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Abstract
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OSCILLATION THEOREMS FOR DIFFER-
ENTIAL EQUATIONS OF HIGHER ORDERS
AND THE SPECTRUM OF THE CORRE-
SPONDING DIFFERENTIAL OPERATORS
(Presented by Academician S. N. Bernstein, 15 VII 1957)

Between the oscillatory properties of the solutions of the equation

𝑙2[𝑦] ≡ −𝑦″ + 𝑞(𝑥)𝑦 = 𝜆𝑦 (0 ≤ 𝑥 ≤ ∞) (1)

and the spectrum of any self-adjoint operator 𝐿 generated by the operation 𝑙2,
there is a well-known connection, by virtue of which the set of points of the
spectrum preceding the point 𝜆 = 𝜆0 will be finite or infinite depending on
whether, for 𝜆 = 𝜆0, equation (1) is nonoscillatory or oscillatory (i.e., whether
each of its solutions has a finite or an infinite number of zeros).

The indicated connection is usually used in the investigation of the spectrum;
namely, starting from criteria of nonoscillation or oscillation, one establishes
certain properties of the spectrum. A classical example of this kind is H. Weyl’
s proof of the criterion for discreteness of the spectrum ((1, p. 73). Another proof
of this criterion was given by the author in (2𝑎) with the aid of the decomposition
method introduced in that paper.

In the present note the usual course of investigation is reversed; namely, with the
aid of decomposition the spectrum is studied directly, and from this conclusions
are drawn about the oscillation of the differential equation. In doing so, there
is no need to use any asymptotic properties of the solutions of the differential
equation.

Such a path leads to a natural formulation of oscillation problems for differential
equations of higher orders of the form

𝑙[𝑦] ≡
𝑛

∑
𝑘=0

(−1)𝑛−𝑘[𝑝𝑘(𝑥)𝑦(𝑛−𝑘)](𝑛−𝑘) = 𝜆𝑦 (𝑝0(𝑥) = 1, 0 ≤ 𝑥 < ∞) (2)

or
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(−1)𝑛𝑦(2𝑛) + ̈𝑞(𝑥)𝑦 = 𝜆𝑦 (0 ≤ 𝑥 < ∞). (3)

At the basis of what follows lies the following lemma, easily established with
the aid of decomposition.

Lemma 1. Let 𝐿 be some self-adjoint operator generated by the operation 𝑙,
and let 𝑈 be the negative part of the spectrum of the operator 𝐿. In order that
the set 𝑈 be bounded below and discrete, it is necessary and sufficient that for
every 𝜀 > 0 there exist 𝛼 such that the quadratic functional

Φ𝜀[𝑦] = ∫
∞

𝛼
𝑙[𝑦]𝑦 𝑑𝑥 + 𝜀 ∫

∞

𝛼
|𝑦|2 𝑑𝑥 (4)

would be nonnegative. In order that the set 𝑈 be finite, it is necessary and
sufficient that, for some 𝛼, the functional Φ0[𝑦] be nonnegative.

In all cases, the admissible functions for the functional Φ𝜀[𝑦] are taken to be
any finite functions from 𝐷𝐿̃ that are equal to zero near 𝛼.
The definition of oscillation adopted below (for 𝑛 = 2, see (3)) is such that,
in passing from equation (1) to equation (2), the connection with the spectral
properties mentioned at the beginning of the note is preserved.

Definition. Equation (2) is called oscillatory if, for every 𝛼, there exists a
solution of this equation having more than one 𝑛-fold zero to the right of 𝛼.
Otherwise equation (2) is called nonoscillatory.

By means of the splitting method, Theorem 1 is easily established.

Theorem 1. In order that equation (2) be nonoscillatory for 𝜆 = 𝜆0, it is
necessary and sufficient that the part of the spectrum of the operator 𝐿̃ lying to
the left of the point 𝜆 = 𝜆0 be an infinite set.

It can be shown that, in the case of oscillation of equation (2), the first of
the 𝑛-fold zeros of the solution mentioned in the definition may be prescribed
arbitrarily.

The negative part of any function 𝑓(𝑥) will be denoted below by 𝑓∗(𝑥), so that
𝑓∗(𝑥) = min{0, 𝑓(𝑥)}.
Theorem 2. If, for every 𝛿 > 0, the inequality

∫
𝑀𝑘𝛿

|𝑝∗
𝑘(𝑥)| 𝑑𝑥 < ∞ (𝑘 = 1, 2, … , 𝑛), (5)

holds, where 𝑀𝑘𝛿 is the set of values 𝑥 for which |𝑝∗
𝑘(𝑥)| ≥ 𝛿, then equation (2)

is nonoscillatory for 𝜆 < 0 (i.e. the negative part of the spectrum of the operator
𝐿̃ is bounded below and discrete).
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From this, in particular, follows the result of I. M. Rapoport (4), who established,
by means of asymptotic formulas for the solutions of equation (2), the validity
of Theorem 2 under the assumption of summability of all coefficients 𝑝𝑘(𝑥) on
the half-axis 𝑥 > 0.
From Theorem 2 there also follows the nonoscillation of equation (2) for 𝜆 < 0
under the inequalities

