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MATHEMATICS
A. A. DEZIN

SYMMETRIC ENERGY INEQUALITIES AND
THE MIXED PROBLEM

(Presented by Academician S. L. Sobolev on 16 XI 1957)

The present article is devoted to the construction of a generalized solution of
the mixed problem for a general hyperbolic equation of second order with right-
hand side a functional of a certain class. For the case when the coefficients do
not depend on time, a similar problem was considered by means of the general-
ized Laplace transform in (). Our method uses ideas developed in (?) for the
Cauchy problem. In an analogous way one can study the ordinary parabolic
equation and equations of the types introduced in () (the mixed problem), and
also strengthen the results obtained in (?) for the Cauchy problem. The con-
structions carried out are naturally connected with a number of considerations
in the papers (*77).

Let Q be a bounded star-shaped domain in the space of variables (zq, ..., z,),
and let V = [0 < 2y < 1] x Q. Consider in V the linear hyperbolic operator,
written in the form

0

a= Z Dy(ay Dy + ay) + ¢, Dy, = o, (1)

k,1=0

where aj,; = ay;; all coefficients are assumed bounded and summable in V, and,
in addition, a;, (k =0,...,v) have bounded derivatives either with respect to x,,
or with respect to x, the coefficients aq;, (k =1, ..., ) have bounded derivatives
with respect to x;, and the remaining coefficients a;; have continuous derivatives
with respect to ;. Thus the notation (1) is conditional in character, and the
exact definition of the operator a is given below. Together with the operator a
we shall consider the operators
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If a5, has no derivatives with respect to x;, then the corresponding group of
terms of a* has the form ) a;pk, and some modification of the constructions
presented is necessary. If €2 is the boundary of €2, then the classical form of the
simplest boundary conditions associated with a is

= D0u| = 07 (Fn)

ze=0 -

u|55 =0, S;=[0<z,<1xQ. (T})

The totality of the initial and boundary conditions will be denoted by (T'). The
conditions (I'*) are obtained by replacing (T',) with

= Dy, _, =0. (rs)

In V we consider the Hilbert space J of functions with summable square, with
the usual inner product and norm, denoted by

(u, v, V) = / wdV, I = (wu, V),
\%

and the classes of functions &, &, from C*°, satisfying respectively the condi-
tions (T') or (I'*). For u € &;, v € C* and when the conditions (T';) are fulfilled,
we set, by definition:

v

(au, v, V}) = (DyageDou, v, V;) —— Z (@ Dy + s Dy Vi) +(cu, v, V),

k=0
(2)

where V, = [0 < z, < t]x, and the notation (..., ..., V,) means that integration
is carried out over the corresponding part of the volume V. In Z/ the term
written first is absent. Then, in particular, for v € &,

(au, bu, V;) :/ [QOODOUDOU Z /aleluDku] dst+/ F(u,u)dV, =
Sy k,1=0

EL Fé(u,u)dS't—&-/vF(mu)th7 (3)

t t

where S, is the part of the plane z, = t lying in V, and F(u,u) is an inho-
mogeneous form in the function u and its derivatives, with bounded coeflicients

sovietrxiv.org/items/ru-195801.68719 Machine Translation


https://sovietrxiv.org/items/ru-195801.68719

formed by a;, c, the derivatives of a;; with respect to z, and of a,, with respect
to z;. Let

Du, 5,2 = / S Dy dS;.
S

t k=0

By hyperbolicity of the operator a we understand the fact that there exists a
constant C' > 0 such that

|Du, S,|? SC/ Fj(u,u)dsS,
Sy

for all ¢ € [0,1]. For u € C*™ set

lu, B'| = sup |Du, 5|.
tel0,1]

The closure of £, (¢ = 1,2) in the metric B! gives the Banach space BL.
Together with Bl we consider the space Bl' of functions h such that h €
BL, Dyh € BL. Let us further note that if to the operator b* (b) one adjoins
initial conditions of the form h[, _, = 0 (h[, _; = 0), then an operator b1
(b~1) is uniquely defined, given, for example, on all v € H. We shall say that
ue B, (uecB%)if b*'u e Bl (B)"). We want to define the operator a on an
arbitrary function u € B, considering au as a functional over some space. In
view of the nonreflexivity of Bl, for what follows it is convenient to introduce
the Hilbert spaces W}, obtained by closing &, in the norm

1
[, W1|2:/ |Du, S,|? dt.
0

Note that an arbitrary element f € H

can be regarded as a functional on W}, defined by the formula (f,v) = (f,v, V),
with norm

