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(Presented by Academician P. S. Aleksandrov, 18 XII 1957)

1. The problem of finding a universal coefficient group for the spectral groups
of homology or cohomology of a topological space in the sense of Cech was the
subject of a paper by Steenrod (). However, owing to the use of an incorrect
algebraic lemma, what is actually obtained in that paper is not the formula

HY(X,G)~ H(X)® G+ HIM (X) G, (1)

which would mean the universality of the integral coefficients for such cohomol-
ogy groups, but only the weaker fact that the sequence

0— H(X)®G — HI(X,G) = HM(X) G =0 (2)

is exact, i.e. that H9(X,G)/H{(X) ® G ~ HI''(X) * G. Here HY(X,G) is the
g-dimensional spectral cohomology group of the space X with coeflicient group
G; H{(X) = HY(X,I), where I is the additive group of integers; ® is the tensor
product sign; * is the torsion product sign. Eilenberg and Mac Lane were able
to correct the proof of formula (1), but only for metric compacta ((?), the note
on p. 820 and Theorem 44.2).

The universality of the group I in the general case was proved by me in the
paper (3) (Chapter I, § 5), but without an explicit indication of the formula
giving the group HY(X,G). The results of that paper were obtained during
the 1940s (the paper was completely written by 1950), and therefore modern
methods were not used in it; from their point of view the proof given there, after
the introduction of the corresponding notions, becomes considerably shorter and
more transparent. At the same time, as we shall now show, in the general case
one can prove formula (1).

2. We introduce the following definitions. By a system of groups {G,;7}
we shall mean a collection of additive Abelian groups G, for some of which
homomorphisms m = 73 of the group G, into the group G4 are defined (in
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particular, if the indices « are directed partially ordered, then the system is
called a direct, inverse, or two-sided spectrum when these homomorphisms are
defined, respectively, for o < 8, @ > 3, and in both cases). Two systems {G; 7}
and {H_;w} are called conjugate if they are defined for the same set of indices
and if the homomorphisms w? are defined if and only if the homomorphisms 3
are defined. The tensor product of two conjugate systems

{Gaim} @ {Hysw}

is called the factor group of the direct sum

Za G, ® H,, by the subgroup generated by all elements of the form g, ®w?h 5=
T390 ® hg (90 € Gy, hy € Hp).

We have proved a theorem ((3), Chap. I, § 3, or (4)), which, with the aid of the
definition introduced, can be written in the form

HYX,G) ~ {HL(X); 7, W™} @ { s 0™, 510}, (3)

where m runs through the nonnegative integers; HY,(X) = HY(X,1,,); I, = I;
I, = I/mI; mI is the subgroup of elements of the group I divisible by m
(similarly, in general, mG and G, are defined for an arbitrary group G); ,,a
is the subgroup of elements g € G for which mg = 0; the homomorphisms
Wﬂ/, wr,, i, j%/ are defined for m | m’; 4", is the embedding map of the
subgroup ,,, into the subgroup ,,,, G; j,’;f/ is the map of ,,,,G into ,, arising as a
result of multiplication of the elements of the group G by the number %; ﬂz/ is
a homomorphism of H? ,(X) into HZ (X), generated by reducing the coefficient

group modulo m; w/™, is a homomorphism of Hf, (X) into H?,(X), generated
by the map I, into I, i/nduced by multiplication by the number . Since
the system {,,q; @7, jm } is determined by specifying the group G, formula

(3) shows that the system {HY (X); =", w, }, which we call the modular
spectrum of the cohomology groups of the space, is a universal system of
cohomology groups, i.e. determines the cohomology groups of the space for any

coeflicient group.

