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Abstract
Full Text
MATHEMATICS

V. D. EROKHIN

ON THE ASYMPTOTICS OF THE 𝜖-ENTROPY
OF ANALYTIC FUNCTIONS
(Presented by Academician A. N. Kolmogorov, January 27, 1958)

1. Let 𝐾 be a continuum in the plane of the complex variable 𝑧, and let 𝐺
be a domain containing 𝐾. Denote by 𝐴𝐾

𝐺 the normed space whose points
are all functions 𝑓(𝑧), single-valued and analytic in the domain 𝐺, with
the norm ‖𝑓‖ taken to be max𝑧∈𝐾 |𝑓(𝑧)|. If, in addition, a constant 𝑀 > 0
is fixed, then in the space 𝐴𝐾

𝐺 one distinguishes the compact set 𝐴𝐾
𝐺 (𝑀),

consisting of all functions 𝑓(𝑧) for which sup𝑧∈𝐺 |𝑓(𝑧)| ≤ 𝑀 . As usual,
𝐻𝜀(𝐹) denotes the 𝜀-entropy of the compact set 𝐹 . We are interested in
the problem of the asymptotics, as 𝜀 → 0, of the quantity 𝐻𝜀(𝐴𝐾

𝐺 (𝑀)).
The answer to this problem does not depend on which precise meaning for
the symbol 𝐻𝜀 we choose among those assigned to it by A. N. Kolmogorov
(1), and also by A. G. Vitushkin (2). One may suppose, for example, that
𝐻𝜀 = log𝑁𝜀, where 𝑁𝜀 is the number of points of a minimal 𝜀-net of the
compact set*.

After the first result in this direction by A. N. Kolmogorov (1):

0 < 𝜏1(𝐾/𝐺) < 𝐻𝜀(𝐴𝐾
𝐺 (𝑀)) (log 𝑀

𝜀 )
−2

< 𝜏2(𝐾/𝐺) < +∞∗∗

there naturally arose the question: in what cases does the limit

lim
𝜀→0

𝐻𝜀(𝐴𝐾
𝐺 (𝑀)) (log 𝑀

𝜀 )
−2

exist, and how is it to be found.

Some particular results in the problem under consideration were recently ob-
tained by A. G. Vitushkin (2). These results of A. G. Vitushkin are completely
contained in Theorems 1, 2, and 3 reported here.

2. In what follows, the continuum 𝐾 is assumed to be different from a single
point and from the whole plane. {𝐷𝑞} is a sequence of domains adjacent
to 𝐾. An arbitrary domain 𝐺 containing 𝐾 is called an “elementary
neighborhood of 𝐾”if each of the domains 𝐺𝑞 = 𝐷𝑞 ∩ 𝐺 is at most doubly
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connected. The neighborhood is called nondegenerate if it differs from the
whole plane with at most finitely many points removed. By 𝑅𝑞 we denote
the modulus of the doubly connected domain 𝐺𝑞 (1 < 𝑅𝑞 ≤ +∞); if 𝐺𝑞
is simply connected, then we put 𝑅𝑞 = +∞.

Theorem 1. Let 𝐾 be an arbitrary continuum and let 𝐺 be an arbitrary
elementary nondegenerate neighborhood of it. Then the asymptotic formula
holds

* All logarithms are taken to base 2.
** The domain 𝐺 must not degenerate.

𝐻𝜀 (𝐴𝐾
𝐺 (𝑀)) ≃ 𝜏(𝐾/𝐺) (log 𝑀

𝜀 )
2

,

where

𝜏(𝐾/𝐺) = ∑
𝑞

1
log𝑅𝑞

.

The proof will be outlined in §§ 5–8.

Let us note here one more inequality. Let 𝐹 be a closed set of capacity 𝑐, and
let 𝐺 be an arbitrary disk of radius 𝑟 containing 𝐹 . Then

𝐻𝜀 (𝐴𝐹
𝐺(𝑀)) ≥ 1

log 𝑟
𝑐

(log 𝑀
𝜀 )

2
.

