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Abstract
Full Text
MATHEMATICS

S. G. KREIN and P. E. SOBOLEVSKII

A DIFFERENTIAL EQUATION WITH AN AB-
STRACT ELLIPTIC OPERATOR IN HILBERT
SPACE
(Presented by Academician I. G. Petrovskii, 11 VII 1957)

1. Consider the differential equation

𝑑𝑣
𝑑𝑡 + 𝐴𝑣 = 0, (1)

where 𝐴 is a certain unbounded operator with everywhere dense domain of
definition 𝐷(𝐴), acting in a Hilbert space 𝐻; 𝑣 = 𝑣(𝑡) is the unknown function
with values in 𝐻, satisfying the prescribed initial condition

𝑣(0) = 𝑣0 ∈ 𝐷(𝐴). (2)

The function 𝑣(𝑡) is a solution of equation (1) on [0, 𝑇 ] if, for 𝑡 ∈ [0, 𝑇 ], it has
a strong derivative 𝑑𝑣/𝑑𝑡, its values belong to the domain of definition 𝐷(𝐴) of
the operator 𝐴, and they satisfy equation (1).

Definition. We shall say that problem (1)–(2) is well posed on the segment
[0, 𝑇 ] if: 1) a solution of the problem exists for every 𝑣0 ∈ 𝐷(𝐴); 2) the solution
is unique; 3) the solution depends continuously on the initial data uniformly in
𝑡 on [0, 𝑇 ], i.e., if 𝑣𝑛(0) ∈ 𝐷(𝐴) and 𝑣𝑛(0) → 0, then

max
0≤𝑡≤𝑇

‖𝑣𝑛(𝑡)‖ → 0

as 𝑛 → ∞.

It is easy to see that a problem well posed on the segment [0, 𝑇 ] will also be
well posed on any larger segment; therefore, in the definition of well-posedness
we shall omit mention of the segment.

Equation (1) was studied by semigroup-theory methods by Hille (1), Yosida (2),
Phillips (3), and others. The naturalness of applying semigroups in the study
of such equations follows from the following theorem.
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Theorem 1. In order that problem (1)–(2) be well posed, it is necessary that
the operator −𝐴 admit a closure −𝐴 which is the infinitesimal generator of a
strongly continuous semigroup 𝑈(𝑡) of bounded operators. If 𝐴 is closed, then the
condition is sufficient. The solution of problem (1)–(2) is given by the formula

𝑣(𝑡) = 𝑈(𝑡)𝑣0. (3)

In proving the theorem we use Hille’s method (4).
2. Everywhere below, by 𝐴 we shall mean a positive-definite self-adjoint op-

erator acting in 𝐻. Suppose, for definiteness, that

inf
𝑣∈𝐷(𝐴)

(𝐴𝑣, 𝑣)
‖𝑣‖2 = 1. (4)

The semigroup generated by equation (1) with such an operator can be repre-
sented in the form

𝑈(𝑡) = 𝑒−𝐴𝑡.

In addition to this semigroup, we shall consider the semigroup 𝐴−𝛼 of negative
powers of the operator 𝐴. These two semigroups are connected with each other
by the Mellin transform

Γ(𝛼)𝐴−𝛼 = ∫
∞

0
𝑡𝛼−1𝑒−𝐴𝑡 𝑑𝑡. (5)

Let us note that, with the aid of the spectral decomposition of the operator 𝐴,
one easily obtains the estimate (5)

‖𝐴𝛼𝑒−𝑡𝐴‖ =
⎧{
⎨{⎩

(𝛼
𝑒 )

𝛼 1
𝑡𝛼 , for 𝑡 ≤ 𝛼,

𝑒−𝑡, for 𝑡 ≥ 𝛼.
(6)

Definition. We shall call the operator 𝐵 an operator of fractional order
with respect to the positive-definite operator 𝐴, if there exist positive
constants 𝛾 < 1 and 𝐾𝛾 such that

‖𝐵𝑣‖ ≤ 𝐾𝛾‖𝐴𝛾𝑣‖ (7)

for every 𝑣 ∈ 𝐷(𝐴). The greatest lower bound of the numbers 𝛾 for which
inequality (7) holds will be called the order of the operator 𝐵.
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In practice, finding the fractional powers of concrete operators, for example
differential ones, is very difficult. Therefore, for determining that the operator
𝐵 is an operator of fractional order with respect to 𝐴, Theorem 2 is useful.