3. We recall the proof of formula (3). Let Y u; ® g; be an element of the
tensor product of the right-hand side of this formula (u; € HZ, (X), g, €
m.G, i =1,...,5). To it there corresponds uniquely an element (which
we shall denote by > g;u,;) of the group H4(X, G) containing the cocycle
19 =3" g;1, where [] are integral cochains of some covering Q¢ of the space
X which, after reduction modulo m;, will be cochains from the cohomology
classes u,;. Conversely, let u € H®(X,G), and let 19 be a cocycle, contained
in u, of some covering Q% of the space X. As is known, for every finite
complex, and hence also for the nerve of the covering (¢, there exist such
free generators I of the groups of integral cochains (the values assumed by
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the index 4 for different values of the dimension ¢ overlap only partially)
that VI! = mqulqﬂ, where V is the coboundary operator, and m;, are
nonnegative integers (depending on 7 and ¢). Therefore 19 =" g,l, g, €
G, VI4 = miqgilgH = 0 and, hence, m;,g; = 0, ie. g; € G, and
consequently the element v always corresponds to some element Y u,; ® g;
of the tensor product from formula (3). Finally, if > g u;, =0, g, € , G,

miq

), € Hy, (X), then in some covering Q% we have S gl ~ 0,1 € uy,
i.e., decomposing with respect to the generators [ of the above- mentloned
basis (constructed for Q%),

ng)‘zkl =V (Z gllq 1) = Zm;g;lga

where g; € G, whence ), g;)\;, = m;g;. On the other hand, the relation

Vi{ =0, ie V (Z Aikl;?) ZA wm T =0 (mod my)

gives m;A\;, = 0 (mod my,), ie. Ay, = Apmy /0, where \;. are integers and
0;1, = (my;, my,), and therefore

Zuk®gkiz)‘kwmkﬂ u®gk*2u®)\ zkmk q Zu ®Alk6 gkfzu ®>\1kgk—zu ®mlgl

i.e. the correspondence between the left- and right-hand sides of formula (3) will
be one-to-one (here m; =m, ,, m; =m, ., 1, m;m; = 0, u; is a cohomology class
containing the cochain I reduced modulo m,).

4. Let us note that if G is a ring, then formula (3) makes it possible to
define the cohomology ring of the space with coefficients in G from its
cohomology rings mod m (m = 0,1,2,...) and the mappings 7 and w. For
this, as is not hard to see, it is enough to define multiplication in the right-
hand side of this formula as follows (u; € H (X), uy € H2,(X), g1 €
G, 95 €, G):

(uy ® g1) - (g ® go) = (75" uy - 5 2 s) @ (9192),

where § = (mq,my), which makes sense, since, evidently, ¢g;9, €5 G,
i.e. 6g;95 = 0 (for § = A\;my + Aymy, where A; and ), are integers).

5. The universality of the group I for the spectral cohomology groups of a
topological space can now be proved as follows. First we show without
difficulty that the sequences

™

- HIX) D HIX) D HL(X) S HENX) D HIP(X) = -, (4)
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o HYX) S HYL () 5 HE(X) D5 HIP(X) S HEHX) = -,

()
where m denotes the endomorphism consisting in multiplication of all
elements of the group by the number m, x = x{* is the boundary homo-
morphism introduced by us in (9) (i.e. xJ'u, where v € HZ(X), is the
(¢+1)-dimensional integral cohomology class containing the cocycle %VZ,
where [, after reduction modulo m, belongs to u), and 7y is the superposi-
tion 79y, are exact ((3), Ch. I, § 5, Lemma 2). Sequence (4), evidently,
gives rise to a new exact sequence (m # 0)

0 = [HF (X)), = HL(X) =, [HTTH(X)] = 0, (6)
where, as always, [H{(X)],, = H/(X)/mH{(X).

Since all elements of the group ,,[HZ™ (X)] have orders bounded by the same
number m, by Priifer’ s theorem ((5), p. 156), ,,[HZ™" (X)] decomposes into a
direct sum of cyclic groups. We shall show that one can construct a mapping

K= W[HITHX)] = HL(X),

taking for each of the generating cyclic summands of the group ,,[HZ ™" (X)] one
of the elements of the group HZ (X) which maps into it under the mapping x.
Then yX is the identity mapping, and therefore the exact sequence (6) splits,
ie.

