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(Presented by Academician A. A. Dorodnitsyn, 11 VI 1958)

This note describes the results of computations carried out on the high-speed
computer “Strela” at the Computing Center of the USSR Academy of Sciences
and connected with the verification of the Riemann hypothesis concerning the
zeros of the function

(=3 v

v=1

As is known, the hypothesis consists in the assertion that all zeros of the
indicated function (with the exception of the “trivial” zeros at the points
—2,—4,—06,...) liec on the line ¢ = Res = 1/2. In the present work the
hypothesis was tested by the number of zeros from 15 000 to 35 337 and by 7
from 2234 to 4735, where s = o + 2mi7T. In other words, all zeros from 15 000 to
35 337, if counted from the real axis, lie on the line o = 1/2. (For computations
devoted to verification of the hypothesis, see the works (*3).)

The method of carrying out the computations is as follows. The hypothesis was
verified on separate intervals (7;, 7;,;) of the line ¢ = 1/2. On the one hand, the
number of zeros N(7;,7;,,) of the function ((s) inside the rectangle 0 < o < 1%,
T; < T < T;41, was counted; on the other hand, the number of changes of sign
of the function

Z(1) = €9¢(1/2 + 2miT), (1)
where

o T (/4 + inT)
T(1/4 +inT)|

on the interval 7, < 7 < 7,1, was counted.
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The function Z(7) is a real function of 7, and its zeros coincide with the zeros
of the Riemann function. Coincidence of the numbers of zeros counted by the
two indicated methods confirms the hypothesis on the interval (7;,7;,).

Let N(7) be the number of zeros of the function ((s) in the rectangle 0 < Re s <
1,0 <Ims < 2n7. Then

N(7;,7i11) = N(7i41) — N(73). (2)
For N(7) the following formula is valid:

N(T):TIHT*T+g*ﬁ+%AaI‘gC(S)+R7 (3)

1
where R = O (t—g), and Aarg((s) is the change of the argument of {(s) when

s varies along the broken line from 2 to 2 + 27i7 and then from 2 + 27iT to
1/2 + 2mir. If 7 is such that

Aarg((s) < 3, ()
7 1 1
{TIHT—T+§—w}—§‘>R, (5)

* Tt is known that for ¢ > 1 and for o < 0 the function {(s) has no “nontrivial”
Zeros.

then
7 1 7 2 1
N = 1 — - — if 1 — - — — —
) [Tm i 967r27]’ 1{”” i 967r27}<2’
7 1 . 7 1 1
N(T):[T]nr—r+g—m]+l, 1f{T1HT—T+§—96?}>§a

(6)

where square brackets denote the integral part of a function, and braces the
fractional part.

Condition (4) is always satisfied if Re ((s) > 0 along the broken line indicated
above. Since Re((s) > 0 for Res = 2, in order that condition (4) be satisfied it
is enough that Re ((s) be positive on the segment [2 + 27iT; 1/2 4 2mit]. Thus,
in order that for a fixed 7 one may use formula (6), it is necessary to check
whether the following sum is positive for all ¢ inside the interval [0;2]:
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3

cos2nrlny  cos(tlnT—7+ % — o —7lnv) 27
+ 8 9672 T

Re((o+2mit) = 2 e 12,10 + Ry,
(7)

where R, = O(779/2).

Divide the interval [1/2;2] into n parts. Let oy = 1/2,04,09,...,0, = 2 be the

points of division of the interval. Denote by ¥’ the sum of all positive terms of
expression (7), and by £” the sum of all negative terms. Then for each of the
intervals [0, 0}, ] the following inequality holds:

271 cos(tlnt—7++— L —7Inv)2
Re (o + 2miT) >Z(cos 7r7—nu+ (rln7 =7+ § — gy — TInw) 2m

Tok—1/21—0y

211 cos(tlnt—7+1— 21 —7lnv)2r
—|—Z (COS T nv + ( 3 9672t ) —|—le

Ole+1 TOki1—1/2 101
(8)

where o, <o <0y 4.

Therefore, if for fixed 7 it turns out that in formula (8)

Y+ Y >|Ry| 9)

for all intervals [0y, 0,,,], then Re((o + 27iT) is positive for 1/2 < o < 2,
condition (4) is satisfied, and the number of zeros of the function ((s) inside
the rectangle can be counted by formulas (6) and (2). In addition, condition (5)
must also be satisfied.

The number K of sign changes of the function Z(7) inside the interval (7;, 7;,¢)
was counted in the following way. The values of the function Z(7) were com-
puted successively at the points 7;,7; + A7, 7, + 2A7,...,7;,;, where AT is a

1 "1

certain step, by the following formula:
T) = 22‘31/’1/2 cos (17'1n7'— r_1l_o b —Tlnu) 2+
— 2

HEDVTELAR({VTY) + Ry, (10)

where

cos 2m(€2 — £ —1/16)
cos 2mwé

h(&) =
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Fig. 1
Figure 1: Fig. 1
Fig. 2

Figure 2: Fig. 2

and Ry, = O(77%/*). At the same time, each change of sign of the function was
recorded.

The endpoints of the intervals (7;,7,,,) are chosen so that

1Z(7)] > R,. (11)

Consequently, in order that the point 7 may serve as the endpoint of an interval
within which the hypothesis is being checked, it is necessary that conditions (5),
(9), and (11) be satisfied for it.

If the endpoints of the interval (7;,7;,,) are determined and if it turns out that
N(1;,7;41) = K, then in the indicated interval the hypothesis is true.

If, however, N(7;,7;4,) > K;, then the number K; was counted again with
step A7/2, then, if necessary, with step Ar/4, A7/8,.... The step A7 was
chosen equal to 1/32. For most intervals such a step proved sufficient for ver-
ifying the hypothesis. In two cases the change of sign of the function Z(r)
could be detected only with step 1/1024. Finally, in one case (in the interval
2728.15; 2729.05) two zeros of the function were missed because of the insuffi-
cient accuracy of formula (10). Here it was necessary to use a more accurate
formula:

Fig. 1
Fig. 2

-1 —2miT k
Z(r) = ¢if S “1/2-2mir . L _1j242mir n'/22 T R 12
= (Srvmosnr g fameen S ) e (a2
v=1

— 2miT — 5 ‘=

where
B2 ) 2v—2 1
Ty _ v n1/2727r27'721/ H (7 + 2miT +]> ,
(2v)! =6 2
B,,, is a Bernoulli coeflicient.

For R, the following estimate is given:
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< () () () - (va) -

Figures 1 and 2 give the graph of Z(7) on the interval (2728.15; 2729.05) and
the refined graph on the interval (2728.51; 2728.53).
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