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(Presented by Academician A. N. Kolmogorov on January 29, 1958)

1. Let H be a unitary space, and let H; @ H, be some fixed orthogonal decom-
position of it. To a linear operator A, mapping H into H, there corresponds
the matrix

_ All A12
A‘(Am Ayy) 1)

where A;; is an operator mapping H; into H;, determined by the bilinear func-
tional

The operator A will be Hermitian if and only if 4;; = A};. The operator A is
nonnegative if and only if the operator A,, is nonnegative and the conditions
[(A12f. 9)1* < (A119,9)(Asaf, f) (9€ Hy, f€H,) (3)

are fulfilled.

From condition (3) it follows that

(Ao f, A1 f) < C(Agof, f) (f € Hy), (4)

where C' = | A4 ]|

Definition. A collection of operators A5, Ay, Agy, Wwhere A,, is a nonnegative
operator in H,, A, acts from H, into H,, and A,; = Aj,, will be called a
system of positive type (s.p.t.) if, for some constant C, condition (4) is
fulfilled. A system of positive type will be written in the form
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2=, 42) o

If Ay5, Ayq, Ags are elements of the matrix (1) of an operator A, then the system

(5) will be denoted by 20,. With a s.p.t. (5) we associate the operator wy,

defined on R(Aééz) by the equalities

= AYf,  wer=Apf  (f€H,). (6)

This operator is bounded and can be extended by continuity to the subspace

R(Aééz). The operator wywy, which we shall denote by 2, is a Hermitian
operator in H;. (If A,, has a bounded inverse, then A= A AZ3 Ay )

Theorem 1. In order that the operator A be nonnegative, it is necessary and
sufficient that 2, be a s.p.t. and that the condition

Ay > Ay (7)

be fulfilled.

Corollary. The system 2, will be a s.p.t. if and only if the class of operators
C satisfying the conditions

C(H,) =0, C<A (8)

is nonempty. In this class there is a maximal operator, which we shall denote
by A. Obviously,

a-(f ™). ©)

For nonnegative operators the existence of A was established in (1).

2. Let (X,S) be some measurable space*; let H” and H” be two unitary
spaces. A function F(M) that assigns to each M € S a certain linear
operator mapping H’ into H” will be called completely additive if, for
every finite or countable system of pairwise disjoint sets M, € S, the
condition

F(Jon) = e 0
k k
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is fulfilled.

If the number of summands is infinite, then the series on the right-hand side of
(10) converges in the weak sense, and its sum does not depend on the order of the
summands. If the values of the function F'(M) are nonnegative operators, then
it is called an operator measure. Let Fo (M), Fy (M), Fye (M) be completely
additive operator functions defined on S, where for each M € S, F,,(M) is a
nonnegative operator in Hy; F5(M) maps H, into Hy; Fy (M) = [Fo(M)]*
maps H; into H,. We shall write the system of these operators in the form

: ( )
(M) = ( 12(M ) . 11
(M) Fy (M) Fyy(M) ()
Assume that for any M € S, §(M) is a s.p.t. For an arbitrary partition

M =M, UM,U-UM, (12)

of a certain fixed set M € S into a finite number of pairwise disjoint summands
M, € S, we form the operator

n

F(My). (13)
k=1

If the set of all such operators (corresponding to all possible partitions of M) is
bounded above, then we shall say that the function (11) is integrable on the set
M. By the equality

alg) =sup Y (5(Myg.g) (g€ H), (14)
k=1

where the sup is taken over all partitions (12), a certain quadratic functional

a(g) is defined. The corresponding operator @(M ) will be called the Hellinger
integral of the function (11), and we shall write it in the form

—~

F(M) = /MdFu (dFyy) 'dFy,. (15)

Theorem 2. /S\(M ) is a completely additive function and, consequently, is an
operator measure.

* In this section we shall use the terminology and notation of the monograph
(2).

Theorem 3. A completely additive function
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B (M) By(M)
ron=(in) i) 1o

whose values are Hermitian operators, is a measure if and only if the correspond-
ing system (11) is integrable on every M € S and the inequality

Fyy (M) > /MdF12(dF22)1dF21 (M €S) (17)

is satisfied.

