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(Presented by Academician A. N. Kolmogorov on 4 XII 1957)

The decomposition into irreducible representations of the tensor product of
finite-dimensional irreducible representations of the Lorentz group is well known
and is used in theoretical physics; for infinite-dimensional representations the
analogous question has not yet been considered. The present note is devoted
to the solution of this question for the tensor product of representations of the
principal series of the proper Lorentz group.

Throughout this note we use the notation and results of (?). In addition, as
usual, instead of representations of the Lorentz group we consider representa-
tions of the locally isomorphic group & of second-order matrices with determi-
nant equal to one.

1. Let us recall that representations of the principal series can be realized
in the Hilbert space L?(Z) of functions f(z), z = x + iy, satisfying the
condition* [ |f(z)]*dz < co. Representations of the principal series are
given by two parameters m, o, where m is an integer and o is a real number,
and the representation corresponding to m,o (we denote it by & is
defined by the formula

myr)

oz +y
vz +0

a B
B ool

V. f(2) = Bz + 6|0 282 + g)m f ( ) for g=

The tensor product &,, , x &, , of the representations & is
defined as the representation g — 7, in the Hilbert space L?(Z x Z) of functions

f(z1, 2) satisfying the condition [ |f(zy,2,)|dz;dz, < oo; in this case

my,0q) 67”2-,‘72
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T,f(21,29) = |B2 + 8|7t T2 () 4 §)M1| Bz + 6|22 72 B(zy + )2 X

f<az1 + a22+7>
Bzy +8 Bag+3d )

Let U be the operator in L?(Z x Z) defined by the formula

. 1
Uf(1,20) = |2p| 272722572 f (szl + ) .
%2

* In what follows, dz, for any complex variable z = z + iy, denotes dx dy, and
the integral with respect to this variable is taken over the whole complex plane;
further,

[ f(21, 29, . 2,) dzydzy -+ dz;, denotes integration with respect to each of the
variables zy, 29, ..., 2, over the whole complex plane.

It is easy to verify that U is a unitary operator in L?(Z x Z) and that the
operator T, = UT,U~" is given by the formula

Tg,f(zh 22) = |ﬂ21 + (5‘7m1+m2+i(0'1*0'2)(621 + 6)771177712 %

az; +y

B2 +0 (Bzy +06)%2y + (B2, +0)B] . (1)

xf

Thus:

L. Formula (1) defines a representation g — Ty, unitarily equivalent to the

representation &, , X &, .

It follows from this:

II. Two representations & x 6 G

mq,01 my,047 SOmi,o X Gmé,aéf fOT’ which

— / / P /
my; —my =mj] —my and oy — 0y, =0] — 05,

are unitarily equivalent.

2. Using assertion I, one can obtain the decomposition of the regular repre-
sentation of the group & into the representations &,, , x&,, . . Recall
that the regular representation g — W, is a representation in the Hilbert
space L?(®) of functions f(g) which satisfy the condition [ |f(g)|*dg < oo,
with Wy f(9) = f(990)-
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Put

F(2rCx) = / x<6<z>x<x>‘j|2, @)

where

3)

Ao
i O A T S B

and y(\) = |[A\|[7™T9A™ is a character of the group of all matrices §. Then

1 OH

/ l2(g)|? dg = / (2 G0 dz dC dy (4)

1

where dy = P do and the integral with respect to dy is taken over the whole
T

group X of characters y.

On passing from f(g) to f(ggy), the function f, (2, () = f(2,(, x), for each fixed

X(X) = [A[7™FX™ s transformed according to the representation g — T}, in
which m =m; —my, 0 =0, —0,.
Consequently:
III. Formulas (2) and (4) carry out the decomposition of the regular represen-
tation of the group & into the representations & x &

my,0q Mg,09°

3. Denote by X, the totality of all characters x(\) = |A|7""\™ such that
m —mq + my is an even number. Further, denote by 9t the Hilbert space
of all measurable functions f(z,x) = f(z,m, o) such that:

a)

/ w(x) dx/ |f(z,x)|?dz < o0, where w(x) = m(m2 +0?);
X

0

b) the Fourier transform with respect to z,

1 L
w0 = 5 [ Fee e dz,

of the function f(z,x) satisfies the condition

Flw,x™) = (=i)m27 w|™ 7w ()

F(fm+lil“7+‘71_‘72)r<m_m1+m2 +lil‘7 ‘71+‘72 .
m+m217m2 1 -U+cf?702 m— m21+m2 o— 01+cr2 f( )
(=" +5 +i7) I (7 + 5 +i72)

X
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for almost all w,x; x € X, while the scalar product in 91 is defined by the
formula

(Frofo) = /X w(x) dx / £ (20 Falex) d.

