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K. F. VOITSEKHOVSKAYA

STABILITY OF CYLINDRICAL SHELLS
FROM THE POINT OF VIEW OF THE MATH-
EMATICAL THEORY OF ELASTICITY

(Presented by Academician L. 1. Sedov, 1 VII 1958)

The general problem of the stability of elastic bodies from the point of view of the
equations of the nonlinear theory of elasticity was posed by V. V. Novozhilov
(). However, the solution of concrete problems has encountered difficulties
that have not yet been overcome. Neglecting the components of rotation in the
equilibrium equations, but retaining them in the boundary conditions of the
problem, A. Yu. Ishlinskii (?) gave a solution of the problem of the stability
of compression of an infinitely long strip under conditions of plane deformation.
The value of the critical force found by him almost exactly coincides with that
obtained from calculations by Euler’ s formula for longitudinal bending.

In the present paper, the problem of the stability of compression of a cylindrical
shell is considered on the basis of the equations of the mathematical theory
of elasticity, likewise without taking account of the components of rotation in
them, but with allowance for the deformation of the boundary surface of the
body.

Let a hollow cylinder, whose inner and outer radii are respectively R, and R,
(Fig. 1), be compressed in the axial direction by a force p, referred to a unit area.
The lateral surface of the cylinder is free of forces. We shall find that value of
p for which, in addition to the principal equilibrium position determined by the
stresses

0_ 0_,0 _,0 _ .0 _ 0 _
Op=0) =Ty =Ty, =Tpy =0, o) =—p (1)

and displacements
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Fig. 1

Figure 1: Fig. 1

Fig. 1

(where E is Young’ s modulus, v is Poisson’ s ratio), another equilibrium state
is possible, infinitely close to the principal one, in which the lateral surface of
the cylinder is also free of forces, but may already be noncylindrical.

Let u,., ug, u, be additional infinitesimal displacements of the points of the cylin-
der from their positions in the initial deformed state; o,., 0y, 0, Trgs Tor, To, are
the stresses corresponding to these displacements.

Consider the case of an axisymmetric form of loss of stability. Then the stress
function U does not depend on 6, and the problem of stability of compression

of a hollow cylinder is reduced to the solution of the biharmonic equation

VAU(r,z) =0 (3)

under the boundary conditions

(0% +0,)cosrv + (79, + 7,,) cos zv = 0,

(ng + Trz) cosrv + (02 + O'Z) COS 2V = 0

for

r=R;+u.(R; z) (J=12), (4)

where 7 = 1 corresponds to the inner, and j = 2 to the outer lateral deformed
surface of the cylinder; v is the normal to the deformed surface; the stresses
0,,09,0, and 7,, are expressed in terms of the stress function by the known
formulas (3).

Using the solution (1)—(2), the relation cosrv : coszv = 1 : (—0u,/0z), and
the expansions of the functions o, and 7,, in Taylor series, it is easy to see that,
to quantities of the second order of smallness, the boundary conditions (4) may
be taken not on the deformed surface r = R; + u,.(R;, 2) (j = 1,2), but on the
undeformed surface r = R; (j = 1,2); consequently the boundary conditions (4)
take the form

ou,. .
P forr=R; (j=1,2). (5)

0 :07 Try =P
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The biharmonic equation (3) is satisfied by the function

d d
U(r,z) = |CyJy(iar) + C’Qra Jo(iar) + C3 Ny (iar) + C’ﬂ'aNo(iar) cosaz,
(6)

where Jy(iar), Ny(iar) are respectively the Bessel and Neumann functions of
zero order with imaginary argument ¢ar; C;, C,, C5; and C, are integration con-
stants; the parameter a determines the wavelength, namely

a:m, m=1,2 .., (7)

where [/m is the half-wavelength.