Theorem 2. In order that the operator 𝐵 be of fractional order 𝛼 with respect
to 𝐴, it is necessary, and if 𝐵 admits closure, then also sufficient, that for all
𝑣 ∈ 𝐷(𝐴), 𝛾 > 𝛼, and sufficiently small 𝛿, the inequality

‖𝐵𝑣‖ ≤ 𝛿1−𝛾‖𝐴𝑣‖ + 𝐾
𝛿𝛾 ‖𝑣‖, (8)

hold, where 𝐾 does not depend on 𝛿 and 𝑣.

Proof. Necessity. By means of Hölder’s inequality, one establishes the in-
equality

‖𝐴𝛾𝑣‖ ≤ ‖𝐴𝑣‖𝛾‖𝑣‖1−𝛾 (𝑣 ∈ 𝐷(𝐴)).

Then from (7) it follows that

‖𝐵𝑣‖ ≤ 𝐾𝛾‖𝐴𝛾𝑣‖ ≤ 𝐾𝛾‖𝐴𝑣‖𝛾‖𝑣‖1−𝛾 ≤ {𝛿1−𝛾

𝛾 ‖𝐴𝑣‖}
𝛾

{𝛾𝛾/(1−𝛾)𝐾1/(1−𝛾)
𝛾

𝛿𝛾 ‖𝑣‖}
1−𝛾

.

Applying Minkowski’s inequality to the right-hand side with 𝑝 = 1/𝛾 and
𝑞 = 1/(1 − 𝛾), we obtain inequality (8) with 𝐾 = (1 − 𝛾)𝛾𝛾/(1−𝛾)𝐾1/(1−𝛾)

𝛾 .

Sufficiency. We shall use (5) for 𝐴−𝛾 (𝛾 > 𝛼). Then, for 𝑤 ∈ 𝐷(𝐴1−𝛾),

‖𝐵𝐴−𝛾𝑤‖ ≤ 1
Γ(𝛾) ∫

𝛿0

0
𝑡𝛾−1‖𝐵𝑈(𝑡)𝑤‖ 𝑑𝑡 + 1

Γ(𝛾) ∫
∞

𝛿0

𝑡𝛾−1‖𝐵𝑈(𝑡)𝑤‖ 𝑑𝑡.

Suppose that (8) is satisfied for 𝛾 > 𝛼 and 𝛿 ≤ 𝛿0. Put 𝛾1 = (𝛼 + 𝛾)/2. To the
first integral we apply (8), putting 𝛿 = 𝑡 and 𝛾 = 𝛾1, and to the second, putting
𝛿 = 𝛿0 and 𝛾 = 𝛾1. Then

‖𝐵𝐴−𝛼𝑤‖ ≤ 1
Γ(𝛾){ ∫

𝛿0

0
𝑡𝛾−𝛾1‖𝐴𝑈(𝑡)‖ 𝑑𝑡 + 𝐾 ∫

𝛿0

0
𝑡𝛾−𝛾0−1‖𝑈(𝑡)‖ 𝑑𝑡

+ ∫
∞

𝛿0

𝑡𝛾−1 [𝛿1−𝛾1
0 ‖𝐴𝑈(𝑡)‖ + 𝐾

𝛿𝛾1
0

‖𝑈(𝑡)‖] 𝑑𝑡}‖𝑤‖.