3. Consider the space of 𝑛 complex variables 𝑧1, 𝑧2, … , 𝑧𝑛, and in this space
a domain 𝐺 and a continuum 𝐾 ⊂ 𝐺. In this general formulation, the
question of the asymptotics of 𝐻𝜀 (𝐴𝐾

𝐺 (𝑀)) remains open. We can give
here only a result pertaining to the case of polycylindrical domains and
continua.

Theorem 2. Let in each of the planes 𝑧𝑝 (𝑝 = 1, 2, … , 𝑛) an arbitrary continuum
𝐾𝑝 and an arbitrary elementary nondegenerate neighborhood 𝐺𝑝 of it be fixed.
Put 𝐾 = 𝐾1 × 𝐾2 × ⋯ × 𝐾𝑛, 𝐺 = 𝐺1 × 𝐺2 × ⋯ × 𝐺𝑛. Then

𝐻𝜀 (𝐴𝐾
𝐺 (𝑀)) ≃ 𝜏𝑛(𝐾/𝐺) (log 𝑀

𝜀 )
𝑛+1

,

where

𝜏𝑛(𝐾/𝐺) = 2
(𝑛 + 1)!

𝑛
∏
𝑝=1

𝜏(𝐾𝑝/𝐺𝑝).
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This theorem is obtained by induction on 𝑛 with the help of limiting relations
established in the proof of Theorem 1.

4. Consider the space 𝐸𝐾
𝜎,𝑠(𝑐) of entire functions 𝑓(𝑧1, 𝑧2, … , 𝑧𝑛) of order

𝑠 = (𝑠1, 𝑠2, … , 𝑠𝑛) and type 𝜎 = (𝜎1, 𝜎2, … , 𝜎𝑛), more precisely, the class
of all functions 𝑓(𝑧) for which the inequality

|𝑓(𝑧)| ≤ 𝑐 exp[𝜎1|𝑧1|𝑠1 + 𝜎2|𝑧2|𝑠2 + ⋯ + 𝜎𝑛|𝑧𝑛|𝑠𝑛 ]

holds for every 𝑧 = (𝑧1, 𝑧2, … , 𝑧𝑛); here ‖𝑓‖ = max𝑧∈𝐾 |𝑓(𝑧)|, 𝐾 is a bounded
continuum. We assume that 𝜎𝑝 > 0, 𝑠𝑝 > 0 (𝑝 = 1, 2, … , 𝑛), since otherwise
the matter reduces to a smaller number of variables. The following result is a
simple generalization of the corresponding formula of A. G. Vitushkin, proved
by him in the case when 𝐾 is a product of disks.

Theorem 3. Let 𝐾 be an arbitrary bounded continuum in 𝑛-dimensional
complex space. Let 𝑖1, 𝑖2, … , 𝑖𝑚 be the indices of all coordinate planes (𝑧𝑝) onto
each of which the projection of 𝐾 is not a point. Then

𝐻𝜀 (𝐸𝐾
𝜎,𝑠(𝑐)) ≃ 2

(𝑚 + 1)! 𝑠𝑖1
𝑠𝑖2

⋯ 𝑠𝑖𝑚
(log 𝑐

𝜀)
𝑚+1

(log log 𝑐
𝜀)

−𝑚
.

5. The method of proof of Theorem 1 is contained in my note (3). There it
is shown how to construct a sequence of functions 𝑒𝑞𝑛(𝑧), analytic in 𝐺,
such that:

1) 𝑓(𝑧) = 𝑎00 + ∑𝑞 ∑∞
𝑛=1 𝑎𝑞𝑛𝑒𝑞𝑛(𝑧) for every 𝑓(𝑧) analytic in 𝐺.

2) The expansion 1) is unique; this point is very important for us.

3) The following properties of 𝑒𝑞𝑛(𝑧) and the coefficients 𝑎𝑞𝑛 hold:

1∘. ‖𝑒𝑞𝑛‖ < 𝐶(𝛿)(1 + 𝛿)𝑛.
2∘. sup

𝑧∈𝐺
|𝑒𝑞𝑛(𝑧)| < 𝐶(𝛿)(1 + 𝛿)𝑛𝑅𝑛

𝑞 .

