Soviet-era science, translated into English

Mathematics

Corresponding Member of the Academy of Sciences of the USSR A.
N. Tikhonov and A. A. Samarskii

1958

SovietRxiv

View the original and related papers at https://sovietrxiv.org/items,/ru-195801.58377

Source: Math-Net.Ru and CyberLeninka. Machine translation. Verify with the original.


https://sovietrxiv.org/items/ru-195801.58377

Abstract
Full Text

Mathematics

Corresponding Member of the Academy of Sciences of the USSR A. N. Tikhonov
and A. A. Samarskii

ON THE REPRESENTATION OF LINEAR FUNC-
TIONALS IN THE CLASS OF DISCONTINUOUS
FUNCTIONS

As is known, every linear functional A[f], defined in the class C of continuous
functions given on the interval (a,b), is represented by means of the Stieltjes
integral

b
Alf) = / f() doz),

where a(z) is a function of bounded variation (Riesz theorem). It is also known
that this functional can be extended to the class @), of piecewise-continuous
functions. However, this extension is not unique.

The purpose of the present paper is to give a representation for an arbitrary
linear functional defined in Q.

§ 1. Consider a linear functional A[f], defined by the conditions

1) Alfy + fo] = ALfi] + Al
2) |A[f]| £ Msup|f|
in the class Qy(f) of piecewise-continuous functions given on the interval (a,b).

Consider the piecewise-continuous functions

1 ifa<ax<§
775(35): . .
0 ifE<a<yy

1 ifx=¢
Wg(f) = . .
0 ifz#¢;
and denote

a(§) = Ane(2)l,  a(§) = Alme(x)].
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In particular, a(b) = A[1], since n,(z) = 1.

In what follows it will be shown that the functions «(§) and &(&), which we
shall call characteristic, uniquely determine the linear functional on Q).

§ 2. Lemma 1. There exists no more than a countable number of points
C1yCay ey eees Gy ooy at which o(§) # 0, and moreover

S lo()l < M.

We shall call a linear functional A[f] = f(¢)o(¢), where a < ¢ < b, the simplest
point functional of the point (.

A linear functional representable in the form of a sum of simplest point-

--functionals:
A[f]_zgjf@j)( |Uj|SM>a
j=1 j=1

will be called a point functional.

We shall call the linear functional A[f] regular if

(&) = A[ﬂg(x)] =0 forevery a <& <b.

§ 3. We shall show that every linear functional A[f] can be represented as the
sum of a regular and a point linear functional.

Consider the point functional A*[f], equal to

where
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as is not difficult to see, is regular and has norm M < 2M. Hence the possibility
of the representation follows:

Alf] = Alf] + A*[f).
The characteristic function for A*[f] is equal to

a*(€) = Alne(a)] = ) a((y),

¢;<€

and the characteristic function for A[f] is given by the formula

a(§) = Alng(x)] = (&) —a”(£).

§ 4. Lemma 2. The function &(€) has bounded variation.

Every function of bounded variation has, at each point, right and left limiting
values:

ay(§) =al¢+0), () =al§—-0).

Lemma 3. There exists at most a countable number of points £,,&5,...,&;, ..,
at which a;(§;) # a(§;) or a(§;) # &p(§i>‘
It should be noted that « () is also a function of bounded variation.

§ 5. Consider the functional
Alf) = Alf] = > 60 [a,6) — aE)] = Y fil&) [al&) — a(&)]
§;<€ £, <¢
and its characteristic function

a(8) = Alne(@)] = a,(&) — S [a, (&) — a(€)]: (1)

§:<€

This formula holds both in the case when ¢ is a point of discontinuity of the
function a(£), and in the case when & is a point of continuity and & (§) = @(&).

Lemma 4. The function a(§) is continuous for a < £ < b, and
5(6) = Alme(w)] = 0.