In view of estimate (6), all integrals exist; therefore ‖𝐵𝐴−𝛾𝑤‖ ⩽ 𝐾𝛾‖𝑤‖ for
𝑤 ∈ 𝐷(𝐴1−𝛾). Hence (7) follows. The theorem is proved.
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3. Definition. We shall call the operator 𝑆 elliptic if it is the sum of a
positive-definite self-adjoint operator 𝐴 and an operator 𝐵 of fractional
order with respect to 𝐴: 𝑆 = 𝐴 + 𝐵. It is not difficult to show that an
elliptic operator considered on 𝐷(𝐴) is closed.

Consider the equation

𝑑𝑣
𝑑𝑡 + (𝐴 + 𝐵)𝑣 = 0. (9)

Theorem 3. The problem (9)—(2) with an elliptic operator is well posed.

For the proof it is necessary to show the existence of a solution, uniqueness, and
continuous dependence on the initial data. We describe the scheme of the proof.

Uniqueness. Multiply (9) scalarly by 𝐴𝑣. We obtain

Re (𝑑𝑣
𝑑𝑡 , 𝐴𝑣) = −(𝐴𝑣, 𝐴𝑣) − Re(𝐵𝑣, 𝐴𝑣) ⩽

⩽ −(𝐴𝑣, 𝐴𝑣) + ‖𝐵𝑣‖‖𝐴𝑣‖ ⩽ −1
2‖𝐴𝑣‖2 + 1

2‖𝐵𝑣‖2.

Applying Theorem 2, then

Re (𝑑𝑣
𝑑𝑡 , 𝐴𝑣) ⩽ −1

2‖𝐴𝑣‖2 + 𝛿2(1−𝛾)‖𝐴𝑣‖2 + 𝐾2

𝛿2𝛾 ‖𝑣‖2.

Choosing 𝛿 so that 𝛿2(1−𝛾) < 1/2, we have

Re (𝑑𝑣
𝑑𝑡 , 𝐴𝑣) ⩽ 𝐾2

𝛿2𝛾 ‖𝑣‖2 ⩽ 𝐾2

𝛿2𝛾 ‖𝐴1/2𝑣‖2.

By simple reasoning, from this we obtain the inequality

‖𝐴1/2𝑣(𝑡)‖ ⩽ ‖𝐴1/2𝑣(0)‖𝑒 𝐾2
𝛿2𝛾 𝑡,

from which the uniqueness of the solution of the problem (9)—(2) follows.

Existence. We introduce into consideration the integral equations

𝑣(𝑡) = 𝑒−𝐴𝑡𝑣0 − ∫
𝑡

0
𝑒−(𝑡−𝑠)𝐴𝐵𝑣(𝑠) 𝑑𝑠, (10)

𝑤(𝑡) = 𝐴𝛾𝑒−𝐴𝑡𝑣0 − ∫
𝑡

0
𝐴𝛾𝑒−(𝑡−𝑠)𝐴𝐵𝐴−𝛾𝑤(𝑠) 𝑑𝑠. (11)
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With the aid of the results of work (5), the following lemma is proved.

Lemma. Every continuous solution 𝑤(𝑡) of equation (11), by the formula
𝑣(𝑡) = 𝐴−𝛾𝑤(𝑡), generates a solution of problem (9)—(2).

A continuous solution of equation (11) is constructed by the method of successive
approximations. We note that the kernel of equation (11), in view of (6) and
(7), has a summable singularity of the form

∥𝐴𝛾𝑒−(𝑡−𝑠)𝐴𝐵𝐴−𝛼∥ ⩽ (𝛾
𝑒 )

𝛾
𝐾𝛾

1
(𝑡 − 𝑠)𝛾 .

Continuous dependence on the initial data is proved in two stages. First,
from equation (11) on a sufficiently small segment [0, 𝑡1] one obtains an estimate
for 𝑤(𝑡) of the form

‖𝐴𝛾𝑣(𝑡)‖ = ‖𝑤(𝑡)‖ ⩽ 2 (𝛾
𝑒 )

𝛾 ‖𝑣0‖
𝑡𝛾 .