‘vaa_1|: sup |<f,1}>| sup ‘<f,’U>‘ (4)

veWht "Uv Wl' B veW} |va1|’

where v € Wht if v € WL Dyv € W}, and the last equality is valid by virtue
of the density of W in W!. The closure of B in the norm (4) gives the Hilbert
space W, 1. For h € €, v e &,

(ab*h,v,V) =Y (aD;p0Oh + a;,p0h, Dy, V) — (cDyh,v, V) =
k,1=0
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14 v

=- Z (aiDipy Do Dy, V') + Z (axpOh — (Dyagy) Dips Dy, V')
k=0 k=0

—(eDyh, v, V) = (ah,bv, V), (5)

where the last term denotes an abbreviated notation for the preceding expression.
Now associating with every function u € B the function h € Bj according to
the rule u = b*h (h = b*~'u), we put, by definition,

(au,v) = (ab*h,v) = (dh, bv, V), ve W,

Thus, we have defined the functional au on a set dense in W3. Then

) (@h, B, V) a0}
lau, Wyl| = sup ———— = sup ———". (6)
2w oW sewbt [0, W7

If the norm of au is finite, then, by continuity, it can be extended to all of Wj.
We note that, as follows from (5), this is always so for h € B;"". In this case (6)
may be written for v € W.l. All the constructions carried out can in the obvious
way be transferred to the operator a* with the introduction of the operator b.

We now write the generalized energy inequalities for the operators a, a*, the
proof of which is the main problem:

|b*"tu, BY| < C|au, Wy1[; ()

|b=tv, BY| < Cla*v, Wi L. (D)

Since the inequalities are completely symmetric (in contrast to the dual inequal-
ities in (2)), it is sufficient to prove, for example, ().

Lemma 1. If h € Bi’t, then

b*h
|h,131|5;(j sup ‘<a 7f>|
UEWG' ‘D,My

The proof, following essentially the scheme of (2), uses the possibility of taking
as v a solution of the equation

=0.
zo=1

bh, 0<z,<Ht,
bv = v|
0, t<zy<1;
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Lemma 2. If h € B!, then

[{ab*h,v)]

h, B <C R ool
nBI=C e e

U€W21’t

The proof uses the transfer of averaging operators with respect to x,, which
ensure the identical fulfillment of the conditions (I';), (I'}) (cf. (7)).

Replacing h by b* 'u in Lemma 2, we obtain the inequality (®) for arbitrary
u€'By.

We pass to the formulation and proof, following from the inequalities (®), (®*),
of the theorem on existence and uniqueness of the generalized solution of the
mixed problem for the equation

au = f. (7)

Lemma 3. The following inclusions hold: W3 C B, (v € B,, if b v € Bl);
1.t +
Wit ¢ Bt

Lemma 4. Functionals of the form au, u € I/Vl1 * form a set dense in Wyt

Since the space W1 is Hilbert, i.e. reflexive, it suffices to prove the completeness
of the corresponding system of functionals. But, since v € W3 C B,, and the
function u belongs to W', we have (au,v) = (u,a*v), as follows from (5) and
the corresponding definitions. Thus, the validity for v of the equality (au,v) =0
for every u € Wll’t implies, by virtue of (®*),

|b~1v, BY| = 0. (8)

But if v € W3 and (8) holds, then |v, W!| =0, q.e.d.

We now define a generalized solution for equation (7), using the closure of the
operator a (with initial domain of definition Wl1 Y in Wyl Let fe Wyl Tt
follows from Lemma 4 that there exists a sequence of functions u; € Wl1 " such
that

‘aui—f,W§1|—>O as i — 00.

It follows from the inequality (®) that the sequence b*~lu, converges in B}. De-
noting the limiting function by b*~'u, we shall call u the generalized solution
of equation (7) in the strong sense. A function u satisfying equality (7) in
the sense of the original definition of the functional au will naturally be called
a weak solution of equation (7). A strong solution is, evidently, at the same
time a weak one. By virtue of the uniqueness of the weak solution, which follows
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from (®), for f € W51 every weak solution is a strong one, which we shall call
the generalized solution of equation (7). Thus, we obtain Theorem 1:

Theorem 1. The generalized solution of equation (7), for arbitrary f € Wyt,
exists, is unique, and belongs to the class B;.

Theorem 2. If, in addition to the assumptions made, the coefficients of the
operator a do not depend on z,, then for f € J the generalized solution u
belongs to Bj.

For the proof it suffices to define D, f as an element of W5 and to consider
equation (7) differentiated with respect to . Theorem 2 shows that for f € F
and for an operator a independent of xz,, the solution defined above coincides
with the usual generalized solution®.

The chosen boundary conditions (I';,) are not, of course, the only possible ones.
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