∫
∞

0
|𝑝∗

𝑘(𝑥)|𝑟𝑘 𝑑𝑥 < ∞,

where 𝑟𝑘 ≥ 1 (𝑘 = 1, 2, … , 𝑛).
In the classical case 𝑛 = 1, the nonoscillation of equation (1) for 𝜆 = 0, as is
known, is equivalent to the existence of a solution of the corresponding Riccati
equation on some half-axis [𝛼, ∞). In the general case, the nonoscillation of
equation (2) for 𝜆 = 0 is equivalent to the existence of a solution of a certain
nonlinear system of differential equations on the interval [𝑎, 𝑏) for some 𝑎 and
any 𝑏 > 𝑎.
To construct this system it is sufficient to use Lemma 1 and the theorem of M.
G. Krein (5) on representability, in the case of nonnegativity of the functional
Φ0[𝑦], of the operation 𝑙 in the form

𝑙 = 𝜇′𝜇, (6)

where

𝜇[𝑦] = 𝑦(𝑛) + 𝑢1(𝑥)𝑦(𝑛−1) + ⋯ + 𝑢𝑛(𝑥)𝑦, 𝜇′[𝑦] = (−1)𝑛𝑦(𝑛)+

+(−1)𝑛−1[𝑢1(𝑥)𝑦](𝑛−1) + ⋯ + 𝑢𝑛(𝑥)𝑦.

Equating the coefficients of the derivatives 𝑦(𝑘) (𝑘 = 0, 1, … , 2𝑛 − 1) in both
sides of equality (6), we obtain the required system of differential-

equations with respect to the functions 𝑢𝑘(𝑥) (𝑘 = 1, 2, … , 𝑛), which for 𝑛 = 1
reduces to a single Riccati equation

𝑢′2 − 𝑢2 − 𝑞(𝑥) = 0. (7)

In 1948 N. Adamov (6), studying equation (7), established* the convexity of the
set of functions 𝑞(𝑥) for which this equation has a solution on some half-axis
[𝛼, ∞) (i.e., for which equation (1) is nonoscillatory). A generalization of this
fact to equation (2) and to the nonlinear system of differential equations asso-
ciated with it follows directly from Lemma 1. From the same lemma it follows
that, if equation (2) is nonoscillatory, then an equation with larger coefficients
is also nonoscillatory.

In the particular case of equation (2) with constant coefficients 𝑝𝑘(𝑥) = 𝑎𝑘, the
set 𝐾𝑎 of points 𝑄(𝑎1, 𝑎2, … , 𝑎𝑛) of the 𝑛-dimensional coefficient space corre-
sponding to equations (2) that are nonoscillatory for 𝜆 = 0 is the closure of the
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set of points for which, in the sequence of the 2𝑛 first principal minors of the
Hankel matrix ‖𝑠𝑗+𝑘‖𝑛

𝑗,𝑘=0,1, where 𝑘𝛼𝑘 = 𝑠1𝛼𝑘−1 − 𝑠2𝛼𝑘−2 + 𝑠3𝛼𝑘−3 − ⋯ ± 𝑠𝑘,
𝛼2𝑘 = 𝑎𝑘, 𝛼2𝑘+1 = 0 (𝑘 = 0, 1, … , 𝑛), there are 𝑛 changes of sign.

By means of the change of variables

𝑥 = ln 𝑡, 𝑦 = 𝑥 1−2𝑛
2 𝑧 (8)

the functional Φ0[𝑦] corresponding to equation (2) with constant coefficients is
reduced to the form

Φ̃0[𝑧] = ∫
∞

𝛼′
∣𝑧(𝑛)

𝑡 ∣
2

𝑑𝑡 +
𝑛

∑
𝑘=1

∫
∞

𝛼′
𝑏𝑘𝑡−2𝑘 ∣𝑧(𝑛−𝑘)

𝑡 ∣
2

𝑑𝑡,

where the numbers 𝑏𝑘 are linear functions of the coefficients 𝑎𝑘,

𝑏𝑘 = 𝜑𝑘(𝑎1, 𝑎2, … , 𝑎𝑘) (𝑘 = 1, 2, … , 𝑛), (9)

whence Theorem 3 follows.

Theorem 3. Let the convex set 𝐾𝑏 be the image of the set 𝐾𝑎 determined by
the transformation (9), and let

𝑏′
𝑘 = lim inf

𝑥→∞
𝑝𝑘(𝑥), 𝑏″

𝑘 = lim sup
𝑥→∞

𝑝𝑘(𝑥) (𝑘 = 1, 2, … , 𝑛).