H4

m

(X) 2 [HG (X) ] + o [HE T (X)]. (7)

The arbitrariness present in the construction of the mapping ¥ can be used
in such a way as to obtain a kind of coherence of such direct decompositions.
Namely, for each prime number p, first in the indicated way we construct a
mapping

© +1

Xp i plHET (X)) = HI(X),

and then we carry out the further construction inductively: if )N(gk,l has already

been constructed, then for those generators a,; of the cyclic summands of the
group i [HIT(X)] whose orders < p*~!, we set

k-1

~

~0 _ P 0
Xpk @i = W Xpr—1y;

and for the generators of order p* we take as )”(gk a; one of the elements u of the
group Hgk (X), for

k k
; P _ 0 pr :
for which Tt = Xpet (pa;), xg w=a;.} Since

k=1 ok
Wg XS ng—l(pai) = Wg(pai) =0,

then, by virtue of the exactness of sequence (5) for m = p*~!, n = p, there
exists an element u’ satisfying the first of these conditions. Then
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k k—1 k k=1
pla; —xo w') =pa; — X T auw =pa; —xg  Xow(pa;) = pa; — pa; =0,

and therefore, by the exactness of sequence (4), a; — ngu’ = xhw, and the

element u = v’ + wz w will also satisfy the second condition (here the obvious
/7

’ m ’ ’ ’
formulas are used x{' = xg* Wi, —xg" =xg" " (m|m')).
m

For the mapping )'ng thus constructed we shall have ngf(gk a; = a;, ie. xx =1.

If m =my---m,, where m; = pf and pq, ..., p, are distinct primes, then we put
O =D Wi,
i

Then, as is easy to see, x7'X%, = 1 will hold for all m.

Again using, in an analogous way, the exactness of sequence (5), we obtain
without difficulty that

m/

’ ~ ” - 1
X0 a = X9, (ma> , wm X% a=X0a(m/m//m”, a€ W HITH(X))).

This defines the homomorphisms 7 and w for the second summand of formula

(7):

’ ’ "

=g W, =
For the first summand, however, which is a natural subgroup of the left-hand

side of formula (7), 77 coincides with the embedding ¢  of the residue class

mod m’ into the residue class mod m(m/m’) containing it, and w:zj, with

1/J"m1:/ (m’/m”)—the passage from the residue class mod m’ to the residue class
mod m” as a result of multiplication by the number m”/m’. Thus the modular
spectrum of the cohomology groups of the space X is determined, and therefore
formula (3) gives the group HI(X,G):

HY(X,G) ~ ([H(X)]p + mHS T (XO),0) ® (i, d) ~

~ ([HY (X)) 0:9) ® (s ds5) + ([ HE ™ (X)) ,1) © (i, 4)-
6. It is easy to see that
([HS (X )i 0,%) ® (me3isd) (m=0,1,2,..)

coincides with H{(X) ® G. By virtue of the exactness of sequence (2) ((2),
Theorem 40.3), it follows from this that

(i HHX));5,1) ® (neiind) ~ HEH(X) * G,
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which can also be proved directly from the definition of the torsion product
(here already m # 0, i.e. m = 1,2,...). This gives formula (3).

Everything that has been said is also applicable to the relative cohomology
groups of X mod A (A C X) and to the inner cohomology groups in the sense
of P. S. Alexandrov (which take into account the noncompactness of the elements
of a covering, (°)). In an analogous way, formula (3) (with ¢ + 1 replaced by
g — 1) can be proved for singular homology groups of a space, which, however,
was already known earlier, since it follows from general algebraic results ((7), Ch.
VI, Theorem 3.3). For singular cohomology groups and for spectral homology

groups, formula (3) (and even the exact sequence (2)) does not hold in general,

as is shown by counterexamples in (8,1).
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