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V. P. GURARII

ON THE SPECTRUM OF GROWING FUNC-
TIONS

(Presented by Academician S. N. Bernstein on 7 IV 1958)

We consider the normed ring L, of functions* f(z) with norm

Il = / (@) o) da,

where ¢(x) satisfies the conditions™*: 1) ¢(x) > 1;
2) gz +y) < p)p(y); 3)

/Oow(x)dx<oo <¢(x): sup W) .
1 x [tl>z>1 ¢

Denote by M, the space conjugate to L
which

3 it consists of the functions g(z) for

l9(x)]

vraimax —— < 00

o(x)

A point X of the real axis will be called a point of the spectrum Az of the function
g(w) € M, if at this point the Fourier transforms of all functions f(z) € L,
satisfying the equality

/oof(xt)g(:r)d:c() (—o0 <t < 00) (1)

vanish.

Following Beurling (?), a point A of the real axis will be called a point of the
spectrum Aj' of the function g(z) € M, if for all € > 0 the inequality

Ate

i
S ) |Uy(z,y)|dz >0
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holds, where

(o]
Uya) = [ gteslet de

is the harmonic Fourier transform of the function g(z) in the half-plane y > 0.
The function U, (z,y) exists for y > 0, since from 2) and 3) it follows that

Y(z) — 0 as  — oo. If A does not belong to the spectrum A, then the
functions

G*(z) = / g(t)e'= dt, Im z > 0; (2)
0

0
G (2) = 7/ g(t)e dt, Imz <0, (2)

* For a similar ring, see (1).

** Condition 3) may be replaced by the following: 3)

0o 1 %
/ Illf_ Sg) dr < 0o, where ¢*(z) = |§5\u§€; o(t).

—00
are analytic continuations of one another through the interval (A —e, A +¢). In
this paper we investigate the question of the relation between the spectra Aé
and A;I.

Theorem 1. Let ¢(x) satisfy conditions 1), 2), 3) and let g(x) € M; then
AL = AL
g g

Proof. First we prove that Ag D A;. Indeed, let A not be a point of the spec-
trum Al ie., let the functions G*(z) and G~ (z) admit analytic continuation
through some segment [A — e, A + ¢]. From 3) there follows the existence of a
function f,(¢) € L, whose Fourier transform F(z) is equal to zero outside the

interval (A —e, A +¢) and F; () # 0. Parseval’ s equality gives

o0 Ae
/ flz —t)g(z)e ¥ dx = / F,(2)G*(z + iy)eit® dz,
0 A—¢e

0 Ate ]
- / fa — t)g(x)ev® dx = / F(2)G (z— i) de  (f(x) = f,(~)).

A—e

As y — +0 the limits of the right-hand sides are equal; consequently,
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oo 0
T — r)dr = — T — z)dz,
/O Fo = tygla) / fw—1gte)

whence the validity of equality (1) follows and, therefore, A ¢ Aé.
The proof that Ag C Ag is based on two lemmas.

Lemma 1. If the function ¢(z) satisfies conditions 1)—3), then for the function

mi) = | " e dr

the condition

k
1
/ Inln M(y) dy < oo, where k= sup n@(m)'
0

1<z<oo x

is satisfied.

Proof. Without loss of generality, we shall assume the function ¥(z) to be
continuous. Denote by a(y) the function inverse to ¥ (x). It is clear that a(y)
decreases monotonically, and a(y) — oo as y — 0. We shall show that

k
/ Ina(y)dy < oo. (3)
0

Indeed, after integration by parts we shall have:

k € 0
/lna(y)dyg/k (){(yy)da(y)—i—klna(k)g/l @dw+klna(lﬂ)<oo

for any € > 0. The function M(y) can be estimated in the following way:

a(y) o)
M(y) < / e"V(@) 28y dg / V(@22 dg <
1 a(y)

a(y) 0o 1 1
< / ek da + / e dy < —ekaly) 4 =
1 0 k Y

The last inequality, together with (3), proves the lemma.

Lemma 2 (Levinson*). Let M(y) be a positive monotonically decreasing
function on the interval (0,1), with M(y) — oo as y — 0. Let f(z) be a
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function analytic in the rectangle |z| < a, |y| < b, and let, in this rectangle,

[f(2)] < M(ly]).
If

1
/ Inln M(y) dy < oo,
0

then there exists a constant M, depending only on M(y) and § > 0, such that
in the rectangle |z| <a—46, |y| <b

|f(z+iy)| < M.

