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FRACTIONAL POWERS OF SELF-ADJOINT
EXTENSIONS OF OPERATORS AND SOME
BOUNDARY-VALUE PROBLEMS
(Presented by Academician I. G. Petrovsky, 4 VIII 1958)

1. Let, in a bounded simply connected domain 𝐺 of 𝑛-dimensional space with
sufficiently smooth boundary Γ, a self-adjoint differential operator 𝐿 be given.

We shall study the parabolic-type equation

𝜕𝑢
𝜕𝑡 + 𝐿𝑢 = 0 (1)

under homogeneous self-adjoint boundary conditions whose coefficients depend
on time 𝑡.
In the space 𝐿2(𝐺) of square-summable functions, such a problem corresponds
to an equation of the form

𝑑𝑢
𝑑𝑡 + 𝐴(𝑡)𝑢 = 0, (2)

where 𝐴(𝑡) is a certain self-adjoint operator in 𝐿2(𝐺), generated by the operator
𝐿 and the given boundary conditions. Moreover, if the coefficients of 𝐿 do not
depend on 𝑡, then 𝐴(𝑡) for different 𝑡 may be regarded as different self-adjoint
extensions of one and the same symmetric operator 𝐴 with finite (in the case
𝑛 = 1) or infinite deficiency index.

Equation (2) has recently been studied in many papers. In the case under con-
sideration, the presence of variable boundary conditions introduces the difficulty
that the domain of definition of the operator 𝐴(𝑡) changes with time. On the
other hand, it is known (1) that, for example, for a self-adjoint elliptic operator
of second order with boundary condition
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𝜕𝑢
𝜕𝜈 ∣

Γ
− 𝜎(𝑡, 𝑠)|Γ = 0 (3)

the domain of definition of the square root of the operator does not depend on
𝑡. For differential operators of higher order, there are possible such boundary
conditions under which only the operators 𝐴𝛾(𝑡) with 𝛾 < 1

2 have a common
domain of definition. For example, for an operator of the 4th order with one
“natural”(see (1)) and one condition of the form (3), the roots of the 4th degree
of the operator have a common domain of definition. In connection with this
there arises the problem of studying fractional powers of self-adjoint extensions
depending on 𝑡. For ordinary differential operators some results were obtained
in (2). We shall present one of these results in a somewhat different form.

Theorem 1. Let 𝐴(𝑡) be a self-adjoint positive-definite operator generated by
the ordinary (𝑛 = 1) regular differential operator

𝐿𝑢(𝑥) = 𝑢[2𝑚](𝑥) = 𝑝𝑚(𝑥)𝑢(𝑥) − 𝑑
𝑑𝑥 [𝑝𝑚−1(𝑥)𝑑𝑢

𝑑𝑥 − 𝑑
𝑑𝑥 [𝑝𝑚−2(𝑥)𝑑2𝑢

𝑑𝑥2 − ⋯

⋯ − 𝑑
𝑑𝑥 [𝑝1(𝑥)𝑑𝑚−1𝑢

𝑑𝑥𝑚−1 − 𝑑
𝑑𝑥 [𝑝0

𝑑𝑚𝑢
𝑑𝑥𝑚 ]] ⋯]] (4)

and by the boundary conditions

2𝑚−1
∑
𝑘=0

𝛼𝑗𝑘𝑢[𝑘](𝑎) + 𝛽𝑗𝑘𝑢[𝑘](𝑏) = 0 (𝑗 = 0, … , 2𝑚 − 1). (5)

If the coefficients in the principal∗ boundary conditions do not depend on 𝑡, and
the coefficients in the natural conditions satisfy a Lipschitz condition of order
𝛼 in 𝑡, Lip𝛼 (0 < 𝛼 ⩽ 1), then for 0 < 𝛾 < 1/2 the inequality

‖[𝐴𝛾(𝑡) − 𝐴𝛾(𝜏)] 𝐴−𝛾(𝜏)‖ ⩽ 𝐶|𝑡 − 𝜏|𝛼 (6)

holds.

P. E. Sobolevskii (4) showed that the fulfillment of condition (6) for some 𝛾 < 1
and 𝛼 > 1 − 𝛾 is sufficient for the existence of a solution of equation (2).