0

The following main theorem holds:

Theorem. For every function f(z;,2,) € L?>(Z x Z) the integral

fz) = / F(e 22)alz, 202 X) doydzs, (6)

where

m+mq+mo i otoj+tog _m+mqtmg
> )

a(zy, 2,2, X) = |29 — 21 (22 — 2

_ m—my +’NL2 L 0—0] +(72 _ m—mq+m

X |z — 2z N (7)
_’"L+7TL] —mg +Z U"FU']*G'Z 1 71‘L+‘"L]*77L2

X |z =272 T —2) T,

converges in the sense of the norm in 9, and the correspondence f(z;,z5) —
f(z,x), defined by formula (6), is an isometric mapping Sf(zy,25) = f(z,x) of
the space L?(Z x Z) onto the space 9; the inverse mapping S~! = S* is given
by the formula

S7H(z,x) =/ dX/f(Z7X)a<ZlaZ27Z7X)dZ'
Xo
Under passage from f(zy,2y) € L*(Z x Z) to

Tgf(zla 22) = |ﬂ21 + 5|7m1+i0172(/@31 + 5)m1|ﬁ22 + 5|7m2+i0272><

azy +79 azy+y
5)m !
)

the function f(z,x) = Sf(z, 25) passes into

)

82+ 8meim2(gz 4 oy (2T

5o X

consequently, the mapping S realizes the decomposition of the representation

S, .0, X 6,0, into irreducible representations of the principal series.
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In the proof of this theorem one uses the Plancherel formula (3) for the group
® and Proposition III.

Remark 1. Let X denote the totality of all characters xy € X such that
m > 0, or m =0 and o > 0. In view of condition (4), the space 9t can be
realized as the totality of all measurable functions f(z,x), x € X, such that

[ st [ 1ntzop s <

with scalar product

(fi, fa) = 2/X

The assertion of the preceding theorem will hold also under this realization of
the space 1.

w(x) dx / (20 Falen) de.

t
0

4. Recall (see (1), § 6) that the representations &,, , can also be realized in
the Hilbert space L2, (41) of all measurable functions
(u) on the unitary subgroup £l of the group ® such that [ |f(u)\2du < 00,
(vu) = a(7) f(u), where a(g) = |gyp| "7
z a(ug) ¢
Vof(u) = ——f(ug),
) = S flug)

where ug denotes the matrix u, defined by the relation ug = dCu;. The transi-
tion to this realization is given by the formula

flu) = V/ra(u) f(z) for u =&,

where 0, ¢, z are matrices of the form (3). In accordance with this, the represen-
tation & X 6,,, o, is realized in the space Lfnl (L) x Lfn? (40) of measurable

mq,01

I
7

gh5; MOreover

502

functions f(uy,u,) such that

/ |f(u1,u2)|2du1du2 < 00, f(V1U1a’Y2U2) = 0‘1(’71)0‘2(72)J?(U1au2)a

where
|7m1 +i01—2 M1

a1(9) = [ga2 922"y  2(9) =922

and the representation operators are given by the formula

—mo+iocy—2 M2
[Tt g0,

T Fluy, up) = mmﬂug 0:3).

The transition to this realization is given by the formula

~

flug,ug) = may (ug)ag(ug) f(21, 29)  for uy = 01¢ 21, Uy = 65(525.
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Put
) = V7ma(u) f(z,x) for u=4dC.

The correspondence f (z X) = f (u X) thus established is an isometric mapplng

of the space 9t onto the Hilbert space M of all measurable functions f (u X),
X € Xg, satisfying the conditions

Foru0 = atnfw, | wbodx [ 1FwxPdu < oo
X5
with scalar product

(=2 [ wtodx [ w0 Fom ) du

The isometric mapping S then passes into the isometric mapping S , defined by
the formula

Flu) = // Fltg, )bt g, v, ) gy, (©)

where
3/2 _mtmytmg .otoytog _ mtmy+tmo
by, ug, u, X) = / [Eam1 — &umal 2 H(&m — &)
7’771 n11+m2 o— Ul+0’2 nl—m1+m2
x &y — &l - Em —&n) 2

m+mq—mg +Zu+al 92 1 m+my—mgo

X |€gn —Enp| ™ 2 T G —Eny) T 2 )

_(n —E) _ <7_I1 —&) _ (7‘72 —52)
U= , U= , Uy = .
<§ n ! & m 2 S Mo
The assertion of the preceding theorem remains valid if one replaces f (zl, Z9),

f(z,x), L3(Z x Z), M, and formula (6), respectively, by f(ul,uQ) f(u X)s
Ly, (8) x L7, (4), M, and formula (6').
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