Using Hooke’ s law and the boundary conditions (5), we obtain four linear
algebraic equations for the unknowns C, Cy, C5 and C:

t

[1J1(tj) _ Jo(tj)] Cy + [t571(t) + (20 — 1)y t))] Cot

+ [;Nl(tj) - No(tj)] Cy+ [t;N1(t;) + (20 = )No(£,)] C, =0 (8)

J

(-.7 = 17 2)7
E E 1—v
(p + m) J1<tj)cl + [(p + m) thO(tj) + 21 T VEJI(tj>:| Cg"f'
E E 1—v .
+ (p + m) Nl(t]>03+|:<p + m) thO(tj) + 21 T VENl(tj):| 04 =0 (j = 1,2),
where, for convenience, we have denoted
tl == iaRl, t2 - iaRz. (9)

A nontrivial solution of the system (8) exists under the condition that its deter-
minant be equal to zero. This condition gives us an equation for determining
the critical compressive force p,,, at which loss of stability occurs, namely

2

E E
A — B — 2C = 1
(et 175 ) +6B (Pt 11y ) +EC =0, (10)
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2(1—v)

1+v
Bessel and Neumann functions for ¢ = iaR; and ¢t = iaR,.

where £ = E, and the quantities A, B, and C are expressed in terms of

Using, for large values of the argument ¢ = iz, the asymptotic formulas (5) for
cylindrical functions, one may represent A, B, and C' in the form

4 8 4
A=n? {4(32 —1)+ 552772 + 6827]4 + %(92776 +
2

e 2 5.2 2 Uk
1 2 1
B=n? {—85 (1 + o+ =t b+ ) +

3 45 315
4(1 —10s
( )77

1 2
181 —s)+ 22— Ts)p?
+ [8( s) + 3( 7s)n? + I

+Z—j 2(1—s)+-]+ 0(22) }

1 2 1 1 28
O=n2{4(1+§n2+4—5n4+ﬁn6+---)+b—2(4+3n2+ﬁn4+--->+
+

(11)

where

n:?(RQ*Rl)v bzgﬁ/RlRQ, s=1—2u. (12)

Since A < 0, B <0, C > 0, one value of p.,. will be negative. The second value
of p,,, after using the relations (11) in equation (10), takes the form

2 Ty —2 6102 — 26v — 1
pcrE{ 1 [1+ . 4 = 174+~-}+

12(1—12) 60(1 —v) 5040(1 — 1)
Jrl 1+1+1/71/2 ,  —5+25v— 1602 + 61° a4

b2 6(1—02) 7201 — ) (1—1v)

dv(l —v) —1+Tv+42—65° 203(1 —v) 1
T [H Ty B _T[H"'HO(FJ '

(13)

Since the displacement w,. corresponding to the solution (3) vanishes for z =0
and z = [, the formula obtained (13) can be compared with the formula of the
theory of thin shells () for a cylindrical shell with hinged fastening at the edges
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m2n? (Ry — Ry)? 472
2 121—v2)  m?m2(Ry+ R,)
or, in the notation (12),
2
i 4
=F 15
Oer [12(11/2) + n2+4b2] (15)

Assuming that many waves are formed along the length of the shell, and that
0., depends continuously on m, the minimum value of the critical load under
the condition (%)

2
n 4

1

12(1 —v2) 92+ 4b2 (16)
is obtained in the form
En?

= 1

UCT 6(1 _ V2> ( 7)

Using relation (16) in formula (13), we find

En? 1 8 + 350 — 2312 5, 17+ 196v — 692 — 19612 + 19204 4
Per =
)

6(1— 12 20— T T 5040(1 — v2)2
(18)
Thus, formula (17), derived by the methods of the theory of thin shells, is the

limiting case as n — 0 of formula (18), derived on the basis of the general
equations of the mathematical theory of elasticity.

For E = 2.08 - 10° kg/cm?, v = 0.3, = 0.05, we obtain

Doy = 952.73928 kg/cm?; o, = 952.38095 kg/cm?;  p,, /0. = 1.000376.

The difference in the values of the critical stresses obtained from formulas (17)
and (18) is on the order of hundredths of a percent.

In conclusion, I consider it my pleasant duty to express my deep gratitude to
Academician of the Academy of Sciences of the Ukrainian SSR A. Yu. Ishlinskii
for posing the problem and for his guidance.

Institute of Mathematics
Academy of Sciences of the Ukrainian SSR
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