We shall now prove that Aé D Ag. Suppose that relation (1) holds and that
the Fourier transform of the function f(x) is different from zero on the interval
(a,b). Tt is necessary to show that the functions G(z) and G~ (2), defined by
the equalities (2) and (2), are analytic continuations of one another through
the interval (a,b). To this end we construct a family of functions us(z) € L,
satisfying the conditions: 1°. |us(z)| < 1. 2°. limg ,q pus(x) = 1. 3°. The Fourier
transform of the function ps(x) vanishes outside the interval (—¢,9).

If X € (a,b) and 9 is so small that the interval (A — 0, A+ ) C (a,b), then from
Wiener’ s generalized theorem (1) and from 3) it follows that the equation

fxh = pst)e™

has a solution h(t) € L,. Multiplying (1) by h(¢) and integrating with respect
to t from —oo to oo, after changing the order of integration we obtain:

[ nstoattenai=o

or

00 0
/ ps(t)g(t)e!t dt = —/ ps(t)gt)e™dt  (a+d<A<b—10). (4)
0 _

oo

The functions

G = [ nngnetdr,  tmz o,
0

0 .
Gy =~ [ msltigtetdr,  Tmz<o, (5)
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are analytic and bounded in their domains. Equality (4) means that G} (\) =
G5(N), a+8 <A <b—4,ie. that the functions G} (z) and Gy (z) form a single
analytic function G(z) in the plane cut along the rays —oco < z < a+9, b—d <
T < 0.

We shall prove that the family G4(z), as 6 — 0, converges in the interval a <
a’ <z <b <b. To this end note that in the rectangle a+0 < z < b—94, |y| <d
the function G4(z) is analytic. We show that in the inner rectangle D : o’ <
x <V, |yl <d, where (a’,b") C (a,b), the estimate

|Gs(2)] < M for all § < min(b—"¥", a’ —a). (6)

* See (), p. 127. Beurling (?) calls this lemma Sjoberg’ s lemma.

From the integral representation (5) of the function Gg(z) we obtain, for y > 0,

‘ vt < Y .
|G5(x+zy)|<Kg/O etne s dr < K (V) 0

An analogous inequality is obtained for y < 0.
By Lemma 1, M, (y) = K,M(y/2) + C satisfies the condition

2k
/ Inln M, (y) dy < 0.
0

This condition ensures the possibility of applying Lemma 2 and, thus, inequality
(6) is satisfied. Since in the upper and lower half-planes G} (z) and G (z) con-
verge respectively to GT(z) and to G (z), it follows by the well-known Stieltjes
theorem that G(z) converges in the rectangle D to some function G(z), and

G(z) =G (z), Imz<O0; G(z) =G (2), Imz<0.

Theorem 1 is proved. From it the following theorem is obtained.

Theorem 2*. If p(x) satisfies the conditions of Theorem 1, f(z) € L, g(x) €
M,, and if the Fourier transform of the function f(x) does not vanish outside
the interval (—h, h), then from equality (1) it follows that g(x) coincides with
a certain entire function of finite degree everywhere on the real azis except,

possibly, on a set of measure zero. Moreover,

lg(2)| < Ap(z)exp hlyl. (7)

Proof. The Laplace transform G(z) of the function g(z) is, by Theorem 1, an
analytic function outside the interval [—h’, h|, where A’ < h. Take an interval
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(a,b) not intersecting the segment [—h’, h’'], and choose the rectangle D as was
done in the proof of Theorem 1. Since

G(cz)| = |Glex +icy)| < M, (cy) < M, (y)

for any ¢ > 1, it follows that |G(cx)| < M (a < x <b).

Thus, G(z) is bounded at infinity. Since G(z) is a Laplace transform, G(z) — 0
as |z| = oo. Hence it follows that

o) = — / e G(C) d,

2w Jp

where I' is a rectangle enclosing the segment [—h’, h'], and, consequently, g(z)
is an entire function of finite degree, less than or equal to h’. By condition 3),
in the whole plane the following holds®:

Y] /°° In |g()] ,
1 <[ :
glo(z)l < — T dt + h'[y]

From this inequality and condition 2), (7) is easily obtained.

In conclusion I express my deep gratitude to Prof. B. Ya. Levin for valuable
advice.
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