Combining Theorem 1 with the result of P. E. Sobolevskii gives:

Theorem 2. Let, for the operator 𝐿 given by formula (4) and the boundary
conditions (5), the assumptions of Theorem 1 be satisfied for some 𝛼 > 1/2.
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Then for any function 𝜑(𝑥) ∈ 𝐿2(𝑎, 𝑏) there exists a solution 𝑢(𝑡, 𝑥) (0 < 𝑡 < ∞)
of equation (1), satisfying the boundary conditions (5) and the initial condition:
as 𝑡 → 0 in the mean-square sense,∗∗ 𝑢(𝑡, 𝑥) → 𝜑(𝑥).
In the case of operators with partial derivatives, condition (6) has not been
verified directly. However, Sobolevskii’s proof of the theorem mentioned above
(4, Theorem 1) turns out to remain valid if, for 𝛾 = 1/2, condition (6) is replaced
by the following:

∥𝐴1/2(𝑡)𝐴−1/2(𝜏) − 𝐴−1/2(𝑡)𝐴1/2(𝜏)∥ ⩽ 𝐶|𝑡 − 𝜏|𝛼, (7)

where 𝛼 > 1/2.
Using methods of the theory of extensions of operators (3,5 ,6 ), this condition
can be verified for elliptic operators of the second order.

Theorem 3. Let

𝐿𝑢 = −
𝑛

∑
𝑖,𝑘=1

𝜕
𝜕𝑥𝑖

(𝑎𝑖𝑘(𝑥) 𝜕𝑢
𝜕𝑥𝑘

) + 𝑐(𝑥)𝑢, (8)

where 𝑐(𝑥) ⩾ 0 and the eigenvalues of the matrix {𝑎𝑖𝑘(𝑥)} are bounded below by
a positive number 𝑚. Suppose that there exist first derivatives of the functions
𝑎𝑖𝑘(𝑥), continuous in the closed domain 𝐺+Γ, and that the function 𝑐(𝑥) satisfies
in 𝐺 + Γ a Lipschitz condition of order 𝛽 (0 < 𝛽 < 1).
If 𝜎(𝑡, 𝑠) is bounded for each 𝑡 and measurable in 𝑠, 𝜎(𝑡, 𝑠) ⩾ 𝜎(𝑠) ⩾ 0,∗∗∗ where
∫Γ 𝜎(𝑠) 𝑑𝑠 ≠ 0, then for the self-adjoint operators 𝐴(𝑡) defined by

∗ A boundary condition of the form (5) is called principal if 𝛼𝑗𝑘 = 𝛽𝑗𝑘 = 0 for
𝑘 ⩾ 𝑚 (3). All non-principal conditions are called natural if from their totality it
is impossible, by means of linear combinations, to obtain a principal condition.
The system (5) can always be replaced by an equivalent system in which all
non-principal conditions are natural.
∗∗ The derivative with respect to 𝑡 in equation (1) is also understood as a
derivative in the mean-square sense.
∗∗∗ If 𝑐(𝑥) ≢ 0, then it is sufficient that 𝜎(𝑡, 𝑠) ⩾ 0.
by the differential expression (8) and boundary condition (3), the inequality
holds

∥𝐴1/2(𝑡)𝐴−1/2(𝜏) − 𝐴−1/2(𝑡)𝐴1/2(𝜏)∥ ≤ 𝐶Δ𝜎,

where
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Δ𝜎 = vrai sup
𝑠∈Γ

|𝜎(𝑡, 𝑠) − 𝜎(𝜏, 𝑠)|.

Subsequently, an analogous assertion for a more general case was obtained by
P. E. Sobolevskii by another method.

Apparently, in general it is easier to verify a condition of type (7)

‖𝐴𝛾(𝑡)𝐴−𝛾(𝜏) − 𝐴−𝛾(𝑡)𝐴𝛾(𝜏)‖ ≤ 𝐶|𝑡 − 𝜏|𝛼, (9)

than condition (6). Obviously, (9) follows from (6), but not conversely. However,
the following holds:

Theorem 4. Let, in some Hilbert space, the self-adjoint operators 𝑆(𝑡) have a
common domain of definition and satisfy the condition

∥𝑆(𝑡)𝑆−1(𝜏) − 𝑆−1(𝑡)𝑆(𝜏)∥ < 𝐶|𝑡 − 𝜏|𝛼.

Then for any positive 𝛽 < 1

∥[𝑆𝛽(𝑡) − 𝑆𝛽(𝜏)]𝑆−𝛽(𝜏)∥ ≤ 𝐶1(𝛽)|𝑡 − 𝜏|𝛼.

The last assertion makes it possible to formulate Sobolevskii’s theorem in a
form more convenient for applications.

Theorem 5. Let a self-adjoint operator 𝐴(𝑡), 0 ≤ 𝑡 ≤ 𝑇 , be given in a Hilbert
space 𝐻, such that (𝐴(𝑡)𝑢, 𝑢) ≥ 𝑚(𝑢, 𝑢). Let, for some 𝜌 < 1, the operators
𝐴𝜌(𝑡) have a common domain of definition and satisfy the condition

‖𝐴𝜌(𝑡)𝐴−𝜌(𝜏) − 𝐴−𝜌(𝑡)𝐴𝜌(𝜏)‖ ≤ 𝐶|𝑡 − 𝜏|1−𝜌+𝜀 (𝜀 > 0).

