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Abstract
Full Text
MATHEMATICS
V. I. PROTASOV

ON LINEAR PARTIAL DIFFERENTIAL
EQUATIONS OF INFINITE ORDER WITH
CONSTANT COEFFICIENTS
(Presented by Academician S. L. Sobolev on 31 III 1958)

1. Let us consider the infinite system of differential equations of order 𝑚 with
constant coefficients

𝑦(𝑚)
𝑘 (𝑥) =

𝑚−1
∑
𝜈=0

∞
∑
𝑛=0

𝑎(𝜈)
𝑛 𝑦(𝜈)

𝑛+𝑘(𝑥) (1)

with prescribed initial conditions

𝑦(𝜈)
𝑛 (0) = 𝑐(𝜈)

𝑛 , 𝑛 = 0, 1, 2, … , 𝜈 = 0, 1, 2, … , 𝑚 − 1. (2)

If we introduce the notation

𝐴𝜈 =
⎛⎜⎜⎜⎜⎜
⎝

𝑎(𝜈)
0 𝑎(𝜈)

1 𝑎(𝜈)
2 ⋯

𝑎(𝜈)
0 𝑎(𝜈)

1 ⋯
𝑎(𝜈)

0 ⋯
⋯

⎞⎟⎟⎟⎟⎟
⎠

,

𝑦(𝜈)(𝑥) = (𝑦(𝜈)
0 (𝑥), 𝑦(𝜈)

1 (𝑥), 𝑦(𝜈)
2 (𝑥), … , 𝑦(𝜈)

𝑛 (𝑥), …), (3)

𝑐(𝜈) = (𝑐(𝜈)
0 , 𝑐(𝜈)

1 , 𝑐(𝜈)
2 , … , 𝑐(𝜈)

𝑛 , …), 𝜈 = 0, 1, 2, … , 𝑚 − 1,

then the system (1), (2) can be written briefly in the form

𝑦(𝑚) = 𝐴𝑚−1𝑦(𝑚−1) + 𝐴𝑚−2𝑦(𝑚−2) + ⋯ + 𝐴0𝑦,
𝑦(𝜈)(0) = 𝑐(𝜈), 𝜈 = 0, 1, 2, … , 𝑚 − 1.

(4)
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The system (4) can be reduced to a system of differential equations of the first
order.

Let us introduce for consideration elements of a linear space of dimension 𝑚

𝑦 = (𝑦(𝑚−1), 𝑦(𝑚−2), … , 𝑦), 𝑐 = (𝑐(𝑚−1), 𝑐(𝑚−2), … , 𝑐),

where by the generalized coordinates 𝑦(𝜈) and 𝑐(𝜈) (𝜈 = 0, 1, 2, … , 𝑚 − 1) are
meant points of the coordinate space in expression (3). By the derivative with
respect to 𝑥 of the point 𝑦 is meant the point

𝑦′ = (𝑦(𝑚), 𝑦(𝑚−1), … , 𝑦′).

We form from the matrices 𝐴𝜈 (𝜈 = 0, 1, 2, … , 𝑚 − 1) the matrix

𝐵 =
⎛⎜⎜⎜⎜⎜⎜
⎝

𝐴𝑚−1 𝐴𝑚−2 ⋯ 𝐴0
𝐸 0 ⋯ 0
0 𝐸 ⋯ 0
⋅ ⋅ ⋅ ⋅ ⋅
0 0 ⋯ 𝐸 0

⎞⎟⎟⎟⎟⎟⎟
⎠

, 𝐸 is the identity matrix.