Let us note that a(¢) has bounded variation M < 2M.
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Lemma 5. If, for some regqular functional Z[f], the characteristic function a(€)
is continuous, then in the class Qy(f) the representation

B b
Alf) = / f(x) déi(z)

holds.

Indeed, divide the interval (a,b) into parts by the points x = x,, including all
points of discontinuity of the function f(z), and take the step function

flx) = f(z;_1), Tiq <T@
The difference f(z) — f(z) can be represented in the form

@) = fl@) = (@) + Y[ flwi) = f (w)ns,, (),

where e(z) is a piecewise-continuous function, and |e(z)| < g, for a sufficiently
fine mesh. Hence it follows that

|Alf@)] - Alf @) < M2y (G(;) = 0)

< Me,.

Af] =32 f (i )ale) —al )]

Passing to the limit as Az = z; —x, ; — 0, we obtain

Az—0

_ b
Alf) = Jim) 3 f (@ )la() — (e, ) = [ fo) date).

From the construction of a(z) it is clear that this function is the continuous
part of the function a(z).

§ 6. Thus, the following holds.

Theorem 1. FEvery linear functional A[f], defined in the class Qu(f) of
piecewise-continuous functions f(x) given on the interval (a,b), can be rep-
resented in the form

b
Alf) = / f() da(z)+

FI U 6)1A (6) — ()] + (€A — & €+ Do ()G, @)

where
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a(&) and o(§) are the characteristic functions of the functional A[f]; a(€) is the
continuous part of the function &(§), computed by formula (1).

Let us note that for a continuous function

b ')
Al = / flo)dala) + 3 F(6) [@,(6) — @(€)

i.e., the regular functional Z[ f] is completely determined by the characteristic
function a(€) at its points of discontinuity.

§ 7. The linear functional

rlf] = Z Wi £(&5) + Wi (g + i £ (€], where wf” +wiY + 0 <0,

will be called a null-functional.
In the class Cy(f) a null-functional is always equal to zero. If I' = T'y is a
(0) (n _

regular functional, then w; ' = 0, w;

()
i —w;", and

Trlf] =3P If,(6) — AE))-

j=1
Theorem 2. The difference of two linear functionals that coincide on Cy(f) is
a null-functional on Qy(f).

§ 8. We shall call a linear functional A[f] nonnegative (positive) if A[f] > 0
for f >0 (A[f] >0 for f > >0).

Theorem 3. For nonnegativity (positivity) of a linear functional A[f], it is
necessary and sufficient that the following conditions be satisfied:

1) the characteristic function a(€) of the reqular part A[f] of the functional
A[f] is a nondecreasing function;

2) the characteristic coefficients o((;) are nonnegative: o(¢;) >0 (1), 2) and
3) a(b) = A[1] > 0.

§ 9. We shall call linear regular functionals A[f] and B[f], defined on Qy(f),
mutually symmetric if the condition

Blf(z)] = Alf(=x)]

is satisfied for any function f(x) € @, given on the interval (a, b).
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Theorem 4. The conditions

a(b) =pB0),  b=-—a,  B(&)+a(=E) = ad) = p(0b)

are necessary and sufficient for the mutual symmetry of A[f] and BI[f].

§ 10. For some applications a representation of linear functionals on Q,,, (f) (m >
0) is required, where @,, is the class of functions piecewise continuous in (a,b)
together with their derivatives up to order m inclusive. Since the characteristic
functions a(§) = A[ne(z)] and o(§) = —A[re(x)] of the functional A[f] are
determined by means of functions belonging to the class @,,,, representation (2)
holds for A[f] defined on Q,,,(f).

It is not difficult to verify that a linear functional A, given on @,,, can be
uniquely extended also to a broader class of functions, for example to the class
of functions Ry ,)(f) satisfying the following conditions: 1) f(z) is a bounded
function measurable on (a,b); 2) f(z) has right and left limiting values f; and
f, at all points of discontinuity of the function @(x).
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