If 𝑄(𝑏′
1, 𝑏′

2, … , 𝑏′
𝑛) ∈ 𝐾𝑏, then equation (2) for 𝜆 = 0 is nonoscillatory. If

𝑄(𝑏″
1 , 𝑏″

2 , … , 𝑏″
𝑛) ∉ 𝐾𝑏, then equation (2) for 𝜆 = 0 is oscillatory.

In particular, for 𝑛 = 1 the set 𝐾𝑏 is the half-axis 𝑏1 ≥ − 1
4 (Kneser); for 𝑛 = 2

the set 𝐾𝑏 is determined by the inequalities: 𝑏2 ≥ − 9
4 𝑏1 − 9

16 for 𝑏1 ≥ − 5
2 ;

𝑏2 ≥ 1
4 (2 − 𝑏1)2 for 𝑏1 ≤ − 5

2 (3). For 𝑛 = 3 the set 𝐾𝑏 is a part of the
space containing the first octant and bounded by the surface 𝑏1 = 𝜑1(𝑢 − 2𝑣),
𝑏2 = 𝜑2(𝑢 − 2𝑣, 𝑣2 − 2𝑢𝑣), 𝑏3 = 𝜑3(𝑢 − 2𝑣, 𝑣2 − 2𝑢𝑣, 𝑢𝑣2), where 𝑢 ≥ 0, 𝑣 ≥ 0.
By iterating the transformation (8), Theorem 3 admits a development in the
direction indicated for 𝑛 = 1 by Hille (7).
In the particular case of a two-term operation, Theorem 4 holds.

Theorem 4. Equation (3) is nonoscillatory if

𝑞(𝑥) ≥ −𝛼2
𝑛𝑥−2𝑛,

and is oscillatory if, for some 𝛿 > 0,
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𝑞(𝑥) < −(𝛼2
𝑛 + 𝛿)𝑥−2𝑛,

* Under the assumption of periodicity of 𝑞(𝑥).

where the “Kneser constant”𝛼2
𝑛 is determined by the formula 𝛼𝑛 = (2𝑛 − 1)!!

2𝑛 .

The first part of this theorem is refined by Theorem 5.

Theorem 5. If for every 𝜂 > 0 the inequality

∫
𝑀𝜂

𝑥2𝑛−1|𝑞∗(𝑥)| 𝑑𝑥 < ∞,

where 𝑀𝜂 is the set of values of 𝑥 for which 𝑥2𝑛|𝑞∗(𝑥)| ≥ 𝛼2
𝑛 − 𝛿, holds, then

equation (3) for 𝜆 = 0 is nonoscillatory.

The conditions of Theorem 5 are, in particular, satisfied if for some 𝑟 ≥ 1

∫
∞

0
𝑥2𝑛𝑟−1|𝑞∗(𝑥)|𝑟 𝑑𝑥 < ∞.

For 𝑛 = 1, 𝑟 = 1, this yields the well-known criterion for nonoscillation of
solutions of equation (1) for 𝜆 = 0 (8).
Further conditions for oscillation are obtained by means of the method used in
the author’s note (26).
Theorem 6. If the function 𝑞(𝑥) satisfies the condition

∫
∞

0
𝑞(𝑥) 𝑑𝑥 = −∞,

then equation (3) for 𝜆 = 0 is oscillatory (for 𝑛 = 1, under the assumption
𝑞(𝑥) ≤ 0, see (8)).
Theorem 7. If 𝑞(𝑥) ≤ 0 for large 𝑥 and

lim inf
𝜌→∞

𝜌2𝑛−1 ∫
∞

𝜌
|𝑞(𝑥)| 𝑑𝑥 > 𝐴2

𝑛,

where

𝐴𝑛+1 = (2𝑛 + 1)−1/2 (
𝑛

∑
𝑘=0

(−1)𝑘(𝑛
𝑘)

2𝑛 − 𝑘 + 1)
−1

𝑛!,
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then equation (3) for 𝜆 = 0 is oscillatory.

The second part of Theorem 4 is refined by Theorem 8.

Theorem 8. If 𝑞(𝑥) + 𝛼2
𝑛𝑥−2𝑛 ≤ 0 for large 𝑥 and

lim inf
𝜌→∞

ln 𝜌 ∫
∞

𝜌
𝑥2𝑛−1 ∣𝑞(𝑥) + 𝛼2

𝑛𝑥−2𝑛∣ 𝑑𝑥 > 𝐵2
𝑛,

where

𝐵2
𝑛 = 𝑛(4𝑛2 − 1)

3 ⋅ 4𝑛−1

𝑛
∑
𝑘=1

1
2𝑘 − 1

2𝑛−2
∑
𝑘=0

(−1)𝑘(2𝑛−2
𝑘 )

4𝑛 − 3 − 𝑘 [
𝑛

∑
𝑘=1

(−1)𝑘−1(𝑛−1
𝑘−1)

2𝑛 − 𝑘 ]
−2

,

then equation (3) for 𝜆 = 0 is oscillatory.

In the last theorems one may replace lim inf𝜌→∞ by lim𝜌𝑘→∞.
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