3∘. |𝑎𝑞𝑛| < 𝑀
𝑅𝑛𝑞

𝐶(𝛿)(1 + 𝛿)𝑛.

4∘. |𝑎𝑞𝑚| < 𝐶‖𝑓‖∗.
(𝛿 > 0 is arbitrary, 𝑞 and 𝑛 arbitrary; 𝐶 and 𝐶(𝛿) depend only on 𝐾 and 𝐺.)

6. We shall use as our initial concept the “absolute”𝜀-entropy:

𝐻𝜀 = log𝑁𝜀,

where 𝑁𝜀 is the least number of sets of diameter not greater than 2𝜀 into
which the compact set can be divided. Then, obviously,

𝑁 (𝑐)
𝜀 ≤ 𝑁𝜀 ≤ 𝑁 (𝑎)

𝜀 ,
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where 𝑁 (𝑐)
𝜀 is the number of points in an arbitrary 2𝜀-chain lying in the

compact set (an 𝛼-chain means any set whose points are pairwise separated
by more than 𝛼), and 𝑁 (𝑎)

𝜀 is the number of points in an arbitrary 𝜀-net
for the compact set, with the elements of the net themselves belonging to
an arbitrary metric enlargement of the compact set (in our case such an
enlargement will be the space 𝐴𝐾

𝐺 ).

7. Put

𝐴(𝑐)
𝑞𝑛 = 1

4𝑀 1
(𝑞 + 1)2𝑛2𝐶(𝛿)(1 + 𝛿)𝑛𝑅𝑛𝑞

(𝑞 ≥ 0, 𝑛 ≥ 1).

In the disk |𝑎(𝑐)
𝑞𝑛 | ≤ 𝐴(𝑐)

𝑞𝑛 take

𝑁 (𝑐)
𝑞,𝑛,𝜀 > (𝐴(𝑐)

𝑞𝑛/2𝜀𝐶)2

points, pairwise separated by more than 2𝜀𝐶. Let these points be

𝑎(𝑐)
𝑞𝑛,𝑚𝑞𝑛 (𝑚𝑞𝑛 = 1, 2, … , 𝑁 (𝑐)

𝑞,𝑛,𝜀).

The number 𝑛(𝑐)
𝑞,𝜀 is defined as the last of the numbers 𝑛 for which

𝐴(𝑐)
𝑞𝑛 > 2𝜀𝐶.

Consider all sums of the form

𝑆(𝑐)(𝑧) = ∑
𝑞

𝑛(𝑐)
𝑞,𝜀

∑
𝑛=1

𝑎(𝑐)
𝑞𝑛,𝑚𝑞𝑛𝑒𝑞𝑛(𝑧).

It follows from 2∘ that
sup |𝑆(𝑐)(𝑧)| ≤ 𝑀,

and from 4∘ and 2), that

‖𝑆(𝑐)
1 (𝑧) − 𝑆(𝑐)

2 (𝑧)‖ > 2𝜀

for any two distinct sums of the form under consideration. In other words, the
sums 𝑆(𝑐)(𝑧) form a 2𝜀-chain in the compact set 𝐴𝐾

𝐺 (𝑀). Hence we conclude
that

𝐻𝜀(𝐴𝐾
𝐺 (𝑀)) ≥ ∑

𝑞

𝑛(𝑐)
𝑞𝜀

∑
𝑛=1

log𝑁 (𝑐)
𝑞,𝑛,𝜀 ≥ ⋯

⋯ ≥ ∑
𝑞

1
log[𝑅𝑞(1 + 𝛿)] (log 𝑀

𝜀 )
2

− 𝐶1(𝛿) log 1
𝜀 ⋅ log log 1

𝜀

sovietrxiv.org/items/ru-195801.63334 Machine Translation

https://sovietrxiv.org/items/ru-195801.63334


for sufficiently small 𝜀. Therefore

lim
𝜀→0

𝐻𝜀 (log 𝑀
𝜀 )

−2
≥ ∑

𝑞

1
log[𝑅𝑞(1 + 𝛿)] .