With the aid of the matrix 𝐵, system (4) can be written in the form

̄𝑦′ = 𝐵 ̄𝑦, ̄𝑦(0) = ̄𝑐. (5)

Formally, the solution of system (5) can be written as 1:

̄𝑦 = 𝑒𝑥𝐵 ̄𝑐, where 𝑒𝑥𝐵 = 𝐸 + 𝑥𝐵 + 𝑥2

2! 𝐵2 + ⋯ + 𝑥𝑛

𝑛! 𝐵𝑛 + ⋯ (6)

Expression (6) is indeed a solution of system (5) when the series enter-
ing expression (6) converge absolutely. If the coordinates of the points
ℎ(ℎ0, ℎ1, ℎ2, … , ℎ𝑛, …) and 𝑓(𝑓0, 𝑓1, 𝑓2, … , 𝑓𝑛, …) for all 𝑛 satisfy the inequal-
ities |ℎ𝑛| ≤ |𝑓𝑛| (or |ℎ𝑛| < |𝑓𝑛|), then this circumstance will be written as
follows: |ℎ| ≤ |𝑓| (|ℎ| < |𝑓|).
Let us denote

∣𝑦(𝑚−1)(𝑥)∣ = (∣𝑦(𝑚−1)
1 (𝑥)∣ , ∣𝑦(𝑚−1)

1 (𝑥)∣ , ∣𝑦(𝑚−1)
2 (𝑥)∣ , …) ,

𝑚−1
∑
𝜈=0

∣𝑐(𝜈)∣ = (
𝑚−1
∑
𝜈=0

∣𝑐(𝜈)
0 ∣ ,

𝑚−1
∑
𝜈=0

∣𝑐(𝜈)
1 ∣ ,

𝑚−1
∑
𝜈=0

∣𝑐(𝜈)
2 ∣ , …) ,
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𝐴 =
⎛⎜⎜⎜
⎝

𝑎0 𝑎1 𝑎2 ⋯
𝑎0 𝑎1 ⋯

𝑎0 ⋯
⋱

⎞⎟⎟⎟
⎠

, where 𝑎𝑛 = max
0≤𝜈≤𝑚−1

{|𝑎(𝜈)
𝑛 |} . (7)

In the adopted notation, the (𝑚 − 1)-st derivative of the solution of system (4)
can, for |𝑥| ≤ 𝑟, be estimated by the inequality

∣𝑦(𝑚−1)∣ ≤ 𝑒𝑟(𝐴+𝐸)
𝑚−1
∑
𝜈=0

∣𝑐(𝜈)∣ . (8)

With the aid of inequality (8) and the results of the article 2, one can prove the
following theorems. The first four theorems are conveniently formulated with
the aid of the function

𝐹(𝑧) =
∞

∑
𝑛=0

𝑎𝑛𝑧𝑛.

The coefficients 𝑎𝑛 are the elements of the matrix 𝐴 in (7).

Theorem 1. If the function 𝐹(𝑧) is a polynomial of degree 𝑠 with leading
coefficient 𝑎𝑠, then, under initial conditions 𝑐(𝜈)

𝑘 = 𝑦(𝜈)
𝑘 (0) such that

(𝑅|𝑎𝑠|𝑒𝑠)1/𝑠 lim
𝑛→∞

𝑛√∣𝑐(𝜈)
𝑛 ∣

𝑛1/𝑠 ≤ 1 (𝜈 = 0, 1, 2, … , 𝑚 − 1),

the system of equations (1) has a unique solution, analytic in the disk |𝑥| < 𝑅.

Theorem 2. If 𝐹(𝑧) is a polynomial of degree 𝑠, and for the initial conditions
the relation

lim
𝑛→∞

𝑛√∣𝑐(𝜈)
𝑛 ∣

𝑛(1−𝜀)/𝑠 < ∞ (𝜈 = 0, 1, 2, … , 𝑚 − 1), 𝜀 > 0,

is satisfied, then the solution of system (1) is analytic on the whole plane and
is unique.

Theorem 3. If, for all sufficiently large |𝑧|, the inequality

|𝐹 (𝑧)| < 𝑒𝜎|𝑧|𝜌 ,

then, under initial conditions satisfying the relation
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(𝑒1/𝜎)1/𝜌
lim

𝑛→∞

𝑛√∣𝑐(𝜈)
𝑛 ∣

(ln 𝑛)1/𝜌 < 1 (𝜈 = 0, 1, 2, … , 𝑚 − 1),

the solution of system (1) is analytic in the entire plane and is unique.

