 1=1

From inequalities (4), (6), and (8) it follows that

m n
Z krl—llrQ—lEk L+ hﬁ hT’2 (ry+r3)

k=1 =1 }

T1 AT2 —
HAhl Ahzf(x; y)H — O { mrinT 2p+1 2q+1

Taking hy = O () and hy, = O (), we obtain (2).

For a periodic function of k variables f(zy,...,2;), the same method makes it
possible to prove the inequality

A3 AR f(ay, )| =

ny
_ —ry 7rk .ry—1 7 —1
= O{ E E 31 el Eill,m,ikl} )

i1=1 i,=1

h=0(L) b=tt)

v

We shall also state, without proof, the following theorem:

Theorem. If, for a continuous function f(x4,...,x,,), the series

Z nqilEnl,”.,nk,oo<f) (k < m)7

n;=1

converges, where n; = [n7*] (0 < 0, <1;i=2,3,...,k); E, . (f)isthe par-

tial best uniform approximation of the function f(zq,...,x;) by trigonometric
polynomials of degree < n; in the variables z; (j=1,2,..., k) with coefficients
that are continuous functions of the Varlables (Tpy1s e @ ) then the function
f(xq,...,z,,) has a continuous mixed derivative

apf(zla azm)

P1 Pr
Oxy" - 0xy,

where p; + - +p;, = p,
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k
P+ Zajpj =T.
=2

1 1
Fork=m=2FE, , =0|—+— ,GQ:Q(agﬁ),weobtain,asa
1,72 In‘l n2 /3
special case, Montel’ s theorem (%).
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4 XII 1956
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