*

In 4∘ it is assumed that the length of the boundary of the domain 𝐷𝑞 (𝑞 = 0, 1, …)
is finite. The same is assumed in item 7; the general case can be obtained by a
suitable limiting passage.

Finally, since the left-hand side does not depend on 𝛿, and since 𝛿 is arbitrary:

lim
𝜀→0

𝐻𝜀(𝐴𝐾
𝐺 (𝑀)) (log 𝑀

𝜀 )
−2

⩾ ∑
𝑞

1
log𝑅𝑞

.

8. As indicated in (3), for any function 𝑓(𝑧) ∈ 𝐴𝐾
𝐺 and for any 𝛿 > 0 there

exists a constant 𝐴(𝛿), depending only on sup𝑧∈𝐺 |𝑓(𝑧)|, if the function is
bounded in 𝐺, and such that

∥𝑓(𝑧) − 𝑎00 − ∑
𝑞

𝑛𝑞

∑
𝑛=1

𝑎𝑞𝑛𝑒𝑞𝑛(𝑧)∥ ⩽ 𝐴(𝛿) ∑
𝑞

(1 + 𝛿
𝑅𝑞

)
𝑛𝑞

.

Choose 𝑛(𝑎)
𝑞,𝜀 so that ((1 + 𝛿)/𝑅𝑞)𝑛(𝑎)

𝑞,𝜀 < 𝜀/4𝐴(𝛿)(𝑞 + 1)2, but for 𝑛(𝑎)
𝑞,𝜀 − 1 this

inequality is not yet satisfied. Put

𝐴(𝑎)
𝑞𝑛 = 𝑀𝐶(𝛿)(1 + 𝛿)𝑛/𝑅𝑛

𝑞 .

In the circle |𝑎𝑞𝑛| ⩽ 𝐴(𝑎)
𝑞𝑛 take

𝑁 (𝑎)
𝑞,𝑛,𝜀 ⩽ (2𝐴(𝑎)

𝑞𝑛 /𝜀𝑞𝑛)2

points forming an 𝜀𝑞𝑛-net for this circle, where

𝜀𝑞𝑛 = 𝜀/12(𝑞 + 1)2(𝑛 + 1)2𝐶(𝛿)(1 + 𝛿)𝑛.

Let these points be

𝑎(𝑎)
𝑞𝑛,𝑚𝑞𝑛 (𝑚𝑞𝑛 = 1, 2, … , 𝑁 (𝑎)

𝑞,𝑛,𝜀).

Now, using 1∘ and 3∘, we see that all possible sums

𝑆(𝑎)(𝑧) = 𝑎(𝑎)
0,0,𝜀 + ∑

𝑞

𝑛(𝑎)
𝑞,𝜀

∑
𝑛=1

𝑎(𝑎)
𝑞𝑛,𝑚𝑞𝑛𝑒𝑞𝑛(𝑧)

sovietrxiv.org/items/ru-195801.63334 Machine Translation

https://sovietrxiv.org/items/ru-195801.63334


form an 𝜀-net for the compact set 𝐴𝐾
𝐺 (𝑀). Hence

𝐻𝜀(𝐴𝐾
𝐺 (𝑀)) ⩽ log𝑁 (𝑎)

0,0,𝜀 + ∑
𝑞

𝑛(𝑎)
𝑞,𝜀

∑
𝑛=1

log𝑁 (𝑎)
𝑞,𝑛,𝜀 ⩽ ⋯

⋯ ⩽ ∑
𝑞

1
log |𝑅𝑞/(1 + 𝛿)| (log 𝑀

𝜀 )
2

+ 𝐶2(𝛿) log 1
𝜀 ⋅ log log 1

𝜀 .

Therefore

lim
𝜀→0

𝐻𝜀 (log 𝑀
𝜀 )

−2
⩽ ∑

𝑞

1
log |𝑅𝑞/(1 + 𝛿)| ,

and, finally, “putting 𝛿 = 0,”we obtain

lim
𝜀→0

𝐻𝜀(𝐴𝐾
𝐺 (𝑀)) (log 𝑀

𝜀 )
−2

⩽ ∑
𝑞

1
log𝑅𝑞

.
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