Theorem 4. If the function 𝐹(𝑧) is analytic in a circle of radius 𝑅, then, under
initial conditions satisfying the inequality

lim
𝑛→∞

𝑛√∣𝑐(𝜈)
𝑛 ∣

𝑅 < 1 (𝜈 = 0, 1, 2, … , 𝑚 − 1),

the solution of system (1) exists among entire functions and is unique.

Theorem 5. If lim𝑛→∞ 𝑛
√𝑎𝑛 = ∞, then, under the initial conditions

𝑦(𝜈)
𝑛 (0) = 𝑐(𝜈)

𝑛 , lim
𝑛→∞

2 𝑛√ 𝑏𝑛 ∣𝑐(𝜈)
𝑛 ∣ < 1, 𝜈 = 0, 1, 2, … , 𝑚 − 1,

where 𝑏0 = 𝑎0, 𝑏𝑛 = max{𝑎𝑛
0 , 𝑎𝑛

1 , 𝑎𝑛
2 , … , 𝑎𝑛/𝑘

𝑘 , … , 𝑎𝑛}, the system of equations
(1) has a unique solution, analytic in the entire plane.

2. Using the results on solutions of the system of linear equations (1) under
conditions (2), one can obtain theorems on solutions of an equation in
partial derivatives.

It is required to find a function 𝑢(𝑥, 𝑧) satisfying the equation

𝜕𝑚𝑢
𝜕𝑥𝑚 =

𝑚−1
∑
𝜈=0

∞
∑
𝑛=0

𝑎(𝜈)
𝑛

𝜕𝜈+𝑛𝑢
𝜕𝑥𝜈𝜕𝑧𝑛 , (9)

if the functions are given

𝜕𝜈𝑢
𝜕𝑥𝜈 ∣

𝑥=0
= 𝑣𝜈(𝑧), 𝜈 = 0, 1, 2, … , 𝑚 − 1. (10)

We shall seek the solution of (9) under conditions (10), among functions analytic
in some domain, in the form of an absolutely convergent series

𝑢(𝑥, 𝑧) =
∞

∑
𝑛=0

𝑧𝑛

𝑛! 𝑦𝑛(𝑥), (11)

where the functions 𝑦𝑛(𝑥) (𝑛 = 0, 1, 2, …) are to be determined. Substituting
expression (11) into equation (9) and conditions (10), and assuming that the
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series obtained thereby are absolutely convergent, we arrive at the fact that the
functions {𝑦𝑛(𝑥)} must satisfy system (1) under the initial conditions

𝑦(𝜈)
𝑛 (0) = 𝑐(𝜈)

𝑛 = 𝑣(𝑛)
𝜈 (0), 𝑛 = 0, 1, 2, … , 𝜈 = 0, 1, 2, … , 𝑚 − 1. (12)

With the aid of the stated results on solutions of the system (1), (2), one can
obtain, for an equation of the form

𝜕𝑚𝑢
𝜕𝑥𝑚 =

𝑚−1
∑
𝜈=0

𝑠
∑
𝑛=0

𝑎(𝜈)
𝑛

𝜕𝑛+𝜈𝑢
𝜕𝑥𝜈𝜕𝑧𝑛 (13)

under the conditions

𝑣𝜈(𝑧) = 𝜕𝜈𝑢
𝜕𝑥𝜈 ∣

𝑥=0
, 𝜈 = 0, 1, 2, … , 𝑚 − 1

the following theorems.

Theorem 6. If the functions 𝑣𝜈(𝑧) (𝜈 = 0, 1, 2, … , 𝑚 − 1) are entire of order𝑠
𝑠 − 1 (𝑠 > 1) and of type 𝜎, then the solution 𝑢(𝑥, 𝑧) of equation

(13)

is analytic in 𝑥 in the disk |𝑥| < 𝑅, where

𝑅 <
(𝑠 − 1

𝑠 )
𝑠−1

|𝑎𝑠|1/𝑠

and

|𝑎𝑠| = max
0≤𝜈≤𝑚−1

{|𝑎(𝜈)
𝑠 |},

and, for any fixed 𝑥 in the disk |𝑥| < 𝑅, has growth in 𝑧 not exceeding order𝑠
𝑠 − 1 and of normal type.