Let us order the set of operator measures by putting F’ < F” if, for every M € S,
the condition F’(M) < F”(M) is fulfilled. Then the following proposition can
be stated.

Corollary. In the class of all measures F’ satisfying the conditions

F'(M)f=0 (feH, MeS); F <F,

there exists a maximal F(M), namely
ﬁ(M) — (Fll(M> —§(M) O) )
0 0
3. Let

0= (4,00 410) "

be a p.s.d. function whose elements are harmonic in the domain G functions of
the parameter ¢ = x + yi. Then 2(¢) is a subharmonic* function in the domain

~

G. Tts least harmonic majorant (if it exists) will be denoted by 2A(¢). If

— All (C) A12 (C)
a0 = (48 A210) 1

is a function harmonic in G for which the corresponding system (18) is p.s.d.,
then the function
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is maximal among all harmonic functions C(¢) satisfying the conditions

COf=0 (feHy, CeG), CQO<AQ (C€q).

Let the system (11) be defined in the class of Borel sets of the segment [0, 27],
and let the system (18), harmonic for || < 1, be connected with it by the
Poisson integral

2 2
) 1—r
.. 19 P— ..
Aij(re”) /0 1+7r2—2rcos(t—0) dFy;(®)- (20)

Then the following theorem is valid.

Theorem 4. The subharmonic function 2((¢) for |(| < 1 has a harmonic majo-
rant if and only if the system (11)

* An operator function A((), taking Hermitian values, will be called subhar-
monic if, for every f, the function (A(¢)f, f) is subharmonic.

integrable on the segment [0, 27]. In this case

» 27 1 _TQ N
i) — d§(t).
A(re®) /0 1472 —2rcos(t—0) S(t)

4. Let A be a self-adjoint operator (in general unbounded), and let E, be
its spectral function, which, as usual, we extend to a spectral measure E(M).
Denote by H|, the invariant subspace generated by the subspace H,.

Theorem 5. E (M) is determined by the condition

0, it fe H,,
E(M)f, if f L H,.

Now let D be some generating subspace of the operator A; let F(M) be an
operator measure whose values are Hermitian operators in D, determined by
the bilinear functional

(F(M)f,g9) = (E(M)f,9)  (f,9€D).

To the decomposition D = D; @ D, there corresponds a representation of F'(M)
in the form (16).

Theorem 6. In order that D, be a generating subspace, it is necessary and
sufficient that F/(M) = 0.
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Let U be a unitary operator in H; let D be its generating subspace; let A({) be
the harmonic function for |¢| < 1 determined by the quadratic functional

(AQOf. ) =Re(U+cDHU=C)f. ) (feD).

If D= D, & D, is some orthogonal decomposition of D,

C(An(O) Au(©)
A“)‘(Am(o A22<<>>

is the corresponding matrix representation of A((), then the following theorem
holds.

Theorem 7. In order that D, be a generating subspace of the operator U, it

is necessary and sufficient that A(¢) = 0 (|¢] < 1).
5. Theorems 6 and 7 can be applied to establish criteria for simplicity of iso-
metric extensions of isometric operators. We shall give some results.

a) Let V; and V, be simple ¥ isometric operators with defect indices (1,1);
let wy(¢) and wy(¢) be their characteristic functions. Taking as the cou-

pling matrix ) the matrix <(1) 8), we obtain an isometric operator V

with defect indices (1,1) and characteristic function w, (¢)wy(¢) 4. The
operator V is simple if and only if, at almost every point e* of the unit
circle, either |w; ()| or |wy(e®)] is equal to one.

b) Let V be a simple isometric operator with defect indices (1,2) and char-
acteristic function (w;(¢),wy(¢)). Extend V to an operator with defect
indices (0, 1), mapping the first defect subspace onto the first axis of the
second. The resulting operator will be simple if and only if

2m
/O
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2

ws(e*) dt = 2.

1 —w,(e)
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