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Abstract

Full Text
MATHEMATICS
V. D. EROKHIN

ON THE ASYMPTOTICS OF THE e.ENTROPY
OF ANALYTIC FUNCTIONS

(Presented by Academician A. N. Kolmogorov, January 27, 1958)

1. Let K be a continuum in the plane of the complex variable z, and let G
be a domain containing K. Denote by Ag the normed space whose points
are all functions f(z), single-valued and analytic in the domain G, with
the norm | f| taken to be max, . | f(2)]. If, in addition, a constant M > 0
is fixed, then in the space Ag one distinguishes the compact set Ag(M),
consisting of all functions f(z) for which sup, . [f(2)] < M. As usual,
H_(F') denotes the e-entropy of the compact set F'. We are interested in

the problem of the asymptotics, as € — 0, of the quantity HE(Ag(M))

The answer to this problem does not depend on which precise meaning for

the symbol H, we choose among those assigned to it by A. N. Kolmogorov

(1), and also by A. G. Vitushkin (?). One may suppose, for example, that

H_ =log N_, where N, is the number of points of a minimal e-net of the

compact set*.

After the first result in this direction by A. N. Kolmogorov (1):

-2

0 <, (K/G) < H.(AE(M)) (log g) < 1,(K/G) < +00*

there naturally arose the question: in what cases does the limit

—2

lng (A% (1) (105 )

exist, and how is it to be found.

Some particular results in the problem under consideration were recently ob-
tained by A. G. Vitushkin (?). These results of A. G. Vitushkin are completely
contained in Theorems 1, 2, and 3 reported here.

2. In what follows, the continuum K is assumed to be different from a single
point and from the whole plane. {Dq} is a sequence of domains adjacent
to K. An arbitrary domain G containing K is called an “elementary
neighborhood of K™ if each of the domains G, = D, NG is at most doubly
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connected. The neighborhood is called nondegenerate if it differs from the
whole plane with at most finitely many points removed. By R, we denote
the modulus of the doubly connected domain G, (1 < R, < +00); if G,
is simply connected, then we put R, = +oc.

Theorem 1. Let K be an arbitrary continuum and let G be an arbitrary
elementary nondegenerate neighborhood of it. Then the asymptotic formula
holds

* All logarithms are taken to base 2.
** The domain G must not degenerate.

H, (A5(M) = r(K/G) (log ™ )

where

T(K/G)=>" loglR :

The proof will be outlined in §§ 5-8.

Let us note here one more inequality. Let F' be a closed set of capacity ¢, and
let G be an arbitrary disk of radius r containing F'. Then

1 M\
H_ (AE(M >—<1 —) .
5( G( ))—logg Og{_:

3. Consider the space of n complex variables zy, z, ..., 2,,, and in this space
a domain G and a continuum K C G. In this general formulation, the
question of the asymptotics of H, (Ag(M )) remains open. We can give
here only a result pertaining to the case of polycylindrical domains and

continua.

Theorem 2. Let in each of the planes 2, (p=1,2,...,n) an arbitrary continuum
K, and an arbitrary elementary nondegenerate neighborhood G, of it be fixed.
Put K=K, x Ky x - xK,,G=G, x Gy x--xG,. Then

n+1
HL(A5OD) ~ 7, (K/6) (10s T )
where

n

! [1x%,/G,).

Tn(K/G)Zm
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This theorem is obtained by induction on n with the help of limiting relations
established in the proof of Theorem 1.

4. Consider the space EX (c) of entire functions f(z),2y,...,z,) of order
s = (81,89,...,5,) and type 0 = (04,09, ...,0,,), more precisely, the class
of all functions f(z) for which the inequality

|f(2)| < cexployg|z1[*t + 0g]25°2 + -+ + 0, ]2, *"]

holds for every z = (21,25, ..., 2,); here | f|| = max_.x |f(2)|, K is a bounded
continuum. We assume that o, > 0, s, > 0 (p = 1,2,...,n), since otherwise
the matter reduces to a smaller number of variables. The following result is a
simple generalization of the corresponding formula of A. G. Vitushkin, proved
by him in the case when K is a product of disks.