Theorem 7. If the functions 𝑣𝜈(𝑧) (𝜈 = 0, 1, 2, … , 𝑚−1) are entire functions of
order of growth 𝑠

𝑠 − 𝜃 , where 0 < 𝜃 < 1, of normal type, then equation (13) has
a unique solution 𝑢(𝑥, 𝑧), analytic in the variables 𝑥 and 𝑧 in the whole plane.
For fixed 𝑥, the function 𝑢(𝑥, 𝑧) grows in 𝑧 not faster than order 𝑠

𝑠 − 𝜃 and is
of normal type.
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For equation (9) of general form, denote by 𝑓(𝜁) the function

𝑓(𝜁) =
∞

∑
𝑛=0

𝑎𝑛𝜁𝑛,

where

𝑎𝑛 = max
0≤𝜈≤𝑚−1

{|𝑎(𝜈)
𝑛 |}.

Theorem 8. If, for all sufficiently large |𝜁|,

|𝑓(𝜁)| < 𝑒𝜎|𝜁|𝜌

(𝜎 > 0, 𝜌 > 0), and the functions 𝑣𝜈(𝑧) (𝜈 = 0, 1, 2, … , 𝑚−1) are entire functions
of growth not exceeding first order and of normal type, then equation (9) has a
unique analytic solution, entire in 𝑥 and 𝑧. For one fixed variable, the function
𝑢(𝑥, 𝑧) grows with respect to the other variable no faster than a function of first
order and of normal type.

Theorem 9. If the function

𝑓(𝜁) =
∞

∑
𝑛=0

𝑎𝑛𝜁𝑛

is analytic in the disk |𝜁| < 𝑅, and the functions

𝑣𝜈(𝑧) = 𝜕𝜈𝑢
𝜕𝑥𝜈 ∣

𝑥=0
(𝜈 = 0, 1, 2, … , 𝑚 − 1)

are entire functions whose order and type are less than 𝑅, then the solution of
equation (9) is entire in the variables 𝑥, 𝑧 and is unique among analytic functions.
For fixed 𝑥, the solution 𝑢(𝑥, 𝑧) has, in 𝑧, the growth of an entire function not
exceeding first order and of type less than 𝑅, and for fixed 𝑧 the function 𝑢(𝑥, 𝑧)
with respect to 𝑥 is of order not exceeding the first and of normal type.

When

lim
𝑛→∞

𝑛√𝑎𝑛 = ∞,

where

𝑎𝑛 = max
0≤𝜈≤𝑚−1

{|𝑎(𝜈)
𝑛 |},
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the following theorem holds:

Theorem 10. If

lim
𝑛→∞

𝑛√𝑎𝑛 = ∞,

then under conditions (10)

𝜕𝜈𝑢
𝜕𝑥𝜈 ∣

𝑥=0
= 𝑣𝜈(𝑧) =

∞
∑
𝑛=0

𝑐(𝜈)
𝑛
𝑛! 𝑧𝑛,

whose growth is determined by the inequality

lim
𝑛→∞

2 𝑛√ 𝑏𝑛|𝑐(𝜈)
𝑛 | < 1,

where

𝑏0 = 𝑎0, 𝑏𝑛 = max{𝑎𝑛
0 , 𝑎𝑛

1 , … , 𝑎𝑛/𝑘
𝑘 , … , 𝑎𝑛},

equation (9) has a unique solution, analytic in the variables 𝑥, 𝑧 in the whole
plane. For fixed 𝑧, the solution has in 𝑥 growth not exceeding first order and
of normal type, and for fixed 𝑥 it has growth not exceeding first order and of
minimal type.

Taganrog Radio-Engineering Institute
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