From this estimate, with the aid of the integral equation (10), it follows that,
for 0 ⩽ 𝑡 ⩽ 𝑡1, ‖𝑣(𝑡)‖ ⩽ 𝐾2‖𝑣0‖. The theorem is proved.

Corollary 1. For every elliptic operator 𝑆, the operator −𝑆 is the infinitesimal
generator of a strongly continuous semigroup.

Corollary 2. The spectrum of an elliptic operator lies in some half-plane
Re 𝜆 ⩾ 𝜔.

Denote by 𝑈𝑆(𝑡) the semigroup generated by equation (9). By means of a
detailed study of the integral equations (10) and (11), one can obtain for the
semigroup 𝑈𝑆(𝑡) estimates analogous to the first estimate in (6). In particular,
there exist 𝑘1 and 𝑇 > 0 such that

‖𝑆𝑚𝑈𝑆(𝑡)‖ ⩽ 𝑘𝑚
1 𝑚𝑚

𝑡𝑚 (12)

for 0 < 𝑡 ⩽ 𝑚𝑇 . Estimate (12) makes it possible to prove Theorem 4.

Theorem 4. For every 𝑣 ∈ 𝐻, the function 𝑈𝑆(𝑡)𝑣 satisfies equation (9) for
𝑡 > 0. All solutions 𝑈𝑆(𝑡)𝑣 of equation (9) are analytic inside a certain angle
| arg 𝑡| < 𝜑0 (𝜑0 does not depend on 𝑣).
Let us note a property of one particular type of elliptic operators. Suppose that
the operator 𝐵 satisfies one of the following two conditions: a) the operator 𝐵
is of fractional order and the operator 𝐵𝐴−1/2 is bounded, or b) the operators
𝐵 and 𝐵∗ are operators of fractional order. Then the inequality

((𝐴 + 𝐵)𝑣, 𝑣) ⩾ 𝐶1(𝐴𝑣, 𝑣) − 𝐶2(𝑣, 𝑣), (13)
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holds, where 𝐶1 and 𝐶2 > 0 do not depend on 𝑣. In this case the elliptic
operator 𝑆 satisfies the Hille–Yosida conditions (1). In deriving estimate (13),
the important Heinz inequality (6) is used essentially.

4. One may consider the equation with a variable elliptic operator 𝑆(𝑡)

𝑑𝑣
𝑑𝑡 + [𝐴(𝑡) + 𝐵(𝑡)]𝑣 = 𝑓(𝑡).

If 𝐴(𝑡) satisfies the conditions of work (5), and 𝐵(𝑡) is strongly continuous on
𝐷(𝐴), then all the main results of work (5) carry over to this equation.

5. In order to clarify the range of possible applications of the results
presented, let us consider, for example, a self-adjoint positive-definite
differential operator 𝐿2𝑚 of order 2𝑚 in a bounded domain 𝐺 of
𝑛-dimensional space. By 𝐴 we shall denote the self-adjoint operator
generated by the operator 𝐿2𝑚 on functions from ℒ2(𝐺) satisfying
homogeneous self-adjoint boundary conditions, for example, the first
boundary-value problem. Then, under sufficiently general conditions, it
turns out that differential operators of order 𝑘 < 2𝑚 are operators of
fractional order 𝑘/2𝑚 relative to the operator 𝐴. Adding them to the
operator 𝐿2𝑚 leads to elliptic operators in our sense. Thus, differential
operators of elliptic type are included in our considerations. The proof of
the fact noted above is based on Theorem 2, while the verification of its
conditions is carried out with the help of inequalities of the type of the
Ladyzhenskaya–Guseva inequality (7,8 ) and Nirenberg’s inequality (9).

Received
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