Theorem 3. Let K be an arbitrary bounded continuum in n-dimensional

complex space. Let iq,1s,...,1%,, be the indices of all coordinate planes (zp) onto
each of which the projection of K is not a point. Then

—m

2 m+1
H_(EE(c)) ~ CESR <log g) (1oglog g)

5. The method of proof of Theorem 1 is contained in my note (). There it
is shown how to construct a sequence of functions e, (z), analytic in G,
such that:

1) f(z) =ay + Zq Zf;l Ugn€qn(2) for every f(z) analytic in G.
2) The expansion 1) is unique; this point is very important for us.
3) The following properties of e , () and the coefficients a,,, hold:
I Jegnll < C0)(1+0)™
2°. sug legn(2)] < C(O)(1+8)"Ry.
z€
M
—C(0)(1+6)™
RrCO1+9)
g | < CIf]".
(6 > 0 is arbitrary, ¢ and n arbitrary; C' and C(6) depend only on K and G.)

3 ag,| <

4°.

6. We shall use as our initial concept the “absolute” e-entropy:
H_=logN_,

where NV, is the least number of sets of diameter not greater than 2e into
which the compact set can be divided. Then, obviously,

N < N. < N9,
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where NE<C> is the number of points in an arbitrary 2e-chain lying in the
compact set (an a-chain means any set whose points are pairwise separated
by more than «), and NE(@ is the number of points in an arbitrary e-net
for the compact set, with the elements of the net themselves belonging to
an arbitrary metric enlargement of the compact set (in our case such an
enlargement will be the space Ag ).

7. Put
1

1
Y- >0, n>1).
"G (q+ 1)2PC6) (14 0) Ry (¢20,n=1)

In the disk |aq )| < qurz take
() () 2
Ngn,e > (Agn/2¢C)

points, pairwise separated by more than 2eC'. Let these points be

agﬁz,mqn (mqn =1,2,.. 7N<§7c72h€)'

The number nffi is defined as the last of the numbers n for which

Al > 2eC.

Consider all sums of the form

(c
Ng

=33 ().
q

n=1

"l

It follows from 2° that
Sup|S(C)(z)\ <M,

and from 4° and 2), that
15 (2) — 557 (2)]| > 2¢

for any two distinct sums of the form under consideration. In other words, the
sums S(°(2) form a 2e-chain in the compact set AX(M). Hence we conclude
that
nqs
S NN
q n=
2

M 1 1
log — ) — log = - loglog =
_Zlog 1+5}<Ogs) C1(6)log - - loglog -
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for sufficiently small €. Therefore
lim H, (10 M>2 > Z;
07U = LloglR, (T4 0)]

*

In 4° it is assumed that the length of the boundary of the domain D, (¢ = 0,1, ...)
is finite. The same is assumed in item 7; the general case can be obtained by a
suitable limiting passage.

Finally, since the left-hand side does not depend on §, and since § is arbitrary:

lim H_(AX(M)) (log M>2 >y L
e—0 S0 @ 5 - g R,

e—0

8. As indicated in (3), for any function f(z) € AX and for any 6 > 0 there
exists a constant A(d), depending only on sup, ., |f(z)], if the function is
bounded in G, and such that

Choose nﬁ,“g so that ((1 + 6)/Rq)”$)€ < €/4A(5)(q + 1)?, but for nfj‘g — 1 this
inequality is not yet satisfied. Put

f(z) = ag — Zzaqn €qn(

A(S)zq: <1R+q‘5)n

AlS) = MC(5)(1+ 8)" /Ry
In the circle |aqn| < AEI?L) take
Ny e < (245) e0)?
points forming an €,,,-net for this circle, where
Eqn = €/12(¢+1)*(n+1)2C(0)(1 +6)™.
Let these points be
aé‘il)m (m :1,27...,N¢§%5).

qn )

Now, using 1° and 3°, we see that all possible sums

’I’an

S() —aOOE+ZZaqnmqn qn
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form an e-net for the compact set A (M). Hence

(a)

H_(AE(M)) < 1ogNé?&€ + ZZlogNé%,a <

q n=1

1 M\? 1 1
S (g 5)log = - loglog -
Eq:log|Rq/(1+6)| (Og E) +CQ( ) Og€ 0og Ogg

Therefore

_ M\ 2 1
mA (log—) <> ———
) E(Og s> Zq:logmq/(ua)\

and, finally, “putting § = 0,” we obtain

Tim H_(AL(M)) (logM>_2<Z L
es0 VG 3 = g R,
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