Then for every 𝑢0 ∈ 𝐻, for 𝑡 > 0 there exists a solution of equation (2), satisfying
the initial condition lim𝑡→0 𝑢(𝑡) = 𝑢0. Moreover

𝑢(𝑡) ∈ 𝐷(𝐴1+𝜀′), (0 < 𝑡 ≤ 𝑇 ).

2. In this section we shall present some auxiliary results obtained in the study
of the operators 𝐴(𝑡) as various self-adjoint positive-definite extensions of one
and the same symmetric operator 𝐴, for which 𝐷(𝐴1/2(𝑡)) does not depend on
𝑡.
Following M. I. Vishik (5) and M. Sh. Birman (6), we associate with the operator
𝐴(𝑡) the operator 𝐵(𝑡) = 𝐴−1(𝑡)−𝐴−1

𝜇 , where 𝐴𝜇 is the hard, in the terminology
of M. G. Krein (3), self-adjoint extension of the operator 𝐴. The operator 𝐵(𝑡)
is a bounded self-adjoint and, as shown in (3), positive operator, mapping the
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whole space 𝐻 into the subspace 𝑈 , consisting of solutions in 𝐻 of the equation
𝐿𝑢 = 0. The operators 𝐵1/2(𝑡) have a common range, whose closure we denote
by 𝑉 . In 𝑉 the operator 𝐵−1/2(𝑡) is naturally defined.

With the aid of results of M. Sh. Birman (6), one establishes:

Lemma 1. The norm of the operator 𝐴1/2(𝑡)𝐴−1/2(𝜏) − 𝐴−1/2(𝑡)𝐴1/2(𝜏) in 𝐻
is equal to the norm of the operator 𝐵1/2(𝑡)𝐵−1/2(𝜏) − 𝐵−1/2(𝑡)𝐵1/2(𝜏).
For the case where 𝐴(𝑡) is defined by formula (8) and boundary condition (3),
the following is true:

Lemma 2. For the operator 𝐵(𝑡) in 𝑈 the formula holds

𝐵(𝑡) = 𝐾𝑄1/2[𝑃 + 𝜎(𝑡)]−1𝑄1/2𝐾−1, (10)

where 𝐾, 𝑃 , 𝑄 are operators independent of 𝑡; 𝐾 is a certain isometric operator
mapping 𝐿2(Γ) onto 𝑈 ; 𝑄 is a positive bounded self-adjoint operator in 𝐿2(Γ),
defined by the formula
𝑄𝜑 = − 𝜕

𝜕𝜈 𝐴−1
𝜇 𝑢∣

Γ
, where 𝐿𝑢 = 0, 𝑢|Γ = 𝜑; 𝑃 is the positive-definite operator

introduced by M. I. Vishik (5).*
The representation (10) of the operator 𝐵 differs from the representations in (5)
and (7) in that, apart from the isometries 𝐾 and 𝐾−1, it involves only bounded
operators acting in the same Hilbert space 𝐿2(Γ), which facilitates estimates.

The operators (𝑃 + 𝜎𝐼)−1 and 𝑄, on the subspace of functions orthogonal to
the unit function (and when 𝑐 ≠ 0 or else ∫Γ 𝜎 𝑑𝑆 ≠ 0, on all of 𝐿2(Γ)), are
comparable in the sense that

𝑚(𝑄𝜑, 𝜑) ≤ ([𝑃 + 𝜎𝐼]−1𝜑, 𝜑) ≤ 𝑀(𝑄𝜑, 𝜑),

where 𝑚 and 𝑀 are some positive constants. The last inequality can be ex-
pressed in classical terms.

Theorem 6. Let 𝜑(𝑠) ∈ 𝐿2(Γ); let 𝑢(𝑥) be the solution of the Dirichlet problem
𝐿1𝑢 = 0, 𝑢|Γ = 𝜑; let 𝑣(𝑥) be the solution of the problem
𝐿2𝑣 = 0, 𝜕𝑣

𝜕𝜈 + 𝜎𝑣∣
Γ

= 𝜑, where 𝐿1 and 𝐿2 are operators of the form (8).

Then the inequalities

𝑚‖𝑢‖𝐿2(𝐺) ≤ ‖𝑣‖𝑊 (1)
2 (𝐺) ≤ 𝑀‖𝑢‖𝐿2(𝐺)

hold.

In the proof of Theorem 6 the results of M. I. Vishik (5) and P. Lax (8) are
used.
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* The operator 𝑃 is defined as the Friedrichs self-adjoint extension of the
operator originally given by the formula

𝑃𝜑 = 𝜕𝑢
𝜕𝜈 ∣

Γ

on the set of boundary values of harmonic functions belonging to 𝑊 2
2 𝐺.

Note: Figure translations are in progress